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Abstract In this paper, the authors investigate and introduce the general solution and generalized Ulam-Hyers Stability of 3-

dimensional additive-quartic functional equation of the form

f(rxl+r2x2+r3x3)+f( r>cl+r Xy + T x3)
2

(ml r x2+r3x3)+ f (rx1+r2x2—r3x3) Z[f (rx1+r2x2)

+f(r x2+r3x3)+f(rxl+r ><3)+f(rx1 r x2)+f(r2x2—r3x3)+f(r x3—rx1ﬂ—2[r (f(x1)+f(—>clﬂ

+r8(f (x2)+ f (—xz))+r12(f (x3)+ f (—xg)ﬂ—[r(f (xl)— f (—xl))+r2(f (XZ)_ f (—xz))+ r3<f (x3)— f (—XS)):|

in Banach space and Banach algebra using Direct and Fixed point methods.
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I. INTRODUCTION

The stability of functional equation was raised by S. M.
Ulam[12] for what metric group G is it true that a
& —automorphism of G is necessary near to a strict
automorphism?. In 1941, D. H. Hyers[4] gave a positive
answer to the question of Ulam for Banach spaces.

The functional equation

f(x+y)=f(x)+f(y) (1.1)
is called the Cauchy additive functional equation.and it is
the most famous functional equation. Since (x)=x is the

solution of the functional equation (1.1).
Then the functional equation

f (2x+y)+ f (2x—y)=4f (x+ y)+4f (x—y)
+24f (x)-6f(y)
(1.2)
is called the Quartic functional equation. It is easy to show
that the function f(x)= x4

equation (1.2), which is called a quartic functional equation
and every solution of the quartic functional equation is said
to be a quartic function.

satisfies the functional

The solution and stability of the functional equation for
additive and quartic functional equations are discussed in
[3,5,6,7,8]. V. Govindan [2], established the general
solution  for the quadratic functional equation and
investigate the stability in Banach spaces. Some of the
functional papers are used to develop this paper which are
[1,9,10,11].

In this paper, the authors examine the general solution and
stability for the Additive-Quartic functional equation is of
the form
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(1.3)
in Banach space using direct and fixed point method.

Theorem A. (Banach Contraction Principle) Let
(X , d)be a complete metric space and consider a mapping
T : X — X which is strictly contractive mapping, that is

(A1) d (TX,Ty) < Ld(x,y) for some (Lipschitz constant )

L <1, then
(i) The mapping T has one and only fixed point

)

*
(ii) The fixed point for each given element x is
globally attractive that is

*
(A2) nIi_r;1ooTnx = X , for any starting point x e X ;

(iii) One has the following estimation
inequalities:

* 1
(A3) d (Tnx, X )£ ﬁd (Tnx,Tn+lx),for all
n>0, xe X.
1

d(x,x*), VxeX.
1-L

(Ad) d(x, x*)s
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Theorem B. (The alternative of fixed point) Suppose that
for a complete generalized metric space (X,d)and a

strictly contractive mapping T :X —Y with Lipschitz
constant L. Then, for each given element x € X , either

(B1) d (Tnx,Tn+1x) =,V nx0 or
(B2) there exists natural number No such that:
(i) d (Tnx,Tn+1x) <o forall n>ng
(if) The sequence (Tnx) is convergent to a fixed
point y* of T
(iii) y* is the unique fixed point of T in the set
Y ={yeX :d(Tnx,y)<00};

d(y*,y)sl_ll_d(y,Ty) vV yel.

Il. SOLUTION OF THE FUNCTIONAL EQUATION
(1.3)

In this section, the authors present the general solution of
the functional equation (1.3).

Lemma 2.1 Let X and Y be a real vector spaces. The
mapping f : X —Y satisfies the functional equation (1.3)

for all X2 X9, Xg € X, then f:X =Y satisfies the
functional equation (1.1) for all x,y € X.

Theorem 2.2 Let X and Y be a real vector spaces. The
mapping f : X —Y satisfies the functional equation (1.3)

for all X X9, Xg € X, then f:X =Y satisfies the

functional equation (1.2) for all x,y € X.
Proof: Assume that f satisfies the functional equation (1.2).
Let x=y =0 in (1.2), we get f (0) =0. Switching x=0

in (1.2), we have f(y): f(—y) for all yeX.
Replacing y=0 and y = x in (1.2), we arrive

f (2x) =16f (x)

and for all x € X, we have

f (3x) =81f (x)

respectively. In this manner, we generalized to get

f (nx) = n4f (x)

for all xeX and all neN. Letting xand y by

rx1+r2x2 and rxl—rzx2 in (1.2), respectively, we have

f(3m +r2x, )+ 1 (g +ar2x, ) = 641 (g ) <641 (12, 2.1)
+24f(rx1+r2x2)76f(rx17r2x2)

for all XX €X. Switching rx and r2x2 by

g + r2x2 and 2r2x2 in (1.2), respectively, we get
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4f (rx1+2r2x2)+4f (rxl): f (rx1+3r2x2)+ f (rxl—rzxz)
+6f (rx1+r2x2)—24f (rzxz)
(2.2)
for all X Xy € X'. Interchanging rx and r2x2 in (2.2),
we reach

4f (rzx2 +2rx1)+4f (r2x2) =f (rzx2 +3rx1)+ f (rzx2 —rxl)

