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ABSTRACT - We study shall in the present paper existence, uniqueness and convergence property of extrapolated cubic
spline with multiple knots which interpolate a given function at two points of a general choice of set of points interior

each mesh interval which includes some earlier results in this direction of particular choice.
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I.  INTRODUCTION

A spline is a piecewise polynomial such that its derivative are continuous at knots . It has been observed that piecewise
polynomials function which satisfy a less stringent smoothness requirement than the maximum non trivial smoothness have
also some interesting and useful properties (see Schumaker [7]). An important development in this direction is the introduction
of discrete spline by Mangasarian and Schumaker [5] (See also Rana and Dubey [6], Malcolm [4], Astor and Duris [2], and
Dikshit and Rana [3]). It is mentioned that continuous cubic spline may be used as a limiting case of the discrete cubic spline.
In fact the defining condition for discrete cubic spline involves in some sense a certain process of extrapolation. We use this
approach here for defining extrapolated deficient cubic splines. The class of all piecewise polynomial functions s; of degree 3 or
less which satisfy the condition,

(Si+1 - Si)(Xi - Jh)zo’ i=1.2,.n, (1.1)

forh>0andj=0, 1 defines the class M (3, P, h) of extrapolated deficient cubic splines. To be more specific we denote the

h
elements of M (3,P,h) by S . It may be mentioned that condition (1.1) is less stringent the corresponding condition used
for defining discrete cubic splines. We study shall in the present paper existence, uniqueness and convergence property of
extrapolated cubic spline with multiple knots which interpolate a given function at two points of a general choice of set of points
interior to each mesh interval which includes some earlier results in this direction of particular choice.
We set for convenience

u,=x_,+@/4)p, Vi =X, +(3/4) p; fori=12,

..... n
where (1/4 ),3/4 are real numbers and p; is the length of mesh interval [X;;, xj] for the mesh P of [0, 1] given by
P10=X, <X, < oo —1 _ Pp=maxp,p'=mn p,

n and
We propose to study the follwing:

Problem 1.1: Given functional values {f (ui)} and {tv )}, to find the condition on p which lead to a unique extrapolated
deficient cubic splines satisfying the following interpolatory conditions :

h —
s'(u)="f(u) (1.2)
h —
sT(v)=1(v) fori=12,....n (1.3)
Corresponding Author :DR Yadvendra Prasad dubey
I1.  EXISTENCE AND UNIQUENESS.

In order to answer the problem 1.1, we set for convenience
G (X)=(X=X) (xX=u;) (x=V;),

H, 00 =(x=%) (x=u;) (x=v,),

G, (x,u)=(x—X,;) (x—u;)?

H, (V) =(x =% ) (x—V,)?.
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G, (X) with the factor (x- Xi—l) replaced by (x- Xi) define Q (X) we state the following equations which will be

useful,

H, (x, ~h)=(1/16) (p, ~h) (p, - 4h) (3p, - 4h)
Gy (x, ~h)=—(1/16)(p, —4h) 3p, —4h)
H, (x, —h,u)=(/16)(p, —h) (3p; —4h)’

and H, (x, —h,v)=—(1/16)h(p, —4h)>.
We shall answer the problem 6.1.1 in the following.

f h>0(i) p'23h iy <Pi>

s"e D(3,P,h)

Theorem 2.1. Suppose that  is 1 periodic and p' is such that for is a non

increasing sequence with pzh, i=1,2,.....n holds then there exist a unique 1 periodic spline which satisfies

the interpolatory condition (2.2) and (2.3)

h
Proof of Theorem 3.1. It is clear that S € D@, P, h) then we may write

S (x)=AH, (X)-BG, (x)+CG, (x,u)—DH, (x,v) (2.1)
where A, B, C and D are constants to be determined.
f(u,)=D(3/64)p’ (2.2)
and f(v,)=C(3/64)p} (2.3)
h —_—
If we now set > (%) =N (h). i=0,1,2,.....n and use (2.2) and (2.3), then we have from (2.1).

N, (h)=—(12)P*B+(12) f(v,) (2.4)

N (h)=4[-P’A+T(u;)]

and (2.5)

Thus in view of (2.2) - (2.5) we see that for the interval [Xis ] ,

(3/64 pi3 Sih (X):(1/16) [Gi (X) Nih_ Hi (X) Ni—l(h)

+ £(U)[(374)G; (x) - A/ 4) Hi (x,v)]+ T (v;) [/ 4)G; (x,u) —(3/4) H; (X)]. (2.6)

Now it follows from (2.6) and (2.1) with j=1 that

h L(pi!_ h) pi3+1 Ni—l(h)+[( pi — h) L(pi ' h) pi3+1 _(pi+l + h) L(pi+1’ h) p?]

