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Abstract. In this paper, we launch a new type of labeling said to be factorial labeling and apply to some middle graphs.
A factorial labeling of a connected graph is bijection f:V(G) - {1,2,...,p} such that the induced function g; :
E(G) — N defined as gg(uv) = % then the edge labels are distinct. Graph which admits a factorial labeling is a
factorial graph. We discuss this labeling condition satisfies to some middle graphs of path, cycle, star, fan, comb,

ladder, sun let graphs and also find the chromatic number of some middle graphs. We introduce the factorial number

is the minimum number of edge labels of factorial graphs.
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l. INTRODUCTION

Graph labeling is one of the fascinating areas of graph
theory. Graph labeling was first introduced in the late
1960’s. Assign the positive integers to vertices in a graph
is known as graph labeling. A dynamic survey on graph
labeling is systematic updated by Gallian[6] and it is
published by Electronic Journal of Combinatorics. An
enormous body of literature is available on different types
of graph labeling grown around in the last four decades
and more than 1000 research papers have been published.
Graph labeling are using in many departments likely
communication network, software testing, X-ray
crystallography, etc., Basic definitions are being used in
Harary[4] and G. Chartrand, P. Zhang[5] . J. Vernold
Vivin and M. Vekatachalam[7] have proved on b-
chromatic number of sun let graph and wheel graph
families. Ali Ahmad, Misbah Arshad and Gabriela
I"zar"1ikov’a[1] have proved irregular labelings of helm and
sun graphs. Ladder graph investigated in A. K. Handa,
Aloysius Godinho and T. Singh[2]. Middle graph has
discussed in Devsi Bantva[3] and Weigen Yan[10]. Fan
graph discussed in S.Roy[8]. Star graph investigated in S.
David Laurence, K. M. Kathiresan[9]. We prove that the
middle graph of some graphs like path, cycle, star, fan,
comb, ladder, sun let graphs are admits the factorial graphs
and also find the factorial number, chromatic number.

1. PRELIMINARIES
A. Definition[4]
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A path if all the points (and thus necessarily all the lines)
are distinct and by P, a path with n points.

B. Definition[4]

If the walk is closed, then it is a cycle provided its n
points are distinct and n = 3. We denote by C,, the graph
consisting of a cycle with n points.

C. Definition[9]

A star graph with n vertices is a tree with one vertex
having degree n—1 and other n — 1 vertices having
degree 1. A star graph is a complete bipartite graph with
n + 1 vertices. It is denoted by K ,,.

D. Definition[8]

A Fan graph E,(n = 2) is defined as the graph K; +
P,, where K is the singleton graph and B, is the Path on n
vertices.

E. Definition
A graph obtained by attaching a single pendant edge to
each vertex of a path B, = v,v,v5 ... v, is called a comb.

F. Definition[2]
The ladder L,(n = 2) is the product graph P, x P,
which contains 2n vertices and 3n — 2 edges.

G. Definition[7]

The n-sun let graph on 2n vertices is obtained by
attaching n pendant edges to the cycle C, and is denoted
by S,,.
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H. Definition[3]

Let G be a graph with vertex set V(G) and edge set
E(G). The middle graph of G, denoted by M(G) is defined
as follows. The vertex set of M(G) is V(G) U E(G). Two
vertices x,y of M(G) are adjacent in M(G) in case one of
the following holds : (i) x,y are in E(G) and x,y are
adjacent in G. (ii) x isin V(G), y is in E(G), and x, y are
incident in G.

I. Definition[5]

A coloring of a graph is an assigned color to its points
so that two adjacent points have different colors and also
non-adjacent vertices have either same color or different
colors. The chromatic number y(G) is defined as the
minimum k for which G has an k-coloring.