+6f (rzx2 + rxl)—24f (rxl)
(2.3)
for all X Xy € X . Adding (2.2) and (2.3) and using (2.1),
we obtain

4f (r)cl+2r2x2)+4f (rx1)+4f (rzx2 +2rx1)+4f (r2x2)
=f (rx1+3r2x2)+ f (3rx1+ r2x2)+12f (rx1+r2x2)
+f (r>cl—r2x2)+ f (rzx2 —r>cl)—24f (r>cl)—24f (rzxz)
for all X Xo € X. Now, using the result (2.1), we get
4f (rx1+2r2x2)+4f (rzx2 +2rx1): 64 f (rx1)+64f (r2x2)
+24 f (r>cl+r2x2)—6f (r)cl—rzxz)+12f (r>cl+r2x2)
f (rxl—r2x2)+ f (rzx2 —rxl)—28f (rxl)—28f (rzxz)
for all X Xy € X . Again Using f (—x) =f (x) , We reach
f (rx1+2r2><2)+ f (r2><2 +2rx1) =9f (rx1)+9f (rzxz)
+9f (rx1+r2x2)— f (rxl—rzxz)

(2.4)
for all X%, € X. Switching x=rx;y =rox; in (L2),
we have
f (2rx1 + r3x3)+ f (2rx1 - r3x3) =24f (rxl)—Gf (r3x3)

+4f (rxl + r3x3)+4f (rxl — r3x3)

(2.9)
for all X X3 € X Replacing x = r2x2 and y = r3x3 in
(1.2), we get
f (2r2x2 + r3x3)+ f <2r2x2 - r3x3) =24f (rzxz)—Gf (r3x3)

+4f (rzx2 + r3x3)+4f (rzx2 - r3x3)

(2.6)
forall x5, X3 € X . Adding (2.5) and (2.6), we arrive

9f (2rx1+ r3x3)+9f (2rx1 - r3x3)+9f (2r2x2 + r3x3)

+9f (2r2x2 - r3x3) =36f (rxl + r3x3)+36f (rx1 - r3x3)

+36 f (rzx2 + r3x3)+36f (rzx2 —r3x3)+216f (rxl)
2 3
+216 f (r xz)—108f (r x3)
(2.7)
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for all X| X, Xg € X . Interchanging I =2rx + r?’x3 and
r2x2 = 2r2x2 + r3x3 in the equation (2.4), we attain
f (er1 +4r2x2 +3r3x3)+ f (4rx1 + 2r2x2 +3r3x3)
=9f (erl + r3x3)+9f (2r2x2 + r3x3)

+9f (Zr)c_L + 2r2x2 + 2r3x3)— f (erl - 2r2x2)
for all X| X, Xg € X.

2rx1 — r3x3 and r2x2 = 2r2x2 —r

(2.8)

Replacing
3

X and rzx2 by
X3 in (2.4), we reach

f (erl +4r2x2 —3r3x3)+ f (4rx1 + 2r2x2 —3r3x3)
=9f (erl - r3x3)+9f (2r2x2 - r3x3)

+9f (2rx1+2r2x2 —2r3x3)— f (2rx1—2r2x2)
Adding (2.8) and (2.9) and also

(2.9)

for all X| X X3 € X .
using (1.2), we get
9f (2rx1+ r3x3)+9f (2r2x2 + r3x3)+9f (2rx1—r3x3)
+9f(2r Xy =T x3) (rx1+2r x2+3r x3)

)

3

+4f(rx1+2r x2—3r X3 +24f(r><1+2r X2) 6f(3r3x3)

+4f(2rx1+r x2+3r3x3)+4f(2r>cl+r x2—3r3x3)
3 2 3
+24 f 2rx1+r Xy -6f(3r X3 —144f X + 17X +17Xg

-144f (rx1+r Xy —r3x3)+32f (rxl—r x2)
(2.10)

for all X| X, Xg € X . By the equations (2.7) and (2.10), we
attain

361 (r>cl+r3x3)+36f (g —rxg)+ 2161 (g )

54 (r3x3)+36f (%, +r3x3)+36f (*x, —r3x3)

12161 (rzxz)—54f (r3x3):4f (r)cl+2r2x2 +3r3x3)

+4 f (rxl+2r2x2 —3r3x3)+24f (rx1+2r2x2)—6f (3r3x3)

+4 f (Zr)cl + r2x2 +3r3x3)+4f (Zr)cl +r2x2 73r3x3)
+24 f (2rxl+ rzxz)—6f (3r3x3)—144f (rx1+ r2x2 + r3x3)
-144f (rxl+ r2x2 - r3x3)+32f (rxl—rzxz)
(2.11)
rx and r2x2 by

for all Replacing

X| Xg,Xg € X.