N; (h)+hL(p,h) pf Niy (h)=F (1/4,h) 27)

Where (1/4)F,(1/4,h)=h p? (p;,, +h) [(1/ 4) Py +h) £(vi)—(@74) piy +h) f (ui+l)]

—h pi3+1 (pi - h)[(3/4) pi — h) f (Vi)_(1/4) Pi = h) f(ui)] and

L(R. i) =@/ 4) pi + I (1 AP+ M) (o rizj=1 1

In order to prove theorem 2.2, it is sufficient to show that the system of equation (2.7) for i=1,2,....,n has a unique set of solutions.

_ . <
Clearly the coefficients of N '*1(h) is non-negative. Further in view of the condition (ii) of theorem 3.1 as p”l/ pi<1, we

observe that the coefficients of N; (h) is non-positive and the absolute value of the coefficient of Nifl(h) is
|hL(R,~h)P3, [<hL(R,h) pi,=h(1/4)P, +h)(3/4)p; +h)
N; (h)

Thus, the excess of the positive value of the coefficient of over the sum of the positive value of the coefficients
of Nis (h) and Nia () in (2.7) is less than

3 (M=hp; pi,y [p‘ (P +)+ pia (P 4h)] which is clearly positive under the condition (i) or (ii) of Theorem 3.1.
We thus conclude that the coefficient matrix of the system of equation (2.7) is diagonally dominant and hence invertible. This,
completes the proof of Theorem 8.3.1.
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I1l. ERRORBOUNDS

—ch _ h
In this section , we have to obtained the bounds for the error function e=s"—f where S is the interpolaotry spline of
Theorem 3.1. For convenience we assume in this section of this paper, that the mesh points are equidistant, so that

P =P, i=0,1,..n

: R (O hy® : -t N
We now introduce function { r which is the same as (s") . At the mesh points the function e r=1,2,..... is defined by

t(x)=(s)" (Xi ) i=0,1,..n

s"eC[0]]

(3.1)
It is of course clear that since
Using the foregoing notation of t (), we shall prove the following.

Theorem 3.1. Suppose that f" exist in [0,1] then for interpolatory spline s" of theorem 3.1 we have
17 = FO)(x) |I<@/4p)?" K(h,1/4)w(f"p)  forr=0,12,... (3.2)

K(h,1/74) is a positive function of h and 1/4
Proof of Theorem 3.1. It may be observed that the system of equations (2.7) may be written as

A(M N (h)=F(h)

where A(h) is the coefficient matrix having non zero element in each row.

(F.(1/4,h)).

where

(3.3)

N(h)= (Ni(h)) and F(h) denotes the single column matrix
Ahlberg, Nilson and Walsle [1]). It may be seen that

IA™ (h) I<a(h)
where (W ={2hp*(p—h)}"

We rewrite the equation (3.3) to obtain
A(h) (N (h)— f,)=F, (L/4,h)— A(h) f, (35)
We first proceed to estimate the right hand side of (8.3.5). Applying the Taylor's theorem appropriately we observe

In view of the diagonal dominant property of A(h) (See

(3.4)

thatthe 1" row of the right hand side of appearing in (8.3.5) is
@3)((hp*)[(p+h){9/16)1/ 4 p+h) *(e.,)— (3/64) p+h) T " (B.1)}
—(p—h){1/16)(3/4p—h) £*(e;)-(9/64) p—h) "(5)}]
~hp®[X/4)p+h)(3/4p+h) £"(z,)+(1/4)p—h) (3/4)( p~h) F*(5,,)]

8 €lXi 1 %

where ai’ﬂi’ziand ] for all i.

Now using (3.4) and adjusting suitably the terms of right hand side of (3.5), we have

(N (h) = f)II< p*K, (1,1/4)w(f", p)
K. (1,1/4)=(3/2)(1/2+(7/4)d +3/2d?)/h(1-d)

(3.6)

where

with d=P/h’ Observing that

G| (x)=2 Hi"(xi):hp

H. (x,,v)=h(1/4) p and

G, (X;,u)=(5p), we have from (6.2.6)

(3/32)p?[(s")" (%) — £ (x,)]
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= [2(N; (n)— ;)= (N, () — f, )]+ T, (F) 3.7)
where T, (f)=(5/2) f(u;)—(7/2) f(u,)+2f,

- fi—l_(3/32) p2 f"(xi)

By an appropriate application bf Taylor's theorem, we have

T.(f)=p°[(45/64) " (5)—(7/64) f"(ex)

—-@/2) t"(5,)—(3/64) t"(x,)]

where %i .6, €%y %] for all i. Again adjusting suitably the terms of Gi(1). we get
IT:(F)II<(@37/32) p* w(", p). (38
Then using (3.6) and (3.8), we have from (3.7)

1(s")" = £")() 1<K, (h,1/ 4)w(f", p)

