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Abstract Necessary and sufficient conditions are determined for a sum of k -J - EP matrices to be k-J -EP The

sum and parallel summable of k-J -EP matricestobe k -J-EP. Also conditions are given under which a matrix

of rank r isa product of k-J -EP, matricestobe k-J -EP..
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. INTRODUCTION

Through out, we shall deal with C_ . the space of Nxn
complex matrices. Let C_be the space of complex n -
tuples. For A€C,_ ., let AT, A" denote the transpose,

conjugate transpose of A. Let A~ be a generalized
inverse of Aand A’ be the Moore-penrose inverse of A
[10]. A matrix Ais called EPif p(A)=r and

R(A)=R(A") (o) N(A)=N(A") where p(A)
denotes the rank of A; N(A) and R(A) denote the

null space and range space of A respectively [7].letk - be
a fixed product of disjoint transpositions in

S, ={L 2,---n}. Since K is involutory, it can be verified

that the associated permutation matrix K satisfy the
following:

K=K" =K andk(x) =Kx, K*=1.
J=J" =J"and J(X) = Ix.
where J is an invertible Hermitian matrix. We make an
additional J?=1.A  matrix
A=(g;)eC,, isk -Hermitian if a; =3, for
I,j=12---n.

developed in [4]. For, X=(X,X,---X,)" €C, . let us

assumption  that

A theory for kK -Hermitian matrices is

define the function  K(X) = (X X2y " Xm) €Ch-

A matrix AeC is said to be if it satisfies the condition

N(A) = N(KA'K) = N(KJA"JK) [3].

Moreover, the indefinite matrix product of two matrices A

equivalently

and B of sizes mxn and nxlcomplex matrices

respectively, is denoted to be the matrix by Al
AoB=AJ B. The adjoint of A denoted by Al

Where A”1=JA'J . Aissaidtobe k-J-EP, if Ais
k-J-EPand of rank r. For further properties of
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k - J - EP matrix one may refer [8].

In section 1, we give necessary and sufficient
conditions for sums of k - J - EP matrices to be
k-J-EP In section 2, it is shown that sum , parallel
summable Kk - J - EP matrices are k - J - EP In section 3,

we explore the conditions that the product of k -J - EP.

matrices are K - J - EP,.

Theorem 1.1:
Let A(=1 to m) be k-J-EP matrices. Then

A:ZA is k-J-EP iff any one of the following
i1
equivalent conditions hold:
(I))N(A) = N(A)foreachi

A
(i) rk :Az =rk(A)
A,
Proof :
(i) < (i)

N(A) = N(A) for each i implies
N(A) =N(A). Since
N(A) = N(TA) = N(A)AN(A)....AN(A,),
it follows that N(A) =N (A).

A
A,

A

Hence, N(A)=nN(A) =N
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A
Therefore, rk(A) = rk :AZ and (ii) holds.
A,
A
Conversely, since N |, =NN(A) < N(A),
A,
A
rk :Az = rk(A). N(A) =N(A). Hence,
A,

N(A) = N(A)foreach i and (i) holds. Since each A
is k-J-EP, N(A)=N(AJK) foreachi, Now
N(A) = N(A) foreach i, This implies that

N(A) = N(A) = AN(A'IK) = N(A'IK).
Therefore rk(A) = rk(A"JK).

Hence N(A) = N(A"JK). Thus A is k-J -EP.
Hence the theorem.

Remark 1.2:

In particular, if Ais non singular the conditions
automatically hold and is k -J - EP. Theorem (1.1) fails
if we relax the conditions on the A .

Example 1.3:
Let k=(1 2) the associated permutation matrix
Therefore

010 1 00
(i) Let K={1 0 0,J={0 1 O
0 01 0 01

>

I
o O
o o
o o o

1 00
KIA-|0 1 0]lisEP.
000

Therefore, Ais k -J -EP

245 | IIREAMV0410642021

DOI : 10.18231/2454-9150.2018.0723

Volume XX, Issue XX, MMM YYYY.