3 2 2 3. .
2rx +r X3 and r Xy =2r"Xy =T X3 In (2.4), we arrive
f (2rx1+4r2x2 - r3x3)+ f (4rx1+2r2x2 + r3x3) =9f (2rx1 + r3x3)

+9f (2r2x2 —r3x3)+9f (2rx1+2r2x2)— f (2rx1—2r2x2 + 2r3x3)
which implies that

9f (2rx1 + r3x3)+9f (2r2><2 - r3x3) =f (erl +4r2x2 - r3x3)
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for all X| Xo, X3 € X . Replacing X = 2rx1—r3x3 and
r2x2 = 2r2x2 + r3x3 in (2.4), we have

9f (erl - r3x3)+9f (2r2x2 + r3x3)

=f (er1 +4r2x2 + r3x3)+ f (4r><1 +2r2x2 - r3x3)

-9f (2rx1+ 2r2x2 )+ f (2rx1—2r2x2 —2r3x3)
(2.13)
forall X, X,,X; € X . Adding (2.12) and (2.13), we arrive

9f (erl + r3x3)+ of (2r2x2 - r3x3)+9f (erl - r3x3)
+9f (2r2x2 + r3x3) =f (2rx1 +4r2x2 - r3x3)+ f (4r>cl +2r2x2 + r3x3)
+f (2rx1+4r2x2 + r3x3)+ f (4rx1 + 2r2x2 - r3x3)—9f (2rx1+ 2r2x2)

—9f (erl +2r2x2)+ f (erl —2r2><2 + 2r3x3)+ f (2r><1 —2r2x2 —2r3x3)
(2.14)

for all X Xp, Xz € X . Using (1.2) in the above equation,

we obtain
9f <2rx1+ r3x3)+9f (2r2x2 - r3x3)+9f (2rx1 - r3x3)+9f (2r2x2 + r3x3)
=4f (rx1+ 2r2x2 + r3x3)+4f (rx1 + 2r2x2 —r3x3)+ 24 f (rx1 + 2r2x2)

—6f (r3x3)+4f (2r><1 + r2x2 + r3x3)+4f (2r>cl + r2x2 - r3x3)

+24 f (2rx1+r2x2)—6f (r3x3)—288f (rx1+ r2x2)+16f (rxl—rzx2 + r3x3)

+16 f (rxlf r2x2 - r3x3)
(2.15)
for all X Xo.Xg € X . From (2.15), we have

9f (2r>c_L + r3x3)+9f (Zrzx2 7r3x3)+9f (erl —r3x3)+9f (2r2x2 + r3x3)

=4f(rx1+2r2x2+r3x3)+4f(rx1+2r2x2—r3x3)+24f(rx1+2r2x2)
—6f (r3x3)+4f (2rx1+ rzx2 +r3x3)+4f (2rx1+r2x2 —r3x3)
2 3 2
+24f(2rx1+r xz)—Gf(r x3)—288f(r>cl+r x2)
+16f(rx17r2x2+r3x3)+16f(rxl—r2x27r3x3>
(2.16)
. 3 3 .
for all X| X9, X3 € X . Switching r X3 by 3r X3 In (2.16),
we get
9f (2rx1+3r3x3)+9f (2r2x2 —3r3x3)+9f (2rx173r3x3)
+9f (2r2x2 +3r3x3) =4f (rx1 +2r2x2 +3r3x3)
+4f(rx1+2r x2—3r x3)+24f(rx1+2r x2)
-6 f 3r X +4f(2rx +r2x +3r3x
3 1 2 3
+4f(2rx1+r Xy = 3r x3)+24f(2rx1+r x2)
-6 f (3r3x3)—288f (rx1+r x2)+16f (rxl—r Xo +3r3x3)

2 3
+16 f (rx1 X, -3r x3)

2 3 2 2 3 (2.17)
f(4rx +2 ~9f (2rx +2 f(2rx -2 2 . .
+ ( X tel Xp+r Xa) ( X +er X2)+ ( Xy —2r°X, +2r x3) forall X, X,,X; € X . Using (2.11) in (2.17), we have
(2.12)
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9f (2rx1+ r3x3)+
3

+9f (2r2x2 +r

f (2r2x2 -r x3)+9f (2rxl—r3x3)

9

) 36 (rx1+r x3)+36f(rx1—r x3)
+216f rx1 54f(r x3)+36f(r x2+r3x3)

+36f(r x2—r3x3)+216f(r xz)—54f<r x3)

+144 f (rx1 + r2x2 + r3x3)+144f (rx1 + r2x2 - r3x3)

-32f (xl—rzxz)—288f (x1+ r2x2)+16f (rxl—rzx2 +3r3x3)

+16 f (rx1 - r2x2 —3r3x3)

(2.18)
for all X| X, Xg € X. Replacing
X =g — r2x2 +3r3x3 and r2x2 =rx - r2x2 —3r3x3

in (2.4), we have
9f (rxlf r2x2 +3r3x3)+9f (rxl— r2><2 —3r3x3) =81f (rxl—rzx2 —rsxs)
+81f (rxl— r2x2 + r3x3)—144f (rxl— r2x2)+1296f (r3x3)

(2.19)

16
for all X Xp, Xg € X . Divided by (9) , We get

16f (rx1 —r2x2 +3r3x3)+16f (rxl— r2><2 —3r3><3) =144f (rxl—rzx2 —r3x3)
1144 (rxl— r2x, + r3x3)—256f (rxl—r3x3)+2304f (r3x3)

