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I. INTRODUCTION

In 1984, katsaras [5] defined a fuzzy norm on a linear space
to construct a fuzzy structure on the space. Since then,
some mathematicians have introduced several types of
fuzzy norm in different points of view. In particular, we use
the definition of a fuzzy normed space given[1] to exhibit a
reasonable fuzzy version of stability for the cubic and
quadratic functional equation in the fuzzy normed space.
The functional equation

f(x+y): f(x)+f(y) (1.2)
is called the Cauchy additive functional equation and it is
the most famous functional equation. Since f (x) =kx is

the solution of the functional equation (1.1).Then the
functional equation

f(2x+y)+ f (2x—y)=4f (x+y)+4f (x—y)

+241(x)-6f(y)
(1.2)
is called the Quartic functional equation. It is easy to show

that the function f(x):x4 satisfies the functional

equation (1.2), which is called a quartic functional equation
and every solution of the quartic functional equation is said
to be a quartic function.

J. M. Rassias[8,9,10] was discussed about the linear
mappings and T. M. Rassias[11] also investigate the linear
mappings in banach space. Govindan et al.,[3,4,6,13]
prescribed some stability of the wvarious functional
equations in various kind.
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Some other papers of functional equation are
used to develop this paper such as [2,7,12]. In this paper,
the authors investigate the stability for the Additive-Quartic
functional equation is of the form

;g + 1y + 13 )+ £ (g 12 10 )+ 1 (g —rPxy + 1)

+1 (g rPxy )= Z[f (g +r2x, )+ 1 (rPxy 1%

ol R ER S P (ST R [ r3x3):|

—2[r4(f ()= £ (=x) Jr® (¥ (x) + ¢ (—xz))+r12(f (x5)+ f (—xg)ﬂ

*[r(f ()~ (=) + & (f (x)- 1 (*Xz))”s(f ()~ f (*Xs)ﬂ
(1.3)

in fuzzy banach space using direct and fixed point method.

I .FUZZY STABILITY RESULTS

In this section, the authors present the basic definition in
fuzzy normed space.
Definition 2.1 Let Xbe a real linear space. A function
F: X xR —[0,1] is said to be a fuzzy norm on X if for all

x,ye Xandall p,geR
(N1) F(x,c)=0 for c<0;
(N2) x=0ifand only if F(x,c)=1 forall ¢>0;

(N3) F(cx,q):F(x,m if c0:
C

(N4) F(x+y, p+q)2min{F(x, p),F(y,q)};
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(N5) F(x,.)is a non-decreasing function on Rand
qIl_r)nooF(x,q) =1;
(N6) for x =0, F(x,.)is continuous on R;

The pair (X, F) is called fuzzy normed linear space one

may regard F (x, q)as the truth value of the statement the
norm of X is less than or equal to the real number g.
Definition 2.2 Let (X, F) be a fuzzy normed linear space.

Let {xn}be a sequence in X. Then X,is said to be
convergent  if  there  exists X e Xsuch  that

lim (xn —x,q) =1forall t>0. In that case Xis called
n—0
the limit of the sequence X, and we denote it by
F— lim xp =x.

N—co

Definition 2.3 A sequence {xp}bein X is called Cauchy
if for each ¢ >0and each g >0 there exists ngsuch that
for all n2 No and all 6>0, we have
F(xn+5—xn,q)>1—g
Definition 2.4 Every convergent sequence in fuzzy normed
space is Cauchy. If each Cauchy sequence is convergent,

then the fuzzy norm is said to be complete and fuzzy
normed space is called a fuzzy Banach space.

In section 3 and 4, assume that X, (Z,F) and

(Y, F ) are linear space, fuzzy normed space and fuzzy

Banach space respectively. We define a function
R:X —>Y by

R (3 %p.3) = £ + 2y 1% ) 1 (< 12y 415
+1 (g =Py + 1 )+ £ (g +1%%, ~r3x3)72[f (g +r%%)
+f(r2x2+r3x3)+f(rx1+r x3)+f(r><1 r x2)

(- ”s)”(”l i) |2 ( () )]
+r8(f(x2 w1 12(f(x3 ]+

[r(f(xl) (- )) (f(xz) (- )) 3(“("3)*(*3))}

for all X1 X, Xg € X.