010 1 0 0
(i) LetK={1 0 0|,J=|0 -1 O
0 01 0 0 1
[0 1 O]
B=(0 0 1
1 0 O
0 0 -1
KIB=|0 1 0 |isnotEP
10 O
Therefore, Bisnot k -J -EP .
010 1 0 0
(iii) LetK = 0 0[,J=(0 -1 0
0 01 0 0 1
010 010
A=/1 0 0|,B=(0 0 1
0 0O 1 00
0 20
A+B=[1 0 1 |isnotEPand
1 00
-1 0 -1
KI(A+B) ={ 0 2 O |isnot EP.
1 0 0

Therefore, (A+ B) isnot k - J - EP. However,
N(A+B) < N(AJK) = N(A)and
N(A+B) < N(B"JK) = N(B). Moreover

A
rk{B} =rk(A+B).
Remark 1.4:
If rank is additive , that is Tk(A) = Zrk(A)
R(A)NR(A) ={0},i#]  which
N(A) = N(A) foreachi = N(A) = N(A IK) for

eachi. Hence A is k-J-EP. The conditions given in
theorem (1.1) are weaker than the condition of rank
additivity can be seen the following example.

implies  that

Example 1.5:
Let

o R R T b X b
we29)
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Hence A, B and (A+B) are k -J - EP . Conditions
(i) and (ii) in theorem (1.1) hold.

But rk(A+B) = rk(A) + rk(B).

Theorem 1.6:

Let A (i=1tom)be k-J -EP matrices such that
A"A; =0 then A:E:Ai is

k-J-EP.

Proof :

Since ZA*AJ- =0

i#]

AA=Q A A=A A)
=> A A.
N(A) =N(A'A) =N A A)

AT ([A A
| ][]
Al LA, A,

= N(A)NIN(A) N (A,
=N(A IK)NN(A IK).......... AN(A,IK).
Hence N(A) = N(A JK) for each i.

N(A)=N(A)for each i. Now, A is k-J-EP
follows from Theorem (1.1).

Remark 1.7:

Theorem (1.6) fails if we relax the condition that A'S are
left. For let
(0] 1 O O 1 1 O
0[,J=|0 -1 O|,A=|1 1 O
1 O 0 1 O O O

1

(0]

(0]
01 0
,B-{OOl]
0 0 O

-1 -1 O
(i)KJAL1 1 0}is not EP  Therefore, A is
0O O

notk-J -EP_

.. 0O 0 -1). .

(iDKIB _|, | o [isnot EP . Therefore, B is
0O 0 O

not k-J-EP_
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01 0 010
Let A—-|1 0 ol'B=|0 0 1|  Therefore,
0 0O 1 0O
0 2 0
(A+B)=|1 0 1 isnot EP
1 00
(iiKI(A+B) 2 5 2 is not EP. Therefore,
1 0 O

(A+B)is notk -J -EP

Remark 1.8:

The condition given in theorem (1.6) implies those
in theorem (1.1) but not conversely. This can be seen by
the following example.

Example 1.9:

0 1 10 00

K= J = LA= ,
10 0 1 10
0 -1

B:[ L 0JAand B arek - J - EP matrices.

N(A+B)=N(KJ(A+B)) = N(KJA+ KJB)
< N(KJA) =N(A)

Therefore N(A+ B) < N(A).Also

N(A+B)c N(B).But AB+B A%0.

Remark 1.10:
The conditions given in theorem (1.1) and
theorem (1.6) are only sufficient for the sum of

k -J - EP matricestobe k-J-EP, butnot necessary is
illustrated by the following example.
Example 1.11:

10 -1 0
Let A= , B=
0 1 0 -1
0 1 1 0
and J =
10 0 -1

A andB are k-J-EP,. Neither the conditions in

theorem (1.1) nor in theorem (1.6) hold. However,
(A+B) isk-J-EP. If Aand B are k-J-EP

A =H,KIAJK and B =H,KIBIK.

K

matrices,
Where H, and H,are non singular NxN matrices. If
H, =H,then A"+ B" = H,KJ(A+B)JK

= (A+B) =H,KIJ(A+B)JK = (A+B)is
k-J-EP.1f (H,—H,) isnon singular, then the above

conditions are also necessary for the sum of k-J-EP
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matrices to be k -J - EP is given in the in the following
theorem.

Theorem 1.12:
Let A =H,KIAJKand B =H,KJIBJIK such that

(H,—H,)is non singular and K be a permutation
(A+B) is k-J-EP
< N(A+B)c N(B), where k’ be the fixed

matrix, then

transposition whose associative permutation matrix is K .