(2.20)
for all X Xo, Xz € X . Substitute (2.20) in (2.18), we

receive
9f (2rx1 +3r3x3)+9f (2r2x2 —3r3x3)+9f (2rx1—3r3x3)
+9f (2r2x2 +3r3x3) =36f (rx1 + r3x3) +36f (rx1 - r3x3)
+216 f (rxl)—54f (r3x3)+36f (r2><2 + r3x3)+36f (rzx2 —r3x3)
+216 f (rzxz)—54f (r3x3)+144f (rx_L + r2x2 + r3x3)
+144 f (rx1 + r2><2 - r3x3)—32f (rx1 - rzxz)— 288f (xl + rzxz)
+144 1 (rx1 - r2x2 - r3x3) +144f (rx1 - r2x2 + r3x3)
3
+2304 f (r x3)

(2.21)

for all Interchanging

X Xg,Xg € X.
X = 2rx1 +3r3x3 and r2x2 = 2rx1 —3r3x3 in (2.4), we
reach
f (erl —3r3x3)+ f (erl +3r3x3) =9f (erl +3r3x3)+9f (2r><1 —3r3x3)
+9f (4rx1)— f (6r3x3)

(2.22)

for all Replacing

X Xg,Xg € X .

X = 2r2x2 —3r3x3 and r2x2 = 2r2x2 +3r3x3 in (2.4),

we receive

f (6r2x2 +3r3x3)+ f (6r2><2 —3r3x3) =9f (2r2><2 —3r3x3)
+of (2r2x2 +3r3x3)+9f (4r2x2)— f (6r3x3)

(2.23)

82 | IIREAMV0410743013 DOI : 10.18231/2454-9150.2018.0899

International Journal for Research in Engineering Application & Management (IJREAM)

ISSN : 2454-9150 \ol-04, Issue-07, Oct 2018

for all X| X, X3 € X . Adding (2.23) and (2.24), we
achieve

9f (2rx1+3r3x3)+9f (2r2x2 —3r3x3)+9f (Zrzx2 —3r3x3)

+9f (2r2x2 + 3r3x3) =324f (rx1 + r3x3)+324f (rx1 - r3x3)

+1944f (rx, ) - 486 f (r3x3)+324f (r2x2 + r3x3)

13241 (r2x2 7r3x3)+1944f (r2x2)7486f (r3x3)

23041 () - 2304 (rzxz)—2592f (r3x3)

(2.24)
for all X Xy, Xg € X . From (2.21) and (2.24), L. H. S. are

equal, we receive
36f (rx1 + r3x3)+36f (rzx2 - r3x3)+216f (rxl)754f (r3x3)
+36 f (rzx2 + r3x3)+36f (rzx2 - r3x3)+216f (rzxz)
-54 f (r3x3)+144f (rxl+ rzx2 + r3x3)+144f (rxl+ rzx2 - r3x3)
-32f (rx1 - rzxz)f 288 f (rx1 + r2x2)+144f (rx1 - rzx2 - r3x3)
+144 f (rx1 - r2x2 + r3x3)— 256 f (rx1 - r2x2)+ 2304 f (r3x3)
_ 3 3 3
=324 rx, + 17 ) +324F (rx 1 xg ) +1944 1 (g ) - 486 1 (rxg
+324 f (rzx2 + r3x3)+324f (r2x2 - r3x3)+1944f (rzxz)
486 f (r?’xg)—2304f (rx,) - 23041 (r2x2)+ 2592 (r3x3)

(2.25)
for all X X5, %3 € X . From the resultant equation (2.26),
we get
f (rx1+ r2><2 + r3x3)+ f (rx1+ r2><2 —r3x3)+ f (rxl— rzx2 —r3x3)
+f (rx1+ r2x2 —r3x3) E: Z(f (rx1+ r2x2)+ f (rx1+r3x3)+ f (rzx2 + r3x3))

+2(f (rxl— r2x2)+ f (rxl— r3x3)+ f (rzx2 - rgxs))—4(f (rx1)+ f (r2x2)+ f (r3x3))

(2.26)

for all Adding

X Xy, Xg € X.
ff (x )+ 28 (xy )+ 1 (x3) on bot sides o (2.26) and
using evenness of f , we desired our required result (1.3).
Conversely, assume that f:X —Y satisfies the
functional equation (1.3). Now we prove that the function
f: X —>Y satisfies the functional equation (1.2) Now
X Xy
r

replacing (X1’X2’X3) by ( —2 3) , we arrive (1.2).

Hence the proof.

In section 3 and 4, we take X be a normed space and Y be a
Banach space. For notational handiness, we define a
function P: X —Y by
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P(Xl'XZ'XS) =f (rx1+r2x2 +r3x3)+ f (—rx1+r2x2 +r3x3)
+f (rxl—rzx2 +r3x3)+ f (rx1+ rzx2 —r3x3)

72[f (rx1+ r2x2)+ f (rzx2 + r3x3)+ f (rx1+r3x3)

+f (rx17r2x2)+ f (rzx2 7r3x3)+ f (rxlfrsxgﬂ

(1 ( ) (Xs))}[f( (4 ) (_Xl))
”2( xp)= (%) ”3(f Xa))}

for all X X, x3eX

I11. STABILITY OF 3-DIMENSIONAL
FUNCTIONAL EQUATION (1.3) - DIRECT
METHOD

In this section, the authors discussed the generalized
Ulam-Hyers stability of 3-dimensional functional equation
(1.3) in Banach space using Direct Method.

