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I. INTRODUCTION AND PRELIMINARIES 

 The fixed point theorems are broadly contemplated for 

different reasons. There are   number of issues in integral 

and differential equations, for which arrangements can be 

proportionately planned as a fixed point of some operator 

T , on a reasonable space X . So fixed point theorems 

serve as an effective tool for handling these type of issues. 

It has additionally discovered various applications in 

territories like game theory, approximation theory, 

mathematical economics, theory of differential equations 

and so on. The most renowned outcome in this field was the 

Banach’s contraction mapping principle [5]. 

 Assume the fixed point condition 0 0Tx x  does not have 

an answer then the normal intrigue is to discover an element  

0x X  such that x0 is in closeness to 0Tx  in some sense. 

The idea of best proximity point was discussed [7], fixed 

point and best proximity point theorems have been 

investigated by many authors [2,3, 10, 1, 9,8, 11]. For two 

subsets A and B of X and T is a non-self mapping from A  

to B , a best proximity pair theorem investigates the 

conditions affirming the presence of a component  0x  such 

that d 0 0( , )x Tx = dist ( , ).A B
 

 Initially, b-metric space was presented by Bakhtin I.A.[4] 

and examined by Czerwik Stefan [7], Basha S. Sadiq, and 

Naseer Shahzad [5] proved best proximity point theorems 

for generalized proximal contractions of the first kind and 

the second kind in complete metric space, and Raj, A. 

Antony, J. Maria Joseph, and M. Marudai [13] stretch out 

that outcome to generalized rational proximal contractions 

and also some authors[14, 12, 6] developed the b -metric 

space in different ways. We define a rational proximal b-

contraction, which can be applied for proving the existence 

of best proximity point theorems in complete b-metric 

spaces. 

 

Definition 1. [10].Let X  be a nonempty set and the 

mapping : (0, )d X X    satisfies: 

(bM1). ( , ) 0d x y  if and only if x y for all , ;x y X
 

(bM2).
 

( , ) ( , )d x y d y x for all , .x y X  

(bM3).There exists a real number s 1 such that 

 ( , ) ( , ) ( , )d x y s d x y d z y  for all , ,x y z X  

     Then d is called a b-metric on X  and ( , )X d  is called  

a b-metric space with coefficient s . 

Definition 2. [4]. Let  ( , )X d  be a  b-metric space,  nx

be a sequence in X  and x  X  Then, 

a) The sequence  nx  is said to be convergent in ( , )X d  

and converges to x , if for every  0 there exists a 0n  

N such that ( , )nd x x  for all 0n n and this fact is 

represented by lim
n

x


  or nx  x as n    

b) The sequence nx  is said to be Cauchy sequence in 

( , )X d  if for every 0  there
 
exists 0n  such that 

( , )n n pd x x   for all 0 , 0n n p  or equivalently, if

lim( , ) 0n n p
n

x x 


 for all p . 

c) ( , )X d is said to be a complete b-metric space if every 

Cauchy sequence in X converges to some .x X  

Definition 3. [5] The set B  is said to be approximatively 

compact with respect to A  if every sequence  ny of B
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satisfying the condition that ( , ) ( , )nd x y d x B for 

some x A  has a convergent subsequence. 

In this setting, we recall the following notions: 

  ( , ) inf ( , ) / ,dist A B d a b a A b B     

0 { / ( , ) ( , )A a A d a b dist A B    for some       

             }b B  

 0 { / ( , ) ( , )B b B d a b dist A B    for some a A } 

II. MAIN RESULTS 

Definition 4.  

Let ( , )X d be a complete b-metric spaces with s

1   . A  mapping T  : A B is said to be generalized k -

rational proximal contraction of the first kind if there exist 

non-negative real numbers 1 2 3 4 5 6, , , , , ,l l l l l l with

1 2 3 4 5 6, , , , 2 1l l l l l sl   such that the conditions

1 1 2 2( , ) ( , ) ( , )d u Tz d u Tz dist A B  imply that  

1 1 1 2 2 2 2 1
1 2 1 1 2 2

1 2 2 1

( , ) ( , ) ( , ) ( , )
( , ) ( , )

( , ) ( , )

d z u d z u d z u d z u
d u u l d z z l

d z u d z u


 



                             

1 1 2 2 2 2 2 1
3

1 2

1 ( , ) ( , ) ( , ) ( , )

1 ( , )

d z u d z u d z u d z u
l

d z z

 