Il. STABILITY OF THE FUNCTIONAL EQUATION
(1.3) - DIRECT METHOD

In this section, we establish the stability of (1.3) in fuzzy
Banach space using direct method.

Theorem 31 Let fef{-11}. Let z:X>—>Zbe a

mapping with 0 < (d4j <1
r
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lim FI( ( X[ rﬂkxz,rﬁkxg),r4'gk5)=l (3.2)

k—o0

for all X2 X9, Xg € X and all 6>0. Suppose that a
function R: X —Y satisfies the inequality
F(R(xl,xz,xs),é)z F (;((xl,xz,xg)ﬁ) (3.3)
for all r>0and X}, X5, X3 € X the limit

_ f (rﬂkx)
Gx)=F - im — ap (34)

exists for all xe X and the mapping G: X ->Yis a
unique quartic mapping such that

(1)~ (x).0)= € (x(x,00) a5}
(3.5)
forall Xe X and forall 6§ >0.

Proof. First assume that § =1. Replacing (X1'X2'X3) by
(x,0,0), in (3.3), we have

F((4f (r)—ar? (x)),a) >

for all xe Xand for all 6 >0. Replacing X by rkxin
(3.6), we obtain

k+1
f(r x) K 5 . K
E 7—f(r x),— >F (;((r x,0,0),5)
4r4

F (2(x0,0),5) (36

r4

(3.7)
for all x e X and for all 6 >0. Using (3.1), (N3) in (3.7),
we have

k+1
f(r X) (k) S (K 5
F a - (r x),—4 >F ;((r x,0,0),dk

r 4r

(3.8)
for all xe X and for all 6 >0, it is easy to verify from
(3.8), that

frk+lx frkx ,
[0 %) el e |27 #(%09) 5

A(k+1 4k
r (k+3) r 4r

(3.9
holds for all xe X and for all 6>0. Replacing 6 by
d¥5in (3.9)

f(rk+1x) f(rkx) dch , ‘
Pl g~ & 4k ZF(z(r X’O'O)'é)
r 4r

(3.10)
forall xe X and forall 6 >0 , itis easy to see that

f (rk+1x) » (X) B k1| f (ri+1x) f (rix)

=2 . - (3.11)
' - 4(k+1 i= 4(i+1 4i
F (;((rﬂkxl,rﬂkxz,rﬂkXS),a“)zF (dﬂg(x,o,o),d) r ( ) =0 r ( ) J
(3.1) for all xe X . From the equations (3.10) and (3.11), we
forall xe Xandall §>0, d >0 and get
22 | IREAMV0410642024 DOI : 10.18231/2454-9150.2018.0685 © 2018, IJREAM All Rights Reserved.



i+1 i ;
>mink\;1 f(r x) f(r x) d'§
- = 4i1) A 4l
S R R (51
k-1 ,

>min u F (7(x.00).5)

>F (2(x0,0),5) (3.12)

forall xe X and for all 6> 0. Replacing X by rMx in
(3.12) and using (3.1) and (N3), we obtain

f(fk+mx) f(rmx) mik-1 dls

4(k+m) PAm i 4r4(i+1)

r

ZF'(Z(x,o,o),dfnj

(3.13)
for all xeXand for all §>0. And all mk=>0.

Replacing ¢ by dMsin (3.13), we get

f(rk+mX) f(rmx) m+k—1 di5
F akem) Am 2 P

>F (7(x.0,0),5)
(3.14)
for all xe X and for all §>0. And all m,k >0. Using
(N3) in (3.13), we have

™) (™)

_ S
r4(k+m) r4m
)
>F X,0,0),
Z( ) m-i%(—l dl
i= 4(i+1
i=m (i+1)

(3.15)
forall xe X and forall §>0. And all m,k >0. Since

i
k(d
0<d< r4 and _20 (AJ < oo . The Cauchy criterion for
1=
f (rkx)

r
convergence and (N5) implies that —IK is a Cauchy
r

sequence in (Y, F') is a fuzzy Banach space. This sequence

23 | IIREAMV0410642024

DOI : 10.18231/2454-9150.2018.0685

International Journal for Research in Engineering Application & Management (IJREAM)