Lemma 3.1 Let je{-11}. Let a: x3 —>[0,0) be a
function such that
Kj Kj kj
alrox,rixy, roxs
lim . =0
k—>o0 (K

for all XX Xg € X and let P: X —Y be a function
satisfying the inequality
HP(xl,xz,xg)Hs a(xl,xz,x3)
for all XX, Xg € X'. Then there exists a unique additive
function A: X —Y such that
k

1 o ,U(r X)

[f()-a()<- =

Tor g K
k_2

where ,u(X) = ¢(x, 0, O)
forall x e X . The mapping A(x) is defined by

f(r'x)

A(x)= lim
() | >0 r|
forall xe X .

The following corollary is an immediate
consequence of the Lemma 3.1 concerning the stability of
(1.3).

Corollary 3.2 Let ¢ and s be a non-negative real numbers.
If a function P: X —Y satisfying the inequality

8,

3
o2l |

et bl + 2l
="t

[P (1525 )
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for all X %o, Xg € X . Then there exists a unique additive
function A: X —Y such that

.

2lr -

s

&

. &
||f(x) A(x)”g Z‘r—rs‘ s#1
L !
2r—r35‘ 3

forall xe X.

Theorem 3.3 Let j e{—
function such that

ki, (Kiy K
a\r Xl, r X2, r X3
lim =0
k—0 (4K

11}, Let a: X3 —>[0,) be a

3.1

for all X2 X, Xg € X and let P: X —»Y be a function
satisfying the inequality

[P x2 )] s (0 x2:%) ®2)
for all X)) X0, Xg € X . Then there exists a unique quartic
function Q: X —Y such that

k
1 ow M| X
||f(x)—Q(X)||S? %_jér) (3.3)

2
where y(x) = ¢(x, 0, 0) (3.4)
for all x e X . The mapping Q (x) is defined by

(')

Q(X) = |Er)noo I'4I (3.5)
forall xe X.

Proof. Assume that j=1. Replacing (x1 X, x3)by
(x,0,0) in (3.2), we get

Jar* 1 () -4t ()| < «(x.0.,0) (3.6)
forall x e X . It follows from (3.6) that

f (rx) w (x)

r4

< 4r14a(x,o,o) (3.7)

for all x e X . Now replacing x by rxand dividing by r4
in (3.7), we arrive
2
1) r(eo) . 1
- <—xal(rx,0,0 (3.8)
r8 r4 4r8 ( )

forall x e X . Adding (3.7) and (3.8), we have

r2x rx
f(rg )—f(x) gzlrl‘{a(x,o,o)ﬂ(rfo)}
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T

&

for all X e X . In general for any positive integer
one can easy to verify that

“I ER)
>

f(rlx) 1 |_1,u(rkx)

— = (X)X —

f(rlx) 1 o y(rkx)
—f(x)|<—+ (3.9)

for all xe X . In order to prove the convergence of the

M

7l , replacing X by rMx and dividing
r

sequence

4m

i

in (3.9), for I,m >0, we get

I+m (rmX)H L1t ,u(rk+mx)
4iem) ~Am Hs4r4kzor4(k+m)

r

—>0as m—->w

)

r4|

(3.10)

for all x e X . Hence the sequence is a Cauchy

sequence. Since Y is complete, there exists a mapping
Q: X —Y such that

Q(x) = lim M

4
I>0

for all xe X. Letting | — o in (3.9) we see that (3.4)
holds for x e X . To prove that Q satisfies (1.3), replacing

(xl,xz,xs)by (rmx,rzmx, r3mx) and dividing r4m in
3. 2) we arrive

r X, rsz I’3mX)

4m H

for all X2 X9, Xg € X . Letting m — oo in above inequality
and using the definition of Q(x) , Wwe see that
Q(xl, X5, x3) =0. Hence Q satisfies (1.3) for all

XX, Xg € X . To show that Q is unique. Let R(x) be the
another quartic mapping satisfying (1.3) and (3.4), then
[o(x)-r ()]

—_—

k+m
<—r —-0asm-ow
4r4 k=0 r4iR+mi

—f(r XH Hf r x) R(rmx)H}
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The following corollary is an immediate consequence of
the Theorem 3.3 concerning the stability of (1.3).

Corollary 3.2 Let ¢ and s be a non-negative real numbers.
If a function P: X —Y satisfying the inequality

81

3 S
o2 Il @1
3
el + 2l

for all X %o, Xg € X . Then there exists a unique quartic
function Q: X —Y such that

[P (525

&
afp* 1
S
IO 0 PR < @12)
4ir° —r ‘
B
4r4—r38‘ 3

forall xe X .

IV. STABILITY OF 3-DIMENSIONAL
FUNCTIONAL EQUATION (1.3)-FIXED POINT
METHOD

In this section, we establish the generalized Ulam-Hyers
stability of the 3-dimensional functional equation (1.3) in
Banach space with the help of fixed point method.

Lemma 4.1 Let P: X —Y be a mapping for which there

exists a function « : X3 — [0, ) with the condition

k, k, k
“(’7i X1 X 7l X3)
lim =

k—00 77ik
r, i=0;

where 7; =41 satisfying the functional inequality
—i=1
r

HP X %o, X3)H (Xl’XZ'X3)

for all XX, Xg € X . If there exists L = L(i) such that

(o)

has the property

the function

x—7(x)=

7(77ix) - 1y(x)

for all xe X . Hence Q is unique. For j=-1, we can i
prove a similar stability result. This completes the proof of
the theorem.
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for all x e X . Then there exists a unique additive function
Q: X ->Y satlsfylng the functional equation (1.3) and

[ (x)-( x)||<fy

forall xe X .