+

4 1 1( , )l d z u 5 2 2 6 1 2 2 1( , ) [ ( , ) ( , )]l d z u l d z u d z u    

for all 1 2 1 2, , ,u u z z .A  

Definition  5. Let ( , )X d  be a complete b-metric spaces 

with 1.s A  mapping :T A B  is said to be 

generalized  k -rational proximal  contraction of the first 

kind if there  exist  non-negative  real numbers 

1, 2, 3 4 5 6, , ,l l l l l l  with 1 2 3 4 5 62 1l l l l l sl        such 

that  the condition    1 1 2 2, ,d u Tz d u Tz    

  ,dist A B  imply that 

 1 2 1 1 2, ( , )d Tu Tu l d Tz Tz 

   

   
1 1 1 2 2 2 2 1

2

1 2 2 1

, ( , ) ( , ) ,

, ,

d Tz Tu d Tz Tu d Tz Tu d Tz Tu
l

d Tz Tu d Tz Tu






       

 
1 1 2 2 2 2 2 1

3

1 2

1 , , , ,

1 ,

d Tz Tu d Tz Tu d Tz Tu d Tz Tu
l

d Tz Tz

 




   4 1 1 5 2 2, ,l d Tz Tu l d Tz Tu 

   6 1 2 2 1, ,l d Tz Tu d Tz Tu    

for all 1 2 1 2, , , .u u z z A  

Theorem 6.  Let  ,X d  be a complete b-metric space 

with 1.s  Let A  and B  be non-empty, closed subsets of 

X  such that B  is approximately compact with respect  to 

.A  Suppose that 0A and 0B  be non-empty  and 

:T A B  be a non-self mapping satisfying   the 

following conditions. 

a) T is a generalized  k  rational proximal 

contraction  of the first kind. 

b)  0 0B T A  

  

  
 

Then, there exist a unique  element z A   such that 

   , ,d z Tz dist A B .Then for each 0 0z A ,the 

sequence  nz  define  by    1, , ,n nd z Tz dist A B 

converges  to the best  proximity point z . 

Proof : Let  0 0.z A  Since 0B  contains  0T A , so there 

exist 1 0z A  such  that  1 0, ( , ).d z Tz dist A B  

Since  1 0 0 .Tz B T A  Again  there exist 2 0z A

such that  2 1, ( , )d z Tz dist A B . 

Thus we obtain  a sequence   0nz A , there exist  an 

element 1 0nz A   such that 1( , ) ( , )n nd z Tz dist A B 

for every  0n  . 

By definition (4),  we have 

   1 1 1, ,n n n nd z z l d z z       

       
   

1 1 1 1 ,

2

1 1

, , ,

, ,

n n n n n n n n

n n n n

d z z d z z d z z d z z
l

d z z d z z

   

 




 

       

 
1 1 1

3

1

1 , , , ,

1 ,

n n n n n n n n

n n

d z z d z z d z z d z z
l

d z z

  



 




 

       4 1 5 1 6 1 1, , , ,n n n n n n n nl d z z l d z z l d z z d z z        
 

       1 1 2 1 3 1 4 1, , , ,n n n n n n n nl d z z l d z z l d z z l d z z      

 

       5 1 6 1 6 1, , ,n n n n n nl d z z sl d z z sl d z z      

 

 
 

 1 2 4 6
1 1

3 5 6

, ,
1

n n n n

l l l sl
d z z d z z

l l sl
 

  


  
 

 
   1 1, ,n n n nd z z d z z  ,where     

 
 

1 2 4 6

3 5 6

.
1

l l l sl

l l sl


  


  
 

Repeating this process, we obtain  

   1 0 1, ,n

n nd z z d z z   

For any ,m n  and ,m n we have 

     

     

1 1

1 1

, , ,

, , ,

n m n n n m

n m n n n m

d z z s d z z d z z

d z z sd z z sd z z

 

 

   

 
 

                  
   2

1 1 2, ,n n n nsd z z s d z z    
                           

                       3

2 1, ... ,m n

n m m ms d z z s d z z

                

           
2 1

0 11 ... ,
m nns s s s d z z   
      

 
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  For 0 1s  we have 

   0 1, ,
1

n

n m

s
d z z d z z

s







 

Taking ,m n   

 
,
lim , 0n m

m n
d z z


  

Hence  nz is a Cauchy sequence in .X Then there exists 

z A such that the sequence   .nz z Thus

         1, , lim , , , .n n n
n

d z B d z Tz d z Tz dist A B d z B


   

 By Definition (4), we have  

     1, , ,n nd z Tz dist A B d z Tz  ,we get 

   
       

   
1 1

1 1 2

, , , ,
, ,

, ,

n n n n

n n

n n

d z x d z z d z z d z x
d z z l d z z l

d z z d z x

 




 



 

       

 
 1 1

3 4

1 , , , ,
,

1 ,

n n n n n

n

d z x d z z d z z d z x
l l d z x

d z z

  
 



 

     5 1 6 1, , ,n n n n nl d z z l d z z d z x       

Letting n   

      4 6, ,d x z l l d z x   

This implies, ,z x since 4 6 1.l l   

Therefore ( ,Tz) (z,Tz) ( , )d x d dist A B   

Hence T has a best proximity point .z A  

Next we prove the uniqueness of the best proximity point. 