Il Factorial Labeling To Some Middle
Graphs With Factorial Number And
Chromatic Number

a. Definition

A factorial labeling of a connected graph G is a
bijection f : V(G) — {1, 2, ... , p} such that the induced
function g;:E(G) > N defined as e=uv=
[f (W) +5 )]
OO
which admits a factorial labeling is called a factorial
graph.

then the edge labels are distinct. Any graph

b. Definition
The minimum number of the edge label of the
factorial graph is said to be a factorial number. It is
denoted by w(n).

uy (D(G) 0\

u2(2)(6) 4, (3)(6) Un-1(n—1)(G)
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c. Theorem

The middle graph M (PB,) of a path graph B,, (n = 2)
acknowledges a factorial graph.
Proof. Let B,, (n = 2) be the path graph. The length of
a path graph is n — 1 with vertices uq, u,, ... ,u,. Let
e; = uujq for 1 <i<n-—1 be the edges of path
B,,(n = 2). Let G be the middle graph of path B, and
it is denoted by M(B,). Here, V(G) =V(M(B)) =
{fuyvj/l1<isnl<j<n-1} and E(G) =
E(M(P)) ={vjvj;,/ 1<j<n—-2}U
{wv;, vy, /1< i,j <n—1} Here we note that
[V(M(B,))| =2n—1and [E(M(B,))| =3n—4. The
maximum degree is A= 4 and the minimum degree is
6 =1 of the middle graph M(B,). The mapping is

defined f : V(G) - {1,2,... ,2n — 1} as follows.
fw)=ifori<i<n; f(v;))=n+j for 1<
[f(W+f@)]!

< = )l = =
j <n—1. Then every edge e = uv OO

for any edge f(e;) # f(e;),i # j. Thus the function f
is a factorial labeling for a graph M(B,). That is, the
middle graph M (P,) of a path graph P, acknowledges a
factorial graph. The minimum number of the edge label
of the factorial graph. i.e. Factorial number w(n) =
min{edge label of M(P,)} =n+ 2. The chromatic
number y(M(B,)) of a graph M(PB,) is the minimum k.

ie. x(M(B)) =3.
d. Example

The factorial labeling of middle graph M(B,) of a
path graph B, is shown figure 1.

u, (n)(G)

vi(n+ 1)(B)

vy(n+ 2)(Y)

Figure 1. Factorial labeling for a graph M(P,,) and w(n) = n + 2 and also x(M(P,)) = 3.

e. Theorem

The middle graph M(C,) of a cycle graph C,,, (n =
3) admits a factorial graph.
Proof. Let C,, (n = 3) be the cycle of n vertices and
the edges of cycle C, is e; = wju;y; for 1 <i<n-—
1, e, = v,v;. Let the graph G be the middle graph of
cycle graph C,, is M(C,). Here we note that, V(G) =
V(M) ={w, vj/1<ij<n} and E(G)=
EM(C)) = {uivj [1=i,j<n, vy,
Vijp /1 <1, jSn—1, v0, 0 } Here,
[viM(C, )| =2n and [E(M(C,))| =3n. The
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Un-1(2n — 1)(B)

maximum degree is A= 4 and the minimum degree is
6 = 2 of the middle graph M(C,,). Define a labeling f :
v(M(C,)) - {1,2,.. ,2n}as follows. f(u;) =2i—
1for1<i<n; f(v}-)=2j for 1<j<n. Then
[f (W +5 )]
F@f @)1
edge values are distinct. Then f admits factorial
labeling. Hence M(C,) is a factorial graph. The
minimum number of the edge label of the factorial
graph. i.e. Factorial
number w(n) = min{edge label of M(C,)} = 3. The

for every edge e = uv = i.e. The receive
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chromatic number y(M(C,,)) of a graph M(C,,) is the

minimum k. i.e. y(M(C,)) = 3. h. Example
The factorial labeling of the middle graph M (K, ,,) of
f. Example a star graph K ,, is shown figure 3.
The factorla_l labeling _of the middle graph M(C,,) of a 4, (2)(6)
cycle graph C,, is shown figure 2. ®

u (D(G)

vi(n+2)(B)

v, (2n) (V) v,(2)(B)
un(2n —1)(6) w(3)(6) Un+1(n+ 1)(G) 2 u3(3)(6)
Dy (20— 2)(B) (W) sl +3)(0)
u3(5)(6)

°
Figure 3. Factorial labeling to a graph M(K, ;) and w(n) = n +
3-and also X(M(K1,n)) =n+1

Figure 2. Factorial labeling for a graph M(C,) and w(n) = 3
and also x(M(c,)) = 3.