The following corollary is a immediate consequence of
Lemma 4.1concerning the stability of (1.3).

Corollary 4.2 Let ¢ and s be a non-negative real numbers.
If a function P: X —Y satisfies the inequality

gl

3
ol
3
ot bl £l

for all X X Xg € X . Then there exists an unique additive

[F (a7

function such that

&
2|r-1|
S
X
I16)-atel= 2 s
o 1
2r—r3s‘ 3

forall xe X .
Theorem 4.3 Let P: X — Y be a mapping for which there

exists a function o : X3 — [0,0) with the condition

k, k, k
"‘(Ui Xp i X 10 Xs)
lim =

K 4.1)
k—o0 m

r, i=0;

where 7 =91 .
— 1=1
r

satisfying the functional inequality

HP(Xl'Xz'Xs)HS “(Xl’xz’xs) (4.2)
for all X1 X9, Xg € X . If there exists L = L(i) such that
the function

x> 7(x) =a(x,0,0j
r
has the property
Y\ X
(77_"1 )= Ly () (4.3)
i

for all x e X . Then there exists a unique quartic function
Q: X —Y satisfying the functional equation (1.3) and

ISSN : 2454-9150 \ol-04, Issue-07, Oct 2018

Proof. Let d be a general metric on Q, such tha

x)”gky(x),x € X}

complete. Define

d(p,q):inf{ke(O,oo):”p(x)—
It is easy to see that (Q.d)is

1

T:Q>Q by Tg(x)_—4 ( ) for all xe X . For

n
p,geQ and x e X, we have

d(p.a)=k=[p(x)-a () <kr(x),

NECRRCS

<2t
|

=

= [ro(x)-Ta(x)] < ;4k7(77iX),

= ||Tp(x)—Tq (x)” < ka(x) =d (Tp(x),Tq (x)) <kL
That is d(Tp,Tq)s Ld(p,q). Therefore T is strictly

contractive mapping on Q with Lipschitz constant L. It is
follows from (3.6) that

Jar® £ (x)- a1 ()] < «(x.0.0) (4.5)
forall x e X . Itis follows from (4.5) that

Hr4f (x)— f (rx)” < a(XA:O'O)

for all x e X . Using the definition of y(x) in the above
equation and for i =0, we get

f ()] L

<7
AT A

(4.6)

(x)=f(

x)~Tf (x)” <Ly(x)

for all x e X . Hence, we obtain

1-i

d(T, f)<L=L 4.7)

X
for all x e X . Replacing x by —in (4.6), we have
r

4.( X 1 X
fl—|-f <—a|—,0,0 .
r (rj (x) <40¢(r j (4.8)

for all xe X . Using the definition of y(x)in the above
equation for i =1, we have

4 (:j— f (x) < = ”Tf (X)— f (X)” < 7(X)

forall x e X . Hence, we get
I_1—i

d(f,Tf)<r? = (4.9)
forall x e X . From (4.7) and (4.9), we can conclude
d(f,7) <1 <o (4.10)

for all x e X . Now from the fixed point alternative in both
cases, it follows that there exists a fixed point Q of T in
Q such that

1-i k
flm x
f(x)-Q(x)|< X 4.4 , (’7| )
[ (-l 7(x) @D ()= tim ) (411)
koo 4K
forall xe X . i
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for all X e X . In order to prove Q: X —Y satisfies the

functional equation (1.3), the proof is similar to that of
Theorem 3.1. Since Q is unique fixed point of T in the set

A={f eQ/d(f,Q)<oo} . Therefore Q is an unique
function such that

d(f,Q)gl_lLd(f,Tf):d(f,Q)SlLl__li_
1-i
e[t ()-Q(x)] = (%)

for all x e X . This completes the proof of the Theorem.
The following corollary is a immediate consequence of

Theorem 4.1concerning the stability of (1.3).

Corollary 4.4 Let ¢ and s be a non-negative real numbers.

If a function P: X —Y satisfies the inequality

&,
Iz )] < {o{ Sl |

3 3 3
ot bl + £l

(4.12)
. Then there exists an unique quartic function such that
s
alr? —1‘
S
||f(x)—Q(x)||£ Z”XHS ;s=4 (4.13)
A4Ir " —r ‘
3s
I
4 r4- _ rSS‘ 3

forall xe X.
Proof. Setting

&,
3
Ol(Xl,XZ,Xg)S g{iiuxiﬂs}’
ol + 2l
=t )

for all X2 X, Xg € X . Now

&
e
ko k. Kk !
a('?i X1 X7l Xs) e |3 s
K =i sl
UK UK
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—>0ask >
=y—>0as koo
—>0ask—>w
i.e., (4.1) is holds. Since, we have

y(x):ia(:,o,oj

then
€
4
y(x):la(x Ooj: g”X”
4 r 4rS
3s
ak
4rS
Also,
1l ¢
R —
n 4 _
1 e[
ellx|| 7 _
()= s = ()
i wor 74 (x)
3 i
1 )T A
’7i4 4I’3S

for all xe X . Hence the inequality (4.3) holds for

following cases:
L—rificoand L=r*ifiz1

L:rs’_4 for s<4 if i=0 and L:r4_s for s> 4 if
i=1

L:r?’s_4 for s<: if i=0 and L:r4_35 for s>;1

ifi=1

Now from (4.4), we prove the following cases.