Proof :

Since. A"=H,KJAJKand B =H,KIBJK, by a
known theorem, A and B are

k-J-EP matrices. Since N(A+B)c N(B), by
theorem (1.1), (A+B) is k-J - EP. Conversely, let us
assume that (A+B) is k-J -EP. There exists a non
singular matrix G such that (A+B) = GKJ (A+ B)JK
= A +B =GKJ(A+B)JK

= H,KJAJK +H,KIBIK =GKJ(A+B)JIK

= (H,KJA+H,KIB)JK =GKJ (A+B)JK

= H,KJA+H,KJIB = GKJA+ GKJB

= H,KIA-GKJA=GKJIB-H,KJB

— (H,-G)KJA=(G—H,)KIB
= LKJA=MKJIB. Where
M=G-H,

Now, (L + M)(KJA) = LKJA+ MKJA

— MKJB + MKJA = MKJ (B + A) = MKJ (A+ B)
and (L+M)KIB=LKJ(A+B). By hypothesis,
L+M=H,-G+G—-H,=H,-H, is non singular.
Therefore,

N(A+B) = N(MKJ(A+B)) = N((L+M)KJA)

= N(LKJA+ MKJIA) = N(KJA) = N(A). Therefore,
N(A+B) < N(A).Also,

N(A+B) < N(LKJ(A+B)) =N((L+M)KJIB)
=N(KJIB) =N(B). Therefore, N(A+B)< N(B).
Thus (A+B) is k-J-EP = N(A+B)< N(A)and
N(A+B) < N(B). Hence the theorem.

L=H,-G and

Remark 1.13:
The condition (H, —H,) to be a non singular

is essential in theorem (1.12)
following example.

is illustrated in the
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Example 1.14:

0
A= ( jand B= ( ] both
1
k-J-EP matrices for K = [ jand J= ( J

Further A A=KJAIJK and =KJBIK
H,—-H, =1 (A-l- B) = is also
— =1. —
! 2 3 0 1o e

k-J-EP. But  N(A+B)z N(A) (on
N(A+ B) & N(B). Thus theorem (1.12) fails.
We note that when k(i) =1,J(i)=1,for i=1 ton

the permutation matrix K and J reduces to | and
theorem (1.1), theorem (1.6) and theorem (1.12) reduce to
result to found in [4].

1. PARALLEL SuMMABLE K -J - EP MATRICES
Here, it is shown that, sum and parallel sum of parallel
summable k - J - EP matrices are

k -J -EP . First, we shall quote the definition and some
properties of parallel summable matrices [10] which are
used in this section.

Definition 2.1:

A andB are said to be parallel summable (p.s) if
N(A+B) < N(B)and N(A+B) <= N(B") (o)
equivalently N(A+B) = N(A) and
N(A+B) < N(A").

Definition 2.2:

If A and B are parallel summable then parallel
sum of A and B denoted by A ¥ B is defined as A¥ B

= A(A+B) B. The product A(A+B) Bis invariant
for all choices of generalized inverse (A+B)  of
(A+B) under the conditions that A and B are parallel

summable [6].

Properties 2.3:

Let A and B be a pair of parallel summable (p.s)
matrices. Then the following hold:

pl A¥B=-BFA
p2 Aand B  arepsand(A¥B) =A¥B’
p.3 If Uisnon singular then UA and UB are p.s
and UATUB =U(A¥B)
p.4 R(ATB) =R(A)NR(B);
R(AEB) =N(A) £N(B)
p5 (ATZB)EC =A% (B%C)
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if all the parallel sum operations involved are
defined.

Lemma 2.4:
Let A and Bbe k-J-EP matrices. Then A

and Bare ps< N(A+B)< N(A)

Proof:

A and B are parallel summable
= N(A+B) < N(A) follows from definition (2.1).

Conversely, if N(A+B) < N(A), then

N (KJA+KJB) < N(KJA).Also

N (KJA+ KJIB) < N(KJB).since KJAand KJB are
EP matrices and N(KJA+ KJB) < N(KJA) and

N (KJA+ KJB) < N(KJB), by theorem (1.1),
(KJA+KJIB)is EP .Hence

N(KJA+KJIB)" = N(KJA+ KJB)

= N(KJA) "N(KJB) = N(KJA) "N (KJIB)".
Therefore, N (KJA+ KJIB)" = N(KJA) and

N (KJA+KJB)" = N(KJB)".Also,

N (KJA+ KJB) < N(KJA) by hypothesis. Hence, by
Definition (1.1), KJAand KJB are p.s.