K, (h1/3)=[3K, (1,1/4)+37/32]

where
(S‘h) is piecewise linear, so that for [Xia: %] (3.9
p(s)" ()=
(Sih) (Xi—l)(xi - X)+(Sih ) (%) (X=X%i4)
(3.10)
and hence,

p((sr; ) = ") (X)=(x; —x) [(Sih)" (Xi—l)_(sih—l)" (Xi—l)]+
+(X —X) [(Sih—l)"(xi—l)_ fi:1]+ (X=Xi4) [(Sih)"(xi)_ fi"]
+(% = X) (f = 00+ (X—x,) (f; = £7(x))

thes, MM = )00 I=(6M =) )l
(6™ ) (6 +w( ", p). o

Next, we see that

2G; (%;4)=QH; (x_,)=—hp,

G, (X_y,u)=—h@/4)pand H; (x,,Vv)==5p
So in view of (6.2.6), we have

(3/32)(p*(S!)" (x.4)=
2N, (h)—N; (h)]

—(5/2) f(u)+(7/2) f(v,)
and

(3/32)p2 (") (x)=(3/4)[2Ni(h) N, ()]
+(8/3) f(u)-(0/3)F (v;)

Thus,
@/127)p2[((s") " = (")) (%)
=(213) [Ny, ()~ f,, [-(N; ()~ £ )1+V, (F) 312
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where Vi ()= [f (vi) = )]+ G/ [ (v) - f (uy)]
+[fi—2 - fi ]

Again using the Taylor's theorem appropriately, we see that,
IV, (f)11<@87 /16) p>w(f ", p)

(3.13)
and therefore, using (3.6) and (3.13), we have from (3.12)
1M = (514)" (5 DII<K, (h,1/4)w(F ", p) (.10
where Ka(hil/ 4)=[2K,(h191/16] |
Thus, combining (3.9), (3.11) and (3.14), we get
I(sh) = )00l <@+ K, (n,0)' + Ky (h/4)w(f”, p), 315

which proves the result of Theorem 3.1 for r=2,with
K(h,1/4)=1+K,(h1/4)+K,(h1/4)

Next, we observe that in view of the interpolatory condition (1.2) and (1.3), there exist a point te(u;,v;) s.t.

(Sih)l_ f*)(t;)=0.
E[Xi—l’xi]

X

1 = £ (0l <max I(t(z) —f")(a)dq
Q;

<@3/4)pllt? - ) (@Il (3.16)

Thus, for any X

which along with (3.15) gives the result of Theorem 3.1 for r=1.
(t® —f)(u;)=0

Since
we finally get
@ _
- == D@
<@B/4)plt® =)@ (3.17)

This completes the proof of Theorem 3.1.

(AVAS DIFFERENCE BETWEEN TWO EXTRAPOLATED SPLINES

u,v

Considering two values of h, we propose to compare in this section two extrapolated cubic splines in the classes S

(3,P,u) and S 3.P,v) which are the interpolant of Theorem 3.1.

In this section, we shall prove the following :

h —
Theorem 4.1. Suppose S is 1 periodic spline of Theorem 3.1 interpolating to the periodic function f. Then, for h _U’V>O,

I(s" =s") OOl <2|v—u K @/ 4,u,v) [A™ (u) |
K(/3,u,v)

4.1)

where is a positive function which depends on u and v.

Proof of Theorem 4.1. For any function g, we define, the operation Oy by Oy 9= g(u)-9g(v) and for convenience, we
write o for 5“ v,

Thus, we see that (2.6) implies

(3/16)p° (s —5!) (=G, (X) S N; =H; (X) AS N, ,. (42)

Rewrite the equation (3.3) for h=u and h=v, respectively, we assume at the following equality.

444 | IJREAMV04109045068 DOI : 10.18231/2454-9150.2018.1218 2018, IJREAM All Rights Reserved.



International Journal for Research in Engineering Application & Management (IJREAM)
ISSN : 2454-9150  Mol-04, Issue-09, Dec 2018

(4.3)
Further, in view of (3.4), we have
-1

| A (W) <f2u(p—u) P} @4
Next we observe that the matrix 5A has at the most three non-zero elements. Thus, substractly the matrix A(u) from A(v), we
see that

5
[ 6alI<2]v—u|p.

(4.5)

Also, we observe that

INMB<I AW IIFMW I (4.6)
Further, we have

| F I<v=ull(p? +3p(v+u)+6(v> +u’ +2uv) p> w(f, p) . 1)

Thus, combining (4.3) - (4.7), we have
[N [I<]lv—u K@/ 4,u,v) | A™(u) ||

where K@/4,u,v) is a operator function which depends on u and v.
Finally, in view of (4.2) and observing that

max| R; (x) [<(3/16) p’

(4.8)

(4.9
This completes the proof of theorem 4.1.

V. CONCLUSION
We have to find convergence and bounds of deficient Extrapolated Cubic Spline
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