ISSN : 2454-9150 Wol-04, Issue-06, Sep 2018

converges to some point G(x)eY so one can define the

f(rﬂkx)
mapping G: X —»Y by G(x)=F —kli_r)noow
i

forall xe X . Letting m=0in (3.15), we receive

1

r4k

~1(x).6 |2 F | 2(x.00). 5d,
I
i:04r4(|+1)

(3.16)
forall xe X . Letting k — oo in (3.16) and using (N6), we
have

F(f(x)-G(x),5)> Fl(l(x,o,o),45(r4—d))

for all x e X and for all 6> 0. To prove G satisfies (1.3),

replacing (xl,xz,x3) by (rkxl,rkxz,rkx3) in (3.3), we
get

1
F (r4k R(rkxl, rkxz, rkx3),5j

> F'(;((rkxl, rkx2, rkx3),r4k5)

for all 5 >0and all X X9, Xg € X . Hence G satisfies the

(3.17)

quartic functional equation (1.3). In order to prove G (x) s

unique. We let G'(x) be another quartic functional
equation satisfying (1.3) and (3.5). Hence

k "k
F(G(x)—G'(x)ﬁ):F G(r x)_G (r x)

r4k r4k
G(rkx) f(rkx) 5 f(rkx) GI( kx)
>mins F - — |, F -
r4k 4k 2 r4k r4k

>F | 7(x0,0), —

forall xe X and for & > 0. Since,
4r4k5(r4—d)

lim K =00,

k—)oo Zd
we obtain

F|(fx00), 0 Y |
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Thus F(G(x)—G'(x),5)=1 for all xe X and for

§>0. Hence G(x)= G (x). Therefore G(x) is unique.
For g =-1, we can prove the result by a similar method.

This completes the proof of the Theorem.

The following corollary is an immediate consequence of
the Theorem 3.1, concerning the stability of (1.3).
Corollary 3.2 Suppose that the function R: X —Y
satisfies the inequality

Fl(g,d)
F (R0 56)0) 2 1F (o2l ).

. 3 3 3 S
(o 2l fill) o)

for all xl,xz,xseX and all >0, where &,S are

constants. Then there exists a unique quartic mapping
G: X =Y such that

e

F(f (x)—G(x),5)2 F‘(g”x”S ,45‘r4 —rs‘) 1 S#4

Fl(,s”x”gS ,45‘r4 - rSSD ;S ¢g

forall xe X and for 6 >0.
Proposition 3.3 Let pe{-11}. Let y: X3 5 Zbe a

mapping with 0 < (d] <1
r

F'(;((rﬂkxl,rﬂkxz,rﬁkxg),é)zFl(d'B;((x,O,O),&)
forall xe X andall 6>0, d >0 and

O (U (L SWRY - L SU L. PK s\ _
kIl_n)wooF (;{(r X T X, 1 x3),r 5)—1

for all xl,xz,x3eX and all &>0. Suppose that a
R: X —Y satisfies the

F(R(xl,xz,xg)ﬁ)zFl(;((xl,xz,xs),é)
for all r >0and X1 X, Xg € X the limit

f (rﬂkx)
G(x)=F- lim ——*~
( ) K—o0 rﬂk
exists for all xe X and the mapping G: X ->Yis a
unique additive mapping such that

F((x)-G(x),5)2F (2(x0,0),25]r-d[)

forall xe X and forall 6>0.

Corollary 3.4 Suppose that the function R: X —Y
satisfies the inequality

function inequality
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FI (e,é‘)

' 3 S
(o2l o)

o 20 il )0
=1 i=1" ! )

for all xl,xz,x3eX and all 6>0, where g,s are

(750 0):

constants. Then there exists a unique additive mapping
G : X =Y such that

F (,20]r-1)

F(f(x)-6(x).0)>{F (e 20 -r¥]) i1 1

Fl(g”x”3S ,25‘r—r3s‘) )S ;t:l))

orall xe X andfor 6 >0.
V. Stability of the Functional Equation (1.3) -
Fixed Point Method

In this section, the authors investigate the generalized
Ulam-Hyers stability of the functional equation (1.3) in
fuzzy normed space using fixed point method.