N (KJA+KJIB) < N(KJA)

= N(KJ(A+B)) = N(KJA)

= N(A+B) = N(B).

Also N(KJA+ KJB)" = N(KJA)

= N(KJ(A+B))" < N(KJA)

= N(A+B) = N(A"). Therefore, A and B arep.s.

Hence the theorem.

Remark 2.5:
Lemma (2.4) fails if we relax the condition that A and B

0 10
and B = . Let
0 10

01
the associated permutation matrix be K = ( Jand

10
[1
J=
0
N(A+B) <= N(A)and N(A+B) = N(B), but

N(A+B) & N(A"): N(A+B) & N(B"). Hence,

A and B arenot parallel summable.

0
are k-J-EP. Let A:(l

0
1]. Ais k-J-EP. Bisnot k-J-EP

Theorem 2.6:
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Let A and B bep.s. k-J-EP matrices. Then
(AxB) and (A+B) are k-J-EP.
Proof :

Since A and B are p.sk -J - EP matrices , by
Lemma (2.9), N(A+B)c N(A) and
N(A+B) < N(B). N(KJ(A+B)) = N(KJA) and
N(KJ(A+B)) = N(KJB).
N (KJA+KJB) < N(KJA) and
N (KJA+ KJB) < N(KJB). Therefore, KJ(A+ B)
=(KJA+KJIB)is EP. Then, (A+B) is k-J-EP
follows from theorem (1.1). Since A and B are p.s
k-J-EP matrices. Therefore, R(KJA) = R(KJA)
and R(KJB)" = R(KJB).
R(KJA T KIB) = R((KJA)" T (KJB)")
=R((KJA)) " R((KJB)") = R(KJA) "R(KJIB)
=R(KJAT KJB).
Thus (KJAFKJIB)is EP. Implies that KJI(AF B)is
EP . This implies that A¥ Bisk -J -EP  Thus AFB
is k-J-EP .whenever A and B are k-J -EP

Hence the theorem.

Remark 2.7:
The sum and parallel sum of p.sk-J-EP matrices

are k-J-EP

Corollary 2.8:

Let A and B bek-J-EP matrices such that
N(A+B)< N(B). IfCisk -J -EP commuting with
both A and B thenC(A+B) andC(AEB) =(CAZE
CB) arek-J -EP
Proof :
A andB are k-J-EP withN(A+B)< N(B). By

Theorem (1.1), (A+B) is

k-J-EP NowKJA KJIB and KJ(A+B) are EP.
SinceC commutes with A, Band(A+B), KJC
Commutes with KJA,KJB and KJ(A+B)and by
known theorem, KJ (CA), KJ(CB) and
KJ(C(A+B)) areEP Therefore, CA,CB and
C(A+B)arek-J-EP  Now by theorem (2.6) |,
(CAECB) is k-J-EP By p3 (properties (2.3)),
KJ(C(AEB)isEP implies that C(A¥B)is
k-J-EP.
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Corollary 2.9:
Let A and Bbe p.s EP matrices. Then AFB and
(A+B)are J-EP.

Corollary 2.10:
Let Aand B be p.sJ.EP matrices. Then A¥Band

(A+B)are EP when J=1.

Corollary 2.11:
Let A and B be p.sk - J - EP matrices. Then A¥ B and
(A+B)are k-EP  whenK =1 .

I11. ProbucT oF K-J -EP MATRICES

It is well known that the product of nonsingular matrices is
non singular. In general, the product of symmetric,

Hermitian, normal and EP matrices need not be
respectively symmetric,  Hermitian, normal and EP
matrices [1,2]. Similarly, the product of k-J-EP
matrices need not be k-J-EP . For instance, Let

2 e S )

-1 0
andJ:( }.Aisk—J—EPl, Bisk-J-EP,
0 -1

-1
AB =
5

explore the conditions for the product of k-J-EP.

0
O] is not k-J-EP,. In this section, we

matrices to be k-J-EP. [56,9]. Also, we study the
question of when BA is k-J-EP, , for k-J-EP.
matrices A B and AB.