Case 1. L:r_4 if i=0

ORI Baen LA
_1—Ly _1—r_44_4(r4—1)

Case 2. L=r4 ifi=1

TE IR B NS
BEERA P 4_4(l—r4)

Case 3. L=r5_4 fors<4ifi=0
i _ s s
i A

”f(X)_Q(X)Mgﬁy(x)zl_,ﬁ—”' 4r® _4(r4—rs)

4—s

Case4. L=r fors>4ifi=1
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7 . &

1,

&
i S S
- O

[FCo-@Cdl= [ 7(x)- (]

1-L 1-r%S 4 4(r r

_ 3
Case 5. L:r3S 4 fors<Z ifi=0

_i _ 3s 3s
S ] I

[N

¥ (x)-Q(x)] < _L7(X)—l_rss-4 43 _4(r4—r35)

4-3s

3
Caseb6. L=r fors>zifi:1

1-i

—

||f(X)—Q(X)||Sﬁ7(x):l_r4—3s 2738 :4(435_r4)

Hence the proof is complete.

Banach Algebra Stability Results for (1.3)
For sections 5 and 6, let us consider X and Y to a normed
algebra and a Banach algebra, respectively. For notational
handiness, we define a function P: X —Y by

P (3 1) = 1 (g v 410 (=g vy 1%
ety e ooy ()

+f (r2x2 + r3x3)+ f (r>cl+ r3x3)+ f (rxl - r2x2)+ f (r2x2 - r3x3)
o1 (g =rg) [ 2tr® (1 () 1 () J (1 (5) 1 ()
le(f (xg)+ f (*Xs))}*[r(f ()= ()« rz(f (x2)=1 (%))
+r3(f (%)~ (‘Xa)ﬂ

for all X1 X9, Xg € X.

V. STABILITY OF 3-DIMENSIONAL FUNCTIONAL
EQUATION (1.3)-DIRECT METHOD

In this section, the authors investigate the generalized
Ulam-Hyers stability of the 3-dimensional functional
equation (1.3) in Banach algebra with the help of direct
method.

Definition 5.1 Let X be Banach Algebra. A mapping
f : X —> X is said to be additive derivation if the additive

function f satisfies,

f (x1x2) =f (xl)x2 + xlf (x2)
for all X Xy € X . Also the additive derivation for three
variables satisfies

f (x1x2x3) =f (xl)xzx3 + xlf (xz)x3 + X %y f (x3)

for all XX Xg € X.
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Proposition 5.2 Let j=+1.Let P: X —Y be a mapping

for which there exists function «, 5 X3 — [0,0) with the
condition

Kj Kj Kj

w G\FTX T Xy, T Xy .

2 K converges in 0 and

kZO r J

a(rijl,rijz,rijs)

lim . =0
k—0 (N
and also

Kj Kj Kj
© ,B(r Jxl,r sz,r J 3)
o 3
ﬁ(nijl,nijz,nij3)
li -
keobo 3K
such that the functional inequalities

H P(xl, X5, XS)H < a(xl, X5, x3)

converges in [J and

=0

and
” P(x1x2x3) -P(x) XoXg — le(xz)x3 - X1X2P(X3)H
< B(X, X9, X3)
for all X1 X0, Xg € X . Then there exists a unique additive

derivation mapping A: X —Y satisfying the functional
equation (1.3) and
- a(rij,0,0)
fX) -AX)|— X ——p—"
S - i
2
for all x e X . The mapping A(X) is defined by

f (rkJ x)
AX) = lim — -~
) k—o0 rkJ
forall xe X .
Corollary 53 Let P: X —Y be a mapping and there

exists a real numbers & and S such that

g,
3
HP(Xl'szxs)HS S{iEIHXiHS}' s#1
ol + ) s+
= s T g
and

| POgxpx3) ~ POgI X% = X4 P (k) X5 = X P (i)

&,
3 S
S
3 s 3 3s 1
el il + £ l"} s
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for all X %o, Xg € X . Then there exists a unique additive
derivation A: X —Y such that

.
2lr -4
s
&
. M
||f(x) A(x)”g Z‘r—rs‘ %1
L
2r—r35‘ 3

forall xe X .
Definition 5.4 Let X be Banach Algebra. A mapping
f: X — X is said to be quartic derivation if the quartic

function f satisfies,
FOgxy) = F0q)Xg +5 T (%)
for all X Xo € X . Also the quartic derivation for three
variables satisfies

4.4 4 4 4.4
f (x1x2x3) =f (Xl)X2X3 +X f (x2)x3 +X X f (x3)
for all X1 X9, Xg € X.

