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I. INTRODUCTION 

Globally, a physical phenomenon can be expressed by the 

help of theory of derivatives and integrals with fractional 

order. Therefore, fractional concepts have been seen as a 

tool in the fields such as physics, chemistry and engineering 

in terms of representing physical phenomena. Most non 

linear fractional differential equations do not have analytic 

solutions. So approximations and numerical techniques 

must be used [1−4]. The decomposition method [5] and the 

variational iteration method [6-7] are relatively new 

approaches to provide an analytical approximate solution to 

linear and non linear problems. 

The structure of this paper is as follows. We begin by 

introducing some necessary definitions and mathematical 

preliminaries of the fractional calculus. In section III and 

IV, we introduce the modified trapezoidal rule and a new 

generalization of Taylor’s formula that involves Caputo 

derivatives  respectively.  In section V, we derive the 

fractional Euler’s  method that is generalization of classical 

Euler’s  method. Section VI  gives the exact and numerical 

solutions of the linear and non linear initial value problem 

with the help of MATLAB programme. 

II. PRELIMINARIES 

In this part of the paper it would be useful to introduce 

some definitions and properties of the fractional calculus 

theory. 

Definition 2.1.  A real function     ,    , is said to be in 

the space           if there exists a real number     

such that              where               and it is 

said to be in the space   
  if and only if             

Definition 2.2. The Riemann‐ Liouville fractional integral 

operator of order     of a function             is 

defined as 

       
 

    
∫  
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                                                                      (2) 

Here we consider the following properties of the operator 
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Definition 2.3. The fractional derivative of      in the 

Caputo sense is defined as 

   
                 

 
 

      
∫  
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for                          
    

III. MODIFIED TRAPEZOIDAL RULE 

In this section we present a review of the modified 

trapezoidal rule, which is introduced in [8]. This rule is 

used to approximate the fractional integral        by a 

weighted sum of function values at specified points. 

Suppose that the interval       is subdivided into   

subintervals           of equal width    
 

 
 by using the 

nodes      , for    , 1, 2, . . . ,  . The modified 

trapezoidal rule 



International Journal for Research in Engineering Application & Management (IJREAM) 

ISSN : 2454-9150    Vol-04, Issue-04, July 2018 

113 | IJREAMV04I0440020                        DOI : 10.18231/2454-9150.2018.0463                      © 2018, IJREAM All Rights Reserved. 

 

                        

      
  

      
     

  ∑ 

   

   

                   

             
  

      
 (  ) 

  
  

      
     

(4) 

 

 is an approximation to the fractional integral 

(      )                              . 

IV. GENERALIZED TAYLOR’S FORMULA 

In this section we introduce a new generalization of 

Taylor’s formula that involves Caputo fractional 

derivatives. The generalization is presented in [9]. We 

begin by introducing the generalized mean value theorem. 

Theorem 4.1. (Generalized mean value theorem)  

Suppose that               and   
              

 for       . Then we have 

           
 

    
   

                                                         

  with                    ] .    

Theorem 4.2. 

Suppose that   
         

      
            , for 

     .Then we have 

      
                  

             

                                                           

 
   

       
   

                             

Where 

  
     

   
    

    (n- times). 

Theorem 4.3. (Generalized Taylor’s formula).  

Suppose that   
              ]  for          ,  

where       . Then we have 

     ∑
   

       

 
      

        
   

      
     

           
          (7) 

with                ] 

Proof: 

From the definitions of Riemann-Liouville fractional 

integral operator and Caputo fractional derivative operator, 

we have  

         
 

    
∫             

                        
 

 

 

Using the integral mean value theorem , we get 

      
       

 

    
   

    ∫          
 

 

 

 
 

    
   

                                            

for      , we have 

      
                                                           

So, from (9) and (10), the generalized mean value theorem 

(7) is obtained. 

V. FRACTIONAL EULER’S METHOD 

In this section we shall derive the fractional Euler Method 

that we have developed for the numerical solution of initial 

value problems with Caputo derivatives[10]. The method is 

a generalization of the classical Euler’s method. Consider 

the initial value problem 

  
                                      (11) 

Let       be the interval over which we want to find the 

solution of the problem (7). In actuality, we will not find a 

function      that satisfies the initial value problem (7). 

Instead a set of points            is generated and the points 

are used for our approximation. 

For convenience we subdivide the interval       into   

subintervals           of equal width    
 

 
 by using the 

nodes       , for    , 1, . . .  . Assume that      , 

  
      and   

       are continuous on       and use the 

generalized Taylor’s  formula (7) to expand      about 

         For  each value   there is a value    so that 

           (  
     )    

  

      
 

 (  
      )    

   

       
                               

 

when    
                         and        are 

substituted into equation (12) the result is an expression for 

      . 

             (        )
  

      
 

 (  
      )    

   

       
                        

 

If the step size   is chosen small enough, then we may 

neglect the second order term (involving    ) and we get 

            
  

      
 (        )                           (14) 

 

The process is repeated and generates a sequence of points 

that approximates the solution       . The general formula 

for fractional Euler’s Method is           

 (    )   (  )  
  

      
 (    (  ))                         (15) 
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for    , 1, . . . ,    . It is clear that if     , then the 

fractional Euler’s  Method (15) reduces to the classical 

Euler’s Method. 

VI. NUMERICAL SIMULATIONS 

Here we use the combination of Fractional Euler Method 

and Modified Trapezoidal Rule to get the solution of the 

following linear and non linear problems. 

Example 6.1. 

  
           ,            , where          (16) 

The exact solution of equation (16) is given by 

                                                                                 (17) 

where 

      ∑
  

       

 

   

 

is the Mittag‐ Leffler function of order    

The following figures show the solution of the problem 

when            and         

 

Figure 1: Solution of Example 1 when        and        

    Figure 2: Solution of Example 1 when        and        

Example 6.2. 

   
                                       (18) 

where   and   are arbitrary constants and not zero. 

Choosing     and            the above equation 

becomes 

   
         

 

      
                      (19) 

then the exact solution is 

                                                                                      (20) 

 

      Figure3: Solution of Example 2 when        and        

 
  Figure 4: Solution of Example 2 when         and         

Example 6.3. 

  
             

 

      
           

 

 
      

                                                                                (21) 

where         are arbitrary constants and not zero. 

When we rewrite (21) by substituting          gives 

us the following differential equation: 

  
             

 

  
                ,          (22) 

with the exact solution 

                                                                                       (23) 

 
     Figure 5: Solution of Example 3 when        and       
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   Figure 6: Solution of Example 3 when         and       

In this non linear fractional differential equation, our 

approximation for the value of        gives higher 

accuracy with the exact solution. 

The obtained graphs show the accuracy of the solution of 

the problem with different fractional order values. Here the 

approximate solutions are in higher agreement with the 

exact solutions and the solutions continuously depend upon 

the time fractional derivative. 

Remark  

The numerical results for Example 1, Example 2, Example3 

have been obtained by using the MATLAB programme. To 

the best of our knowledge, by fractional Euler Method these 

numerical solutions have not been published previously.  

VII. CONCLUSION 

In this paper, we have successfully applied the combination 

of fractional Euler’s Method and the modified Trapezoidal 

rule for obtaining the numerical solutions of some linear 

and non linear fractional ordinary differential equations. 

This method is easy to implement and the obtained graphs 

show the accuracy of the solution. Taking into 

consideration both the complexity of numerical schemes 

and the errors generated by the numerical method it is a 

good method to solve fractional ordinary differential 

equations. 
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