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Abstract: Let S be a signed graph of order n and let p; u, ..., u, bet its adjacency eigenvalues. Then the energy of §

is defined as E(S) = X, |l In this paper, we characterize positive rational numbers which can be the energy of a

signed graph and obtain related results.
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I. INTRODUCTION

A signed graph is defined to be a pair S = (G, o), where
G = (V,E) is the underlying graph and o:E — {—1,1} is
the sign function or signature. Our signed graphs will have
simple underlying graphs. A signed graph is said to be
homogenous if all of its edges have same sign and
heterogeneous, otherwise. A graph G can be considered as
all-positive signed graph and in this sense signed graphs are
generalization of graphs. The sign of a signed graph is
defined as the product of signs of its edges. The sign of a
signed subgraph is the restriction of sign function to the
subgraph. A cycle in a signed graph is positive if its sign is
positive i.e., it contains an even number of negative edges.
A signed graph is balanced if each of its cycle is positive
and unbalanced, otherwise. For undefined notations and
terminology see [7].

The adjacency matrix of a signed graph S = (G,0) with
vertex set vy, v,, ..., v, iS @n n X n matrix A(S) = (a;5),
where a;; = o(v;v;), if there is an edge from vertex v; to
v; and zero, otherwise. The eigenvalues of A(S) are called
the eigenvalues of S. The eigenvalues of a signed graph S
is also called spectrum of S and we denote this by
spec(S) = {u;i =12,...,n}

Gutman [11] defined the energy of a graph as the sum of
absolute values of its eigenvalues . Germina , Hameed and
Zaslavsky [10] introduced the concept of energy in signed
graph and defined the energy of a signed graph as the sum
of absolute values of its eigenvalues i.e., if u; p, ..., u, are
eigenvalues of S then the energy of Sis defined as

E(S) = Sy Iy,

We recall the definitions of Cartesian product and
conjunction of two signed graphs from [7].

Let S;(Vy, Eq,00) and S, (V,, E, 0,) be two signed graphs
with respective orders n, and n, . The Cartesian product
of S, and S, denoted by S; X S, is a signed graph whose
vertex set is V =V; x V,. Two vertices (x,y) and (p,q)
are adjacent if either there is an edge xp in S; or yq is edge
in S,. Moreover, sign of edge (x,¥)(p,q) is a,(xp) or
a,(yq) according as xp is an edge in S; or yq is edge in
S,.
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Conjunction of S; and S, denoted by S; = S, is a signed
graph whose vertex setis V = V; x V,. Two vertices (x,y)
and (p,q) are adjacent if there is an edge xp in S; and yq
is edge in S,. Moreover, sign of edge (x,y)(p,q) is
01(xp) 02 (¥q).

Lemma 1 [7]. Let S; and S, be two signed graphs with
respective order n,,n, and let their spectra be spec(S;) =
{05i=12,..,n} and spec(S,) ={6;) =12,..,n,}.
Then the spectrum of Cartesian product and the conjunction
of §; and S, is given by spec (§; X S;) ={6; +6;;i =
1,2,..,n, &j =1,2,..,n,} and

{0:6;1=12,.., &j=12,..,n,} .

spec (51 * $3) =

From [8], we see that any rational root of monic
polynomial having integral coefficients is an integer or
equivalently any rational algebraic integer is an integer.
Since characteristic polynomial of a signed graph is a
monic polynomial with integral coefficients, therefore we
have the following observation.

Lemma 2. If the eigen value of a signed graph is rational,
then it is necessarily an integer.

Main Results.

Bapat and Pati [2] characterized positive rational numbers
which be the energy of a graph. They proved that energy of
a graph whenever rational is necessarily an even integer.
We prove a similar result for signed graphs.

Theorem 3. Energy of a signed graph whenever rational is
necessarily an even integer.

Proof. Let S be a signed graph of order n and let
M1 Mg, -, iy De its eigenvalues. Then the energy of Sis
given as

E(S) = Ty Iy,

Since S is simple signed graph, therefore trace of adjacency
matrix of S is zero. But trace of a square matrix is sum of
its eigenvalues, therefore we have

?:1 Uuj = 0.
This gives that

2+ H; = - Hj»
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where ¥, u; and _ u; respectively denote sum of positive
and sum of negative eigenvalues. Therefore the energy of S
isgivenby E(S) = 2%, u;

Let uy y, ..., 1y be positive eigenvalues of S. Then the
energy of S is

E(S) = 2%, w ey

By using Lemma 1, we see that u =",y is an
eigenvalue of the Cartesian product of m copies of S i.e.,
Sx S X ..xS (mtimes) . Now, u being sum of algebraic
integers is also an algebraic integer. Also, from (1)
together with the fact that a rational algebraic integer is an
integer, we see that energy of signed graph whenever
rational is necessarily an even number.

Theorem 4. Energy of a signed graph cannot be rth root of
a positive non-integral rational number.

Proof. Let S be a signed graph of order n. Then by similar
theory as in Theorem 3, we see that E(S) = 2u.

1
Assume on contrary that (S) = (S)? , Where S iS a positive

non-integral rational number in lowest form and r is a
positive integer.

1
This implies 2u = (S)?, which gives /f:% _

As s is positive non-integral rational number, therefore %

is also non-integral positive rational number and hence p”
is non-integral positive rational. But u™ is an eigenvalue of
a signed graph obtained by conjunction of r copies of S
i.e, S*Sx*..xS (rtimes). Now u" being an eigenvalue
of a signed graph is an algebraic integer and hence cannot
be non-integral rational, which gives a contradiction.

Pirzada and Gutman [12] proved that the energy of a signed
graph cannot be the square root of an odd integer. A similar
result holds for signed graphs.

Theorem 5. Energy of signed graph cannot be of the form
1
(25q)r, wheregisodd,r >21and 0 <s <r—1.

Proof. Let S be a signed graph of order n and let
Ui, M, -, My bDe its positive eigenvalues. Then as in
Theorem 3, the energy of S is given by E(S) = 2Y 72, 1;

Now, let u =X, u;. Then E(S) = 2u.

Let H denote the signed graph obtained by taking Cartesian
product of m copies of S and K denote the signed graph
obtained by taking conjunction of r copies of H i.e.,
H=SxSx..xS(mtimes) and K=H=x*Hx*..x
H (r times). By Lemma 1, pu is an eigenvalue of H and p”
is an eigenvalue of K.

If possible, let E(S) = (qu)é . Then 2u = (qu)%, which

25q

27"

gives =
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As g isodd, itis clear that if 0 <s <r—1,then u" isa
non-integral positive rational eigenvalue of

the signed graph K, which is a contradiction.

Remark 6 . In Theorem 5, if s =0 and r = 1, then we
see that the energy of a signed graph cannot be square root
of an odd integer.
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