g. Theorem
The middle graph M(K; ,,) of a star graph K ,, is a I

factorial graph.
Proof. Let V(Ky,)={u;/1<i<n+1}be the
vertices of K, ,. i.e. K;, has n+ 1 vertices and n
edges. Let G be the middle graph of star graph is
denoted by  M(Ky,). 14 (M(Kljn)) =
fui/1<i<n+1}u{y;/ 1<j<n} and
E (M(Kl,n)) = {ulvj [/1<j< n} u {uivj_l /2 <
Lj<n+1}u{vvIu{yw,/ 1<j<n-—
k;k=1,2,.,n—1}. Here we note that,
V(M) =2n+1  and  |E(M(K.,))| =

"(n;l) . The maximum degree of M (K )

Theorem

The middle graph M(F,),n = 2 of a fan graph E,
produces a factorial graph.
Proof. Let the fan graph E,, n = 2 with n + 1 vertices
say Up, Uy ... ,Upyq and 2n —1 edges. Let G be the
middle graph of fan graph M(F,),n =2 with

% edges. ie. V(M(F,)) =
fui/1<i<n+1}u{y/ 1<j<2n-1}ie

V(M(F))| = 3n and |E(M(E))| = 222, The
maximum and minimum degree of M(F,) are denoted
as A=n+3 and & = 2 respectively. The mapping,
f:V(M(E)) - {1,2,..,3n}as follows. f(w) =
iforl1<is<n+1; f(vj)=n+j+1 for 1<

Here, ]
3n vertices and

n2+3n

+n=

is A=n+ 1 and the minimum degree of M(Ky,) is
§=1. Define a mapping, f: V(M(Kl_n)) -
{1,2,...,2n+1}as follows. f(u;) =i for 1<i<
n+1; f(v)=n+j+1for 1<j<n. Then for

[f@+f)]!
@I and that the edge

values are distinct. i.e. f(e) # f(e;). Thus f is
factorial labeling. Therefore M(K,,) is a factorial
graph. The minimum number of the edge label of the
factorial graph. i.e. Factorial number w(n) =
min{edge label of M(K,,)} = n+ 3. The chromatic
number x(M(Ky,)) of a graph M(K;,) is the

minimum k. i.e. x (M(Kljn)) =n+1

every edge e =uv =
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fan graph E, is

[f () +5@)]!

[f F (]!
that the edge receive values are distinct. So, f
produces a factorial labeling. Therefore M(F,),n = 2
is a factorial graph. The minimum number of the edge
label of the factorial graph. i.e. Factorial
number w(n) = min{edge label of M(F,)} =n+ 3.
The chromatic number y(M(E,)) of a graph M(FE,) is
the minimumk. i.e. y(M(E,)) =n+1, n>3.

Jj < 2n—1. For every edge e = uv =

Example
The factorial labeling of the middle graph M(E,) of a
shown figure 4,

© 2018, IJREAM All Rights Reserved.



u, (1)(6)
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Figure 4. Factorial labeling to a graph M(F,) and o(n) = n + 3 and also x(M(F,)) =n+1,n > 3.

k. Theorem

The middle graph M(P,,©K;),n = 2 of the comb
graph P,®K;,n = 2 is the factorial graph.
Proof. Let the comb graph obtained by attaching a
single pendant edge to each vertex of a path graph. The
comb graph P,®K;, n=2 has 2n vertices and
2n — 1 edges. Let G be the middle graph of comb
graph M(P,®K;),n =2 with 4n — 1 vertices and
7n—6,n>2 edges. ie V(M(P,OK,))=
fui/1<i<2njufy;/1<j<2n-1} and
E(M(P,OK))) = {wv), uvyn_; /1< i,j<n}u
{vjuiﬂ J1<i,j<2n-— 1} U {vjij, VjVan—j,
ViVynoq—j /1 <j<n—1} Here,
[v(M(P,®K))|=4n—-1 and |E(M(P,OK,))|=
7n — 6,n = 2. The maximum and minimum degree of
M(P,©OK;) are denoted as A=6 and 6=

Upn-1(2n — 1)(G)

1 respectively. The labeling, f:V(M(P,OKy)) -
{1,2,... ,4n —1}as follows. f(u;) =i for 1<i<
2n; f(v))=2n+j for 1<j<2n—1. For every
W+ ]!
[ @ @)l
distinct. Then, f admits a factorial labeling. Therefore
M(P,,©K;),n = 2 is a factorial graph. The minimum
number of the edge label of the factorial graph. i.e.
Factorial

number w(n) = min{edge label of M(P,,©OK;)} =
2n + 2. The chromatic number y(M(P,®K;)) of a
graph M(P,®K;) is the minimum k. i.e.
x(M(P,@K))) = 4.

edge e=uv = and the edge labels are

I. Example

The factorial labeling to middle graph M(P,,®K;) of

the comb graph P,®K; is shown figure 5.

