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I. INTRODUCTION

Various interesting problems arise when one considers
continuity and generalized continuity. In recent years, the
decomposition of continuity is one of the main interest for
general topologists. In 1961, Levine [1] obtained a
decomposition of continuity which was later improved by
Rose [2]. Tong [3] decomposed continuity into o -
continuity and A-continuity and showed that his
decomposition is independent of Levine’s. Ganster and
Reilly [4] have improved Tong’s decomposition result
and provided a decomposition of A-continuity. Przemski
[5] obtained some decomposition of continuity. Hatir et al.
[6] also obtained a decomposition of continuity. Recently,
Dontchev and Przemski [7] and Noiri et al. [8] obtained
some more decompositions of continuity.

Il. PRELIMINARIES

We recall the following definitions which are useful in the
sequel.

2.1 Definition

A subset A of a space X is called a (1,2)*- ¥, -closed set
[9]if (1,2)*- pcl(A) < U whenever AS Uand U is
(1,2)*-gs-open in X. The complement of (1,2)*- ¥, -closed
setis called (1,2)*- ¥, -open set.

2.2 Definition

A subset A of a space X is called:

(i)  (1,2)*-t-set [10] if 11 o-int(A) = 11 o-int(ty,-
cl(A));

(ll) (1,2)*' o * -set [10] if ‘Cl’z'int(A) = Tl,z'int(‘flyz-
cl(zyo-int(A)));

@ii))y  (1,2)*-y *-set [11] if A=M N N, where M is
(1,2)*-gs-open and N is (1,2)*- o -closed in X;

(iv) (1,2)*- y**-set[9]if A = M NN, where M is
(1,2)*- ¥-open and
N is (1,2)*-t-set in X;

(v) (1,2)*-gslc*-set [12] if A =M N N, where M is
(1,2)*-gs-open and N is 15 o-closed in X.
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The family of all (1,2)*- y *-sets (resp. (1,2)*- y **-sets,
(1,2)*-gslc*- sets) inaspace X is denoted by (1,2)*- y *
(X) (resp. (1,2)*- x ** (X), (1,2)*-gslc* (X)).

2.3 Remark

In a bitopological space X, the followings hold.

(i) Every t; o-closed set is (1,2)*- v -closed but not
conversely.

(i) Every (1,2)*- y -closed set is (1,2)*- ¥.-closed
but not conversely [13].

(iii) Every (1,2)*-o -closed set is (1,2)*- ¥.-closed
but not conversely [13].

(iv) Every (1,2)*- ¥;-closed set is (1,2)*- ¥, -closed
but not conversely [9].

(v)The concepts of (1,2)*- o -closed sets and
(1,2)*- W,-closed sets are
independent [13].

(vi) The concepts of (1,2)*- a -closed sets and
(1,2)*- y -closed sets are independent.

2.4 Remark [10]

(i)Every (1,2)*-t-set is an (1,2)*-a * -set but not
conversely.

(if) An 1, ,-open set need not be an (1,2)*-ax -set .
(iii) ~ The union of two (1,2)*-o * -sets need not be an
(1,2)*- o * -set.

2.5 Definition

A function f: X — Y is said to be

(i) (1,2)*- o -continuous [14] if for each ¢1,2-open set
VofY, f-1(V) is (1,2)*- o -open in X.

(if)  (1,2)*- v -continuous [15] if for each 61,2-open
set V of Y, f-1(V) is (1,2)*- w -open in X.

(iii) (1,2)*- ¥3- -continuous [13] (resp. (1,2)*- ¥,-
continuous ) if for, each 61 ,-open set V of Y,
Y(V)is (1,2)* W¥,- -open (resp. (1,2)*- W, -open)
setin X.

(iv) (1,2)*- x *-continuous [12] if for each o, ,-0pen
setVof Y, (V) € (1,2)*- ¢ * (X).
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(V)(1,2)*- y *-continuous [11] if for each o, ,-0pen set
VofY, fYV) € (1,2)*-x *(X).
(vi) (1,2)*- yx ** -continuous [9] if for each oy,-
open set V of Y, f1(V) € (1,2)*- 3 ** (X).
Recently, the following decompositions have been
established.

2.6 Theorem [14]

A function f: X — Y is (1,2)*-continuous if and only if it
is both (1,2)*- y - continuous and (1,2)*- gslc#-continuous.

2.7 Theorem [14]

A function f: X — Y is (1,2)*- a -continuous if and only if
it is both (1,2)*- ¥ -continuous and (1,2)*- x *-continuous.

2.8 Theorem [14]

A function f : X — Y is (1,2)*- ¥ .-continuous if and only
if itis both (1,2)*- W¥,- -continuous and (1,2)*- y ** -
continuous.

