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Abstract: Let   be a signed graph of order   and let              bet its adjacency eigenvalues. Then the energy of     

is defined as  ( )  ∑     
 
   . In this paper, we characterize positive rational numbers  which can be the energy of a 

signed graph and obtain related results. 
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I. INTRODUCTION 

A signed graph is defined to be a pair    (   ), where 

  (   ) is the underlying graph and     *    + is 

the sign function or signature. Our signed graphs will have 

simple underlying graphs.  A signed graph is said to be 

homogenous if all of its edges have same sign and 

heterogeneous, otherwise. A graph   can be considered as 

all-positive signed graph and in this sense signed graphs are 

generalization of graphs. The sign of a signed graph is 

defined as the product of signs of its edges. The sign of a 

signed subgraph is the restriction of sign function to the 

subgraph.  A cycle in a signed graph is positive if its sign is 

positive i.e., it contains an even number of negative edges. 

A signed graph is balanced if each of its cycle is positive 

and unbalanced, otherwise. For undefined notations and 

terminology see [7]. 

The adjacency matrix of a signed graph    (   )  with 

vertex set            is an     matrix   ( )  (   ), 

where       (    ), if there is an edge from vertex     to 

   and zero, otherwise. The eigenvalues of  ( ) are called 

the eigenvalues of   .  The eigenvalues of a signed graph   

is also called spectrum of   and we denote this by 

    ( )  *            +. 

 Gutman [11] defined the energy of a graph as the sum of 

absolute values of  its eigenvalues . Germina , Hameed and 

Zaslavsky [10] introduced the concept of energy in signed 

graph and defined the energy of a signed graph as the sum 

of absolute values of its eigenvalues i.e., if              are 

eigenvalues of    then the energy of   is defined as 

 ( )  ∑     
 
   .  

We recall the definitions  of Cartesian product and 

conjunction  of two signed graphs from [7].  

Let   (        ) and    (        ) be two signed graphs 

with respective orders    and    . The Cartesian product 

of    and    denoted by       is a signed graph whose 

vertex set is         . Two vertices (   ) and  (   ) 

are adjacent if either there is an edge    in    or     is edge 

in    . Moreover, sign of edge  (   )(   ) is    (  ) or 

  (  ) according as    is an edge in     or     is edge in  

  .  

Conjunction of    and    denoted by       is a signed 

graph whose vertex set is         . Two vertices (   ) 

and  (   ) are adjacent if there is an edge    in    and     

is edge in    . Moreover, sign of edge  (   )(   ) is  

  (  )   (  ). 

Lemma   [7]. Let    and    be two signed graphs with 

respective order       and let their spectra be      (  )  

*              + and      (  )  {              }. 

Then the spectrum of Cartesian product and the conjunction 

of     and    is given by       (     )  *        

                       +  and       (     )  

*                              + . 

From  [8], we see that any rational root of monic 

polynomial having integral coefficients is an integer or 

equivalently any rational algebraic integer is an integer. 

Since characteristic polynomial of  a  signed graph is a 

monic polynomial with integral coefficients, therefore we 

have the following observation. 

Lemma  . If the eigen value of a signed graph is rational, 

then it is necessarily an integer. 

Main Results. 

Bapat and Pati [2] characterized positive rational numbers 

which be the energy of a graph. They proved that energy of 

a graph whenever rational is necessarily an even integer. 

We prove a similar result for signed graphs. 

Theorem  . Energy of a signed graph whenever rational is 

necessarily an even integer. 

Proof. Let   be a signed graph of order n and let 

            be its eigenvalues. Then the energy of   is 

given as 

              ( )  ∑     
 
   . 

Since   is simple signed graph, therefore trace of adjacency 

matrix of   is zero. But trace of a square matrix is sum of 

its eigenvalues, therefore we have 

 ∑   
 
     . 

This gives that  

 ∑     ∑      
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where ∑     and ∑      respectively denote sum of positive 

and sum of negative eigenvalues. Therefore the energy of   

is given by  ( )   ∑      

Let             be positive eigenvalues of S. Then the 

energy of   is 

    ( )   ∑   
 
                ( ) 

By using Lemma  , we see that    ∑   
 
    is an 

eigenvalue of the Cartesian product of m copies of   i.e., 

        (       ) . Now,   being sum of algebraic 

integers is also an algebraic integer. Also,  from ( ) 

together with the fact that a rational algebraic integer is an 

integer, we see that energy of signed graph whenever 

rational is necessarily an even number. 

Theorem  . Energy of a signed graph cannot be     root of 

a positive non-integral rational number. 

Proof.  Let   be a signed graph of order n. Then by similar 

theory as in Theorem  , we see that  ( )    . 

 Assume on contrary that ( )  (
 

 
)
 

  , where 
 

 
  is a positive 

non-integral rational number in lowest form and   is a 

positive integer.  

This implies     (
 

 
)
 

 , which gives   =
 

   
 . 

As 
 

 
 is positive non-integral rational number, therefore 

 

   
 

is also non-integral positive rational number and hence    

is non-integral positive rational. But    is an eigenvalue of 

a signed graph obtained by conjunction of    copies of S 

i.e.,         (       ). Now    being an eigenvalue 

of a signed graph is an algebraic integer and hence cannot 

be non-integral rational, which gives a contradiction. 

Pirzada and Gutman [12] proved that the energy of a signed 

graph cannot be the square root of an odd integer. A similar 

result holds for signed graphs. 

Theorem  . Energy of signed graph cannot be of the form 

(   )
 

 , where   is odd,     and        . 

Proof. Let   be a signed graph of order   and let  

            be its positive eigenvalues. Then as in 

Theorem 3, the energy of   is given by  ( )   ∑   
 
    

Now,  let   ∑   
 
   . Then  ( )    . 

Let   denote the signed graph obtained by taking Cartesian 

product of   copies of   and   denote the  signed graph 

obtained by taking conjunction of   copies of   i.e., 

          (       ) and         

  (       ). By Lemma  ,    is an eigenvalue of   and     

is an eigenvalue of  .   

If possible, let   ( )  (   )
 

  . Then     (   )
 

 , which 

gives  
   

  
 

As   is odd, it is clear that if        , then     is a 

non-integral positive rational eigenvalue of 

the signed graph   , which is a contradiction.  

Remark 6 .  In Theorem  , if      and    , then we 

see that the energy of a signed graph cannot be square root 

of an odd integer. 
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