Theorem 3.1:
Let A and A (n>1) be k-J-EP matrices

and let A=AAA,--- A . Then the following statements

are equivalent:
(i) Aisk-J-EP.
(ii) R(A)=R(A,) and rk(A)=r.
(iii) R(A)=R(A") and rk(A)=r.

Proof :
(i) < (ii)
Since A and A are k-J-EP,
R(A)= R(KJA;) R(A) = R(KJAf) . Since
A=AAA--A.  R(ACR(A)  and
rk(A) = rk(A) = R(A) = R(A). Also
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A =A--A.R(A)cR(A)and
rk(A)=rk(A)=r = rk(A)=rk(A)=r.
Therefore, R(A") = R(A’)

= R(KJA) = R(KIA). Now,

Aisk -J -EP. < R(A) = R(KJA") and
rk(A)=r < R(A) =R(KJA)andrk(A)=r
< R(A)=R(A)andrk(A)=r

(i) <> (iii)

R(A)=R(A,) < R(KIA) =R(KIA)

< R(A)=R(A).

Hence the theorem.

Corollary 3.2:
Let AandB be k-J-EP matrices. Then AB s

k-J-EP < rk(AB)=r and R(A) =R(B).
Proof :

ABisEP. < R(A)=R(B) and rk(AB)=r.

ABisk - EP. < R(KA) = R(KB) and

rk(AB)=r < R(A)=R(B)andrk(AB) =r.

AB sk -J - EP, < R(KJA) = R(KJB)and

rk(AB)=r < R(A) =R(B)andrk(AB) =r.

Example 3.3:

11 00 0 1
LetA= B= K=
1 1) 1 0) 1 0)
10 . 11 . 00
J= KJA JK = KJB JK =
0 1) 1 1) 10

10
- Aisk-J-EP and B isk-J-ER. AB:(]- Oj

isnot k-J -EP. Hererk(AB) =1 and R(A) # R(B).

Example 3.4:
Let

e (F )
(s

00
k—J—EF’l.ABz(O 0] is not k-J -EP,. Here

0
lj Aisk-J-EP, and B is

rk(AB) =1, R(A) = R(B).
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Theorem 3.5:

Letrk(AB) =rk(B) =r,and rk(BA) =rk(A) =r,.If
AB,Barek -J - EP, and Aisk -J - EP, then BAisk -
J-ER,.

Proof :

Since rk(BA) =rk(A)=r, it is enough to show
that N(BA) = N((BA) JK), to prove BA is
k-J-EP, .Now, N(A) = N(BA)and
rk(BA) =rk(A) = N(A) = N(BA). Also,

N(B) = N(AB) and rk(AB) = rk(B)

= N(B) = N(AB).Now
N(BA)=N(A)=N(AJK) c N(B'A'JK) =
N(AB)=N(B)=N(B"JK) = N((BA) JK).
Further, rk(BA) = rk(BA)" = rk((BA)" JK)

= N(BA) = N((BA) JK).Thus BAisk-J - EP, .
Hence the theorem.

Lemma 3.6:

If A B arek - J - EP. matrices and AB has rank r, then
BA hasrank r.

Proof :

Since rk(AB) =rk(B) =r,

N(A)AN(B")" ={0}.

By a known theorem rk (AB) = rk(B)
—dim(N(A)NN(B")"). N(A) " N(B")* ={0}
= N(A)~N(BJK) ={0}

— N(A)* AN (BIK) ={0}

= N(AJK)" "N (BJK) ={0}

Now, TK(BA)=rk((BIJK)(KJA))=

rk (KJA) —dim(N (BJK) "N (A"JK)") =
rk(KJA)-0  =rk(A)-0 =r_

Hence the lemma.

Theorem 3.7:
If A,B and AB are k-J-EP matrices then BAis

k-J-EP.
Proof :
since. A B andAB arek-J-EP matrices and

rk(AB) =r,by Lemma (3.5),rk(BA)=r. Now the

theorem follows from theorem (3.4), forf; =1, =T.

Corollary 3.8:
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LetA B bek-J-EP matrices. Then the following
statements are equivalent:

(i) AB isk-J-EP,

i)  (AB)'isk-J-EP.
(i) A'Blisk-J-EP,
(ivy B'Alisk-J-EPR,

IV. CONCLUSION

These results may lead to study the Schur complement,
partial ordering and generalization of inverses.
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