[11. ON (1,2)*- ¥, -SETS AND (1,2)*- ¥ .-
SETS
3.1 Definition

A subset S of a space X is called:

(i) an (1,2)*- ¥,-setif S=M N N, where M is (1,2)*-
v -open in X and
Nisa (1,2)*-t-set in X.
(i) an (1,2)*- ¥ +-setif S=M N N, where M is
(1,2)*- vy -open in X and
Nisa (1,2)*- a*-setin X.
The family of all (1,2)*- ¥, -sets (resp. (1,2)*- ¥ .+ -sets)
in a space X is denoted by (1,2)*- ¥, (X) (resp. (1,2)*-
¥ - (X)).

3.2 Proposition

Let S be a subset of X. Then

Q) if Sisa (1,2)*-t-set, then S € (1,2)*- ¥, (X).

(i) ifSisan (1,2)*-a* -set, then S € (1,2)*- ¥ .= (X).
@iii) if Sis an (1,2)*-wy -open set in X, then S €
(1,2)*- ¥, (X) and

S€e (1,2)* ¥ - (X).

Proof
The proof is obvious.

3.3 Proposition

In a space X, every (1,2)*-W¥,-set is an (1,2)*- ¥ -
set but not conversely.

3.4 Example
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Let X = {a, b, c} with 7, = {o, {a, b}, X} and 1, = {op, X}.
Then {a, c} is (1,2)*- ¥ ,--set but it is not an (1,2)*- ¥, -
set.

3.5 Remark

The following examples show that

(i) the converse of Proposition 3.2 need not be true.

(i) the concepts of (1,2)*- ¥; -sets and (1,2)*- ¥, -open
sets are independent.

(iii) the concepts of (1,2)*- ¥+ -sets and (1,2)*-
W_-open sets are independent.

3.6 Example

In Example 3.4, the set {a} is (1,2)*- ¥;-set but not a
(1,2)*-t-set and the set {a, b} is an (1,2)*- ¥ .+-set but not
an (1,2)*- a *-set.

3.7 Example

In Example 3.4, {c} is both an (1,2)*- ¥.-set and (1,2)*-
W _--set but it is not an (1,2)*- y -open set.

3.8 Example

In Example 4.3.4, the set {c} isan (1,2)*- *¥.-set butnota
(1,2)*- W, - open set whereas the set {b, c} is a (1,2)*- ¥, -
open set but not an (1,2)*- ¥, -set.

3.9 Example

Let X = {a, b, c} with 1y = {o, {a}, X} and 1, = {0, {a, c},
X}. Then {b, c}isan (1,2)*- ¥ .+ -set but not an (1,2)*-
W .-open set whereas the set {a, b} isan (1,2)*- ¥, -
open set but not an (1,2)*- ¥ .- -set.

3.10 Example

In Example 4.3.9, the set {a} is (1,2)*- ¥ .+-set and (1,2)*-
W, -set but it is not an (1,2)*- y -closed.

3.11 Remark

From the above discussions, we have the following diagram
of implications. where A — B (resp. A B) represents A
implies B but not conversely (resp. A and B are
independent of each other).

Diagram 1
T p-Closed —» (1,2)*-y -closed —(1,2)*- *¥,-set

l

(1,2)*- ¥ o--set

(1,2)*- a —closed — (1,2)*- ¥.-closed — (1,2)*- *¥_-closed
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3,12 Remark
(i)  The union of two (1,2)*- ‘¥ .-sets need not be
an (1,2)*- ¥, -set.
(i)  The union of two (1,2)*- ¥ .+ -sets need not
be an (1,2)*- ¥+ -set.
In Example 3.9, {a} and {b} are (1,2)*- ¥ .-sets but {a}
U {b} ={a, b} is notan (1,2)*- ¥ -set.
In Example 3.9, {a} and {b} are (1,2)*- ¥+ -sets but
{a} U {b} ={a, b}isnotan (1,2)*- ¥ _-set.

3.13 Remark

(i) The intersection of any numbers of (1,2)*- ¥ .-sets
belongs to (1,2)*- ¥ .(X).

(ii) The intersection of any numbers of (1,2)*- ¥ ,*-
sets belongs to (1,2)*- ¥ .+ (X).

3.14 Lemma

(i) Asubset Sof Xis (1,2)*-wy -open if and only if
F < 11,-int(S)
whenever F c S and F is (1,2)*-gs-closed in X.
(i) AsubsetSof Xis (1,2)*- ¥ .- -open ifand
only if F c (1,2)*-
a int(S) whenever F c S and F is (1,2)*-gs-
closed in X.
(iii) A subset S of Xis (1,2)*- ‘Pp -open if and only
if F c (1,2)*- pint(S) whenever F c Sand F is
(1,2)*-gs-closed in X.
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