For to prove the stability result we define the following

w; is a constant such that

rif i=0
vi=91
' it 1

r
and Q isthesetsuchthatQ:{p\p:X —>Y,p(0):0}.

Theorem 4.1 Let R: X — Y be a mapping for which there
exists a function y: X3 — Z with condition
kli_n;OOFl(;((y/ikxl,t//ikxz,...,y/ikxn),t//izlk5)=1 (4.1)
for all X2 X9, Xg € X and 6>0 and satisfying the
inequality

F(R(xl,xz,xs),é)zF'(;((xl,xz,x3),5) (4.2)
for all X2 X9, Xg € X and & >0. If there exists L = L[i]
such that the function x — p(x) has the property

' 1 '
F L—4p(t//ix),5 =F (p(x).5) (4.3)
i
for all xe X and & > 0. Then there exists unique quartic
function G: X —Y satisfying the functional equation
(1.3) and

F(10)-2(00)2 7| a0

1-L

forall xe Xand 0 >0.
Proof. Let d be a general metric on Q , such that

© 2018, IJREAM All Rights Reserved.



d (p.q) = inf {ke(0,00)/F( p(x)-0(x).5)
>F (p(x).k3), XeX,5>O}.
It is easy to see that (€2, d ) is complete. Define T :Q — Q
1
by Tp(x):—4 p(z//ix), VvV xeX.

Yi
For p,qeQ, we get

d(p.a)=k=F(p(x)-a(x))>F (p(x).ks)
L p(V/iX)_Q(l//iX),(g > F'(p(l//iX),k!//f%)

i !
¥i i

(4.4)
= F(Tp(x)—Tq(x),5)2 F'<p(y/ix),ky/i45)

= F(Tp( ) Tq( ) 5)2F (p(x).k0)

= (To(x)-Ta(x).6)>
:>d(Tp Tq 5)>kd(p q).vp,qeQ.
Therefore T is strictly contractive mapping on Q with
Lipschitz constant L, replacing (xl,xz,xs) by (x,0,0)in
(4.2), we get

F(4f () -ar*1(x).6)> F (2(x.0,0).5)
(4.5)

forall xe X and & > 0. Using (N3) in (4.5), we have

F(ffgx)— f (x),é} > F'(Mlllz(x,o,O)ﬁj (4.6)

forall xe X and ¢ > O with the help of (4.3), when i =0.
It follows from (4.6) that

= F[ffzx)— f (x),5)2 F (Lo(x).0)

1

= d(Tf (x),6) = L=t} =

— L (4.7)

X
Replacing X by — in (4.5), we receive
r

{3 ezn

(4.8)
forall xe X and & >0when i=1 it follows from (4.8),
we arrive

=100 o F (0000

:>T(f—Tf)<1:LO:L1_i (4.9)

Then from (4. 7) and (4.9), we get
ST(FTf) <L <.

Now from the fixed point alternative in both cases it
follows that there exists a fixed point G of T in Q such
that
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k
G(x)=F - lim f(l// X)

4.10
k—o0 l/,4k ( )

for all xe X and & >0. Replacing (xl,xz,xg) by

k k K ).
(‘//i X Wi X0, Vi x3)|n (4.2), we get
1 k. k k
F K R(‘/’i Vi X Vi X3)75
i

' k k k 4k
2F (Z('//i X Vi X0 XS)"/’i 5)
for all 6>0and all X1 X, Xg € X . By proceeding the

some procedure in the theorem (3.7), we can prove the
function G:X —Y is quartic and its satisfies the
functional equation (1.3) by a fixed point alternative. Since
G is unique fixed point of T in the set

={feQ/d(f,G)<oo}. Therefore G is a unique
function such that
F(f(x)-6(x).6)=F (p(x),ko) (4.11)
for all xe X and &>0. Again using the fixed point
alternative, we get

1

d(f,G)gﬁd(f,Tf)
I_1—i

d(f.G)<
=d(f.6)s —

=F(f(x)-6(x).8)= F'Lp(x)iﬁj (4.12)

This completes the proof of the Theorem.