Proposition 5.5 Let j=+1. Let P: X —Y be a mapping

for which there exists function «, §: X3 — [0, o0) with the

condition

ki, ki Kj
o A\TX T X, T Xg
z converges in [ and

k=0 (K
ki, ki, K )

a(r X T %o, T X
lim K =0 andalso
k—o0 I’4J
o ﬁ(rijl rij2 rkj 3)
kzo 12K] converges in J  and

r

ﬁ(nijl, nijz, nkJ 3)
lim .
k|—>oo ankj
such that the functional inequalities

H P(xl, Xo, x3) H < a(xl, Xo, x3)

=0

and
4.4 4 4 4.4
H Py Xp%3) —P(x) Xy X3 =% P(X5)X3 =% sz(xs)u
< B(X: %90 X3)
for all X X Xg € X . Then there exists a unique quartic

derivation mapping Q: X —Y satisfying the functional
equation (1.3) and
a(rij,o,o)

[ f0-Q<—f =
X)-Q(X)|f < ] .
ar® k==l ¢4
2
forall x € X . The mapping Q(x) is defined by
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f (rij)
X)= lim ——~
Qx) k—o0 r4kJ

forall xe X .
Corollary 5.6 Let P: X —Y be a mapping and there
exists a real numbers & and S such that

g,
3
[P (72 x5)] < S{EIHXiHS}' s#4
ol + Il s+ 8
=t T g

and

|POxp5) - PO X3~ PO~ 3P0

&,
3 S
R Y
3 s 3 3s 4
el + 2l 5

for all X1 X9, Xg € X'. Then there exists a unique quartic
derivation Q: X —Y such that

- &

4r4—4

M
f(X)=Q(X)| <5 ;54
I -atl=) ) v

3
e s
4r4_r38‘ ! 3

forall xe X.

VI. STABILITY OF 3-DIMENSIONAL
FUNCTIONAL EQUATION (1.3)-FIXED POINT
METHOD

In this section, the authors the generalized Ulam-Hyers
stability of the 3-dimensional functional equation (1.3) in

Banach algebra with the help of fixed point method.
Proposition 6.1 Let j=+1.Let P: X —Y be a mapping

for which there exists functions «, X3 —[0,0) with
the conditions
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converges in [ and

and also
kj Kj Kj
® ﬂ(”ijxl’"isz'”ijxs) .
> 3K converges in [ and
Kj kj kj
’ ﬂ(”ijxl'”iJXZ’”iJXS)
im . =
k—>o0 n?kj
r, i=0;
where 7 =11 satisfying the functional
—i=1
r
inequalities
HP(xl,xz,x3)HSa(xl,x2,x3)
and
| POgxpx3) PO Xp%5 = 4P (xy)xg =39, P ()|
< B %.%)

forall x;, x5, X3 € X . Then there exists L = L(i) <1 such
that the function

X = B(x) =1a(x,0,0j
2 r
has the property
1
;ﬁ(nix) = LA(x)
i

for all xeX. Then there exists a unique additive
derivation mapping A:X —Y satisfying the functional
equation (1.3) and

i

i
L
| f00-AC | < ——BX)
1-L
forall xe X.
Corollary 6.2 Let P: X —Y be a mapping and there

exists a real numbers & and S such that,

&,
3
Plososs)|ief T} oo
3 S 3 3s 1
bl + 2l s

and

| POygxo15) — P0G Xyx5 =11 P(xy)Xg =Xy %P 0|
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&,

3 S
B

3 S 3 3s 1
bl = £l o

for all X1 X, Xg € X Then there exists a unique additive
derivation A: X —Y such that

IA

_&
2|r 1]
s
[t (0-a0f= 0P e
Z‘r—rs‘
3s
™ 1
2r—r3s‘ 3
forall xe X.
Proposition 6.3 Let j==+1.Let P: X —Y be a mapping

for which there exists functions «, g X3 —[0,00) with

ki, ki kj
oo A\ X X901 X

the conditions 4K converges in
= m
ki, ki, K
I R R I SR B
0 and lim K =0 andalso
k—o0 4K]
U
Kj kj Kj
S 'B(”ijxl'”iJXZ’”iJX3)
. converges in [ and
k=0 ~' :
i
kj Kj Kj
ﬂ(”ijxl’”isz'”iJXB)
li - =0
kb0 24
r, i=0;
where 7 =11 satisfying the functional
—i=1
r
inequalities
H P(xl, X5, XS)H < a(xl, X5, x3)
and
4.4 4 4 4.4
H P(xXX3) — P(X) X X3 — X P(x;)x3 ‘X1X2P(X3)H

< B %.%)
forall x;, x5, Xg € X . Then there exists L =L(i) <1 such
that the function

xaﬂ(x):ia(:,o,oj

has the property
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1

5 B(7x) = LA(X)
i

for all xe X . Then there exists a unique derivation

mapping Q: X —Y satisfying the functional equation

(1.3) and

1-i

[ f00-Qe0] <
1-L

B(X)

forall xe X.
Corollary 6.4 Let P: X —Y be a mapping and there
exists a real numbers & and S such that,

gl

HP<X1'X2”‘3)HS E{éHXiHS}, s#4

3 s 3 3s 4
el + 2l 5

and

[ POyxxg) - PO 3xG Xy )5 ¢ x3P0xg)|
&,
3 S
R Y
3 s 3 3s 4
ol + Sl 52

for all X X Xg € X . Then there exists a unique derivation
Q: X =Y such that

IA

forall xe X ..
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