Let y be the another best proximity point of T,

   , ,d y y dist A B  

By Definition (4), we have 

 

   
       

   
1 2

, , , ,
, ,

, ,

d z z d z y d y y d z y
d z y l d z y l

d z y d z y


 



        

           
       

 
3

1 , , , ,

1 ,

d z z d y y d y y d y z
l

d z z

 



 

               

              4 5 6, , , ,l d z z l d y y l d z y d z y       

     1 6, 2 ,d z y l l d z y   

It follows that z y since 1 62 1.l l  Hence T has a 

unique best proximity point. 

 By taking 3 0l  in theorem 6, we obtain the 

following result 

Corollary 7. Let  ,X d be a complete b -metric space 

with 1s  . Let A and B be non-empty, closed subsets of

X such that B is approximately compact with respect to 

A . Suppose that 0A and 0B be non-empty and 

:T A B be a non-self maping satisfying the following 

conditions. 

 a) T is a k - rational proximal contraction of the first kind. 

 b)  0 0B T A  

Then there exists a unique element z A such that 

 ,d z Tz = dist  , .A B Then for each 0 0 ,z A the 

sequence nz definedby    1, , ,n nd z Tz dist A B 

converges to the best proximity point .z  

Corollary 8. Let A and B be two nonempty, closed 

subsets of a complete b -metric space  , ,X d with 1s 

such that B is approximately compact .A Suppose that 0A

and 0B are non-empty and :T A B satisfying the 

following conditions 

a) a) There exists a non negative real number 1  such that    

b)     for all 1 2 1 2, , , ,u u z z A the condition 

  
   1 1, ,d u Tz dist A B and    2 2, ,d u Tz dist A B  

  imply that    1 2 1 2, , .d u u s d z z  

b)
 
 0 0.T A B    

Then there exists a unique element z A such that 

   , , .d x Tz dist A B Further, for any fixed 0 0z A , 

there is a sequence ,nz defined by the relation 

   1, , ,n nd z Tz dist A B  converges to the best 

proximity point x of the mapping .T  

Theorem 9. Let  ,X d be a complete b -metric space 

with 1.s  Let A and B be non-empty, closed subsets of 

X such that A is approximately compact with respect to 

.B Suppose that 0A and 0B be non-empty and 

:T A B be a non-self maping satisfying the following   

conditions. 

a)T is continuous generalized k - rational proximal 

contraction of the second kind. 

b)
 
 0 0T A B  

Then there exists a unique element z A such that 

   , , .d z Tz dist A B Then for each 0 0z A there is a 

sequence  nz defined by    1, , ,n nd z Tz dist A B 

converges to the best proximity point z of the mapping .T  

Proof: As in the proof of Theorem 6, we can find a 

sequence  nz in 0A such that    1, ,n nd z Tz dist A B 

for all non-negative integer ,n since T is a generalized k -

rational proximal contraction of the second kind, we get  

   1 1 1,,n n n nd Tz Tz l d Tz Tz  

       
   

1, 1, 1 , 1 ,

2

1, 1 ,

n n n n n n n n

n n n n

d Tz Tz d Tz Tz d Tz Tz d Tz Tz
l

d Tz Tz d Tz Tz

   

 




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       
 

1, , 1 , 1 ,

3

1,

1

1

n n n n n n n n

n n

d Tz Tz d Tz Tz d Tz Tz d Tz Tz
l

d Tz Tz

  



 




 

       4 1, 5 , 1 6 1, 1 ,n n n n n n n nl d Tz Tz l d Tz Tz l d Tz Tz d Tz Tz   
     

 

       1 1, 2 1, 3 , 1 4 1,n n n n n n n nl d Tz Tz l d Tz Tz l d Tz Tz l d Tz Tz        

     5 , 1 6 1, 6 , 1n n n n n nl d Tz Tz sl d Tz Tz sl d Tz Tz      

 
 

 1 2 3 6
, 1 1,

3 5 61
n n n n

l l l sl
d Tz Tz d Tz Tz

l l sl
 

  


    

   , 1 1, ,n n n nd Tz Tz d Tz Tz  where

 
1 2 4 6

3 5 61

l l l sl

l l sl


  


  
 

Continuing this process, we obtain 

   , 1 0, 1

n

n nd Tz Tz d Tz Tz   

For any ,m n and m n we obtain 

     , , 1 1,n m n n n md Tz Tz s d Tz Tz d Tz Tz 
     

     , , 1 1,n m n n n md Tz Tz sd Tz Tz sd Tz Tz  
 

                     

2

1 1 2

3

2 1,

( , ) ( , )

( , ) .....