The following corollary is an immediate
consequence of Theorem 4.1 concerning the stability of
(1.3).

Corollary 4.2 Suppose that a function R: X — Y satisfies
the inequality

F (.0),
(2l )
e (el 2l o)

(4.13)
for all X1 Xp1 Xg € X and & >0, where &,S are constants

F(R(q%%5).0)

with &> 0. Then there exists an unique quartic function
G: X =Y such that
F'(g,45‘r4 —]D
- S
F (g”x” ,45‘r4 —rs‘) iS#4

F (e a0 %) ¢§
(4.14)

F(f(x)-G(x),5)>

© 2018, IJREAM All Rights Reserved.



forall xe X and §>0.
Proof. Setting

gl

3
700 %) < 8{i§1\\xiﬂs},
ol = 2l
==

for all X1 X1 Xg € X . Then

' k k k 4k
F (Z(‘//i Vi Xp Vi X3)"/’i 5)
F‘(e,t//i‘lké'),

SHENTTE)

—>lask—>wo
=<—>lask >
—>lask >w
i.e., (4.1) is holds. Since, we have

p(X)=iz(:70:OJ

has the property

F'{Ll_élp(,,,ix),(s] —F (p(x).9)

Yi

forall xe X and 6 >0. Hence

# o09.0) < o 00) 0]

F (g, 4r45)
= {F (o[l ar )
F (ol ars)

Now
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vi*p(%)

=1 (x)

v p(x)

for all xe X. Now from the following cases for the
conditions

Ler4ifizoand L=r*ifi=1

. 3 3 3 —
F (g{il;llnxi ”S +i§1||xi” S}"/’i(4 35)k5] L=r>%for s>4ifi=0 and L=r""S for s<4 if

i=1

3 4-3s

- 4 4
L=r54fors>fifi=0 and L=r for s<—
3 3

ifi=1

Casel.L=r % if i=0

CaseZ.L:r4 if i=1

Case 3. L=r5_4 fors>4ifi=0

F(f(x)-G(x),6)< F'LLl_ip(x),an F{ rs_s: ‘j':!s ,5}
F

1-L

Case 4. L:r4_s for s<4 ifi=1

“(10-00)0)2( £y oo s B

1-r

<F (el 4(r® -r)o)

© 2018, IJREAM All Rights Reserved.



Case 5. L=r3s_4 for s>;1 ifi=0
1-i (354 ”X"35
F(f(x)-G(x).6)<F (Hp(x),é‘J:F' P e

<F (el a(r %))

4-3s

4
Case6. L=r fors<§|f|:1

3s
e[l

1-r 4

<F (e (% -r%)s)

F(f(x)-6(x).6)< F‘(Ll_li_p(x),&j— F %jﬁ

Hence the proof is complete.
Proposition 4.3 Let R: X —Y be a mapping for which

there exists a function y: X3 — Z with condition
. ' k k k k
kII_I‘I)‘IOOF (}((l//i X Wi Xo e W Xn),t//i 5):1
for all X X9, Xg € X and 6>0 and satisfying the
inequality

F(R(xl,xz,xs),d)z F (;{(xl,xz,XS),d)
forall x;,Xx,,%3 € X and & >0. If there exists L = L[i]
such that the function x — p(x) has the property

L2 pvin) o |=F (0(x).9)

Vi
forall xe X and & > 0. Then there exists unique additive
function G: X —Y satisfying the functional equation
(1.3) and

, I_1—i

F(f (x)—G(x),5)2 F N (x),5
forall xe X and 6 >0.
Corollary 4.2 Suppose that a function R: X —Y satisfies
the inequality

F (2,6),
# (R (g mpm0)-0) 2 [f ")),
(el el ™)

for all X2 X9, Xg € X and 6 >0, where &, S are constants

with ¢ >0. Then there exists an unique additive function
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G: X ->Y such that

F (£.25]r-1))

F(1(x)-6(x).0)2{F (o} 20]r 1) 15 21

= (o™ 2ol

forall xe Xand 6 >0.
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