Upp-2(2n — 2)(G)  Uns2(n + 2)(G)

Uz (2n)(G)

Vano1(4n — 1)(Y)

u, (1)(6)

Upy(n +1)(6)

v,(3n)(B)

-HI)
u, (n)(G)

Figure 5. Factorial labeling to a graph M(P,©®K;) and w(n) = 2n + 2 and also x(M(P,OK;)) = 4.

. Theorem

The middle graph M(L,),n = 2 of the ladder graph
L,, produces a factorial graph.
Proof. Let the ladder graph L,,, n = 2 is the product
graph P, X P, with 2n vertices and 3n — 2 edges. Let
G be the middle graph of ladder graph M(L,),n = 2
with  5n — 2 vertices and 12(n — 1) edges. i.e.
VML) ={w/1<i<2n}ufy;/ 1<j<3n-—
2} and EM(Ly)={wvj/1<ij<n+3}u
{vjui+1/1s i,an+1}U{vjvj+1/1SjS3n—
3}U{uivj+1/ n+2<i,j Sn+4}u{uivj+2/ n+
3<i,j<n+5}U{wvjs/ n+4<ij<2n}u
{wvjsa / 2n—1<i,j<2n}u

{WiV3n—2j, VjV3n_2j, VjVsn_zj2 / 1 S i,j Sn—1} U
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{viv,/n+1<j<n+7} e V(ML) =
5n—2 and |[E(M(L,))| = 12(n — 1). The maximum
and minimum degree of M(L,,) are denoted as A= 6
and § = 2 respectively. The function, f : V(M(L,)) -
{1,2,...,5n—2}as follows. f(u;)) =ifor 1<i<
2n; f(v;) =2n+j for 1 <j < 3n—2. Then every
[f (W) +5®)]!
[f I (]!
So, that f produces a factorial labeling. Therefore
M(L,),n=2 is a factorial graph. The minimum
number of the edge label of the factorial graph. i.e.
Factorial

number w(n) = min{edge label of M(L,)} =2n+
2. The chromatic number y(M(L,,)) of a graph M(L,)
is the minimum k. i.e. y(M(L,)) = 4.

edge e =uv = receives the distinct values.
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n. Example The factorial labeling of the middle graph M(L,,) of
the ladder graph L, is shown figure 6.
Ve f3n+ 1Y)
uZn(Zn)(G\ un+1(n + 1)(G)
V3n_2(5n — 2)(0 v,(3n)(B)
™
ul(l)(G) u (n)(G)
v1,2n+ 1 "
Figure 6. Factorial labeling to a graph M(L,) and w(n) = 2n + 2 and also x(M(L,)) = 4.
1 respectively. The labeling function is defined as,
0. Theorem V(M) - {1,2,..,4n). f(u) =i for 1<i<

The middle graph M(S,,),n = 3 of the sun let graph
S,,n = 3 acknowledges the factorial graph.
Proof. Let the sun let graph S,,, n = 3 having the both
vertices and edges are 2n. Let G be the middle graph of
sun let graph M(S,),n =3 with 4nvertices and
7n edges. The vertex and edge sets are V(M(S,)) =
{u, v; /1<, j <2n}and E(M(S,) =
{uivj/l <ij< Zn}U{vjqu/lS i,an—l}U
W /1< <=1 U Wy je1, VVnejin / 1<
i,an—l}U{vjvn+j+2/1 <j<n-2}u
{vjvj+2 /j=n-— 1,n} U {v,u, }U {v,v,} U
WnVni1} U {Ugvnye}. 16 |[V(M(S,))| =4n and
|[E(M(S,))| =7n. The maximum and minimum
degree of M(S,) are denoted as A=6 and § =