n n n n

m n

n m m m

sd Tz Tz s d Tz Tz

s d Tz Tz s d Tz Tz

  



 

  

 
 

     
12

0, 11 ...
m nns s s s d Tz Tz   
      

 
 

For 0 1s  we have 

   , 0, 1
1

n

n m

s
d Tz Tz d Tz Tz

s







 

Taking ,m n   

    ,
,
lim 0n m

m n
d Tz Tz


  

Hence  nTz is a Cauchy sequence in .X Since  ,X d is 

complete and B is closed the sequence  nTz converges to 

some .y B  

    1, , nd y A d y z       

                           

   

   

   

, 1,

, ,

, ,

n n n

n

n

d y Tz d Tz Tz

d y Tz dist A B

d y Tz d y A

 

 

 

 

Letting n  , we obtain 

             
1( , ) lim ( , ) ( , )n

n
d y A d y z d y A


    

Thus    , , .nd y z d y A Since A is approximately 

compact with respect to B ,the sequence  nz has a 

subsequence  
knTz converges to some element .z A By 

continuity of ,T we have  

      1, lim , ,
k kn n

k
d z Tz d z Tz dist A B


   

Therefore, z is a proximity point of .T  

Next we prove the uniqueness of the best proximity point. 

Let q be the another best proximity point of T,

   , ,d q Tq dist A B

   1, ,d Tz Tq l d Tz Tq 

   
2

, , ( , ) ( , )

( , ) ( , )

d Tz Tz d Tz Tq d Tq Tq d Tz Tq
l

d Tz Tq d Tz Tq



  

3

1 ( , ) ( , ) ( , ) ( , )

1 ( , )

d Tz Tz d Tq Tq d Tq Tq d Tq Tz
l

d Tz Tz

 



 

4 5 6( , ) ( , ) [ ( , ) ( , )]l d Tz Tz l d Tq Tq l d Tz Tq d Tz Tq     

 we get, 

  
1 6( , ) ( 2 ) ( , )d Tz Tq l l d Tz Tq   

It follows that Tz Tq since 1 62 1.l l  Hence T  has a 

unique  best  proximity point. 

This complete proof. 

Theorem 10. Let A and B  be non-empty, closed subsets 

of a complete b-metric space (X, ).d Suppose  that 0A  and

0B  are non empty and non-empty and :T A B  is a 

mapping satisfying  the following conditions 

I. a) T is  the generalized k -rational proximal  contraction  of     

II.     the first as well as generalized k - rational proximal     

III.     contraction  of the second kind. 

IV. b) 0 0( ) .T A B  

   Then  there exists unique element z A  such that       

   ( , ) ( , )d z Tz dist A B and the sequence  nz  

    Converges to the best proximity point ,z  where 0z  is       

    any fixed element in A  and        

    1, ( , )n nd z Tz dist A B  for all 0.n   

Proof :  Proceeding as in the proof  of  the theorem 6, we 

find a sequence  nz in 0A such that 

             
   1, ,n nd z Tz dist A B   

For all non-negative integer n . 

 As in theorem 6, we can show that the sequence 

 nz is  a Cauchy sequence and  hence every converges  to 

some .z A  

As in Theorem 9,  it can be prove  that the sequence  nTz  

is  a Cauchy sequence and  hence every converges  to some 

.y B So, we  get 

            
   1, lim , ( , )n n

n
d z y d z Tz dist A B


   

Therefore , 0.z A Since   0 0T A B , we have 

( , ) ( , )d u Tz dist A B  for some .u A  

 Since T  is generalized k -rational proximal  contraction  

of the first kind  we obtain. 
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   1 1, ,n nd u z l d z z  
 

   

 
1 1 ,

2

1

, , ( , ) ( )

, ( , )

n n n n

n n

d z u d z z d z z d z u
l

d z z d z u

 






 

1 1
3

1 ( , ) ( , ) ( , ) ( , )

1 ( , )

n n n n n

n

d z u d z z d z z d z u
l

d z z

  



 

 4 5 1 6 1( , ) ( , ) ( , ) ( , )n n n nl d z u l d z z l d z z d z u      

Letting  n   

  4 6( , ) ( ) ( , )d u z l l d u z   

Since    4 6 1 , 0l l d u z    therefore .u z  

Thus it follows,      , , , .d z Tz d u Tz dist A B   

Hence z is a best proximity point of .T  We can prove that 

the uniqueness of the best proximity point of the mapping 

T  as in Theorem 6. This completes the proof. 

III. CONCLUSION 

In this research article, we proved best proximity point 

theorems for new class of generalized k-rational proximal 

contraction in the setting of b-metric spaces. And also its a 

interesting paper to find the proximal contraction of first as 

well as second kind. We presented many interesting results 

in this paper and these new results would attract many 

researchers in the recent trends.  
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