Upsq (n+ 1)(G)

2n; f(v;) =2n+j for 1 <j < 2n. All edge values

are distinct and then based on the following condition
@+
ramrey Henee:

factorial labeling and it is also a factorial graph. The
minimum number of the edge label of the factorial
graph. i.e. Factorial
number w(n) = min{edge label of M(S,)} =2n+
2. The chromatic number y(M(S,,)) of a graph M(S,)
is the minimum k. i.e. x(M(S,,)) = 4.

e=uv = acknowledges a

p. Example
The factorial labeling of the middle graph M(S,,) of the
sun let graph S,, is shown figure 7.

Uns2(n + 2)(G)

v, (2n+1)(B)

Upy3(n +3)(6)

(G uats(3n+3)(P)

Figure 7. Factorial labeling to a graph M(S,,) and w(n) = 2n + 2 and also x(M(S,)) = 4.
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V. CONCLUSION

In this paper, we launched the new labeling said factorial
labeling is defined and the graph which satisfied the
factorial labeling conditions called the factorial graph.
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Factorial graph of middle graph of some special classes of
graphs namely path, cycle, star, fan, comb, ladder and sun
let graphs are discussed and also found the factorial
number, chromatic number of middle graphs of some
special classes of graphs likely path, cycle, star, fan, comb,
ladder and sun let graphs of factorial graphs.

REFERENCES

[1] Ali Ahmad, Misbah Arshad and Gabriela I"zar"ikov’a,
“Irregular labelings of helm and sun graphs”, AKCE

© 2018, IJREAM All Rights Reserved.



International Journal for Research in Engineering Application & Management (IJREAM)
ISSN : 2454-9150 Vol-04, Issue-04, July 2018

International Journal of Graphs and Combinatorics,
12, 161-168, 2015,
http://dx.doi.org/10.1016/j.akcej.2015.11.010.

[2] A. K. Handa, Aloysius Godinho and T. Singh,
“Distance antimagic labeling of the ladder graph”,
Electronic Notes in Discrete Mathematics, 63, 317-
322, Dec 2017,
http://doi.org/10.1016/j.endm.2017.11.028.

[3] Devsi Bantva, “Radio number for middle graph of
paths”, Electronic Notes in Discrete Mathematics, 63,
93-100, Dec 2017,
https://doi.org/10.1016/j.endm.2017.11.003.

[4] F. Harary, “Graph Theory”, Addison-Wesley
Publishing Company, Inc, Philippines, 1969,
www.dtic.mil/dtic/tr/fulltext/u2/705364.pdf.

[5] G. Chartrand, P. Zhang, “Chromatic graph theory”, A
Chapman and Hall Book, Taylor and Francis Group,

CRC Press, 2009,
www.web.xidian.edu.cn/zhangxin/files/20150825_221
833.pdf.

[6] J. A. Gallian, “A dynamic survey on graph labeling”,
The Electronic Journal of Combinatorics, #DS6, 2017,
www.combinatorics.org/files/Surveys/ds6/ds6v20-
2017.pdf.

[7]1 J. Vernold Vivin, M. Vekatachalam, “On b-chromatic
number of sun let graph and wheel graph families”,
Journal of the Egyptian Mathematical Society, 23(2),
215-218, July 2015,
https://doi.org/10.1016/j.joems.2014.05.011.

[8] S.Roy, “Packing chromatic number of certain fan and
wheel related graphs, AKCE International Journal of
Graphs and Combinatorics, 14(1), 63-69, April 2017,
http://doi.org/10.1016/j.akcej.2016.11.001.

[9] S. David Laurence, K. M. Kathiresan, “On super (a,
d)-Pp-antimagic total labeling of stars”, AKCE
International Journal of Graphs and Combinatorics,
12, 54-58, 2015,
http://dx.doi.org/10.1016/j.akcej.2015.06.008.

[10] Weigen Yan, “Enumeration of spanning trees of
middle  graphs”, Applied Mathematics and
Computation, 307, 239-243, August 2017,
http://dx.doi.org/10.1016/j.amc.2017.02.040.

328 | IIREAMV0410440070 DOI : 10.18231/2454-9150.2018.0502 © 2018, IJREAM All Rights Reserved.



