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I. INTRODUCTION

The key to the summarization of Perron-Fronbenius theory to general real and to quaternion doubly stochastic matrices is the
following non-linear eigen value problem.

max{|A|;|AX| = |Ax], x = O} o

that absolute value and comparison of vectors and matrices is always to be understood component wise C € M_ (H)
and Ae M (R).

IC|<A<|Cy| <A, forallij, [Cy| <A,
|Cst| <A, iff |Cl + C2| <A [Q A quaternion matrix can be represented by complex matrices]
ICS,T,+C,S,T,| ©C, <|CST,+CS,T,| <A,

For non-negative matrices, we can in (1) clearly omit the absolute values and obtain the well known Perron root. p denotes
the Spectral radius

AeM, (R), A20 p(A)=max{A|:|Ax|=[Ax|, AeH, 0=xeH"}
=max{0<AeR;Ax=2x,0<xe; ", x=#0}
For the extension to general real matrices,
AeM, (i) max{|A|:|AX|=|rx|, xe |, 0%xe; "}
For general quaternion doubly stochastic matrices, consider

AeM, (H); max{A|:|AX|=|rx|, LeH, 0=xeH"}

This was introduced and investigated, in our talk as the sign-complex spectral radius p*(A).p' ", p' and pH to underline
the similarties and to emphasize the extension of Perron-Frobeuius theory.

A real(complex) diagonal matrix S with diagonal entries of modules one is called a real signature matrix, respectively
Real(complex) signature matrices are true set of diagonal orthogonal (unitary) matrices, which are in the real case the 2"
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matrices with diagonal entries +1. In our entry wise notation of absolute value, real and quaternion signature matrices S are

characterized by |S| =1, for real or complex vector x, X € K", forK e{; ,H}, there is always a signature matrices.
S..S, e M, (K), with Sx :|X|, if all entries of x are non-zero, S is unique. Hence for our non-linear eigen value

problem(1), S, and S, with S, AX =|Ax|' S, Ax =|Ax|
|AX| = |Ax| is equivalent to S,AX = S,AX A<M, (i) S= SJS, , the same as
max {|A|:SAx=ax,ke | 0= X e ",.SeM,(j ).|S|=1} more over for general,
AeM,(R). CeM,(H), BeM,(H)
ICuv|£[b,UV, +b,U,V, | < |b,U, V| +]b,U,V,| <A,
Note that is true in the real and in the quaternion case. Ae M _(j ) S=S,S,.
max {[A|:SAx=Ax,h e ,0=xe ",SeM,(j )S|=1}

AeM, (H), S=S,S,, max{[Al};SAX=Ax,LeH,0=xeH",SeM, (H),[s =1
DEFINITION 1.1

For Ke{j ,.,i ,H}and Ae M, (K)

P (A) =max{[1]: SAX=2x, . eK,0=x eK",Se M, (K) 5| =1

Where | = {X €] X2 0} denote the set of non-negative (real) numbers p' *(A) =p' (A) =p" (A) =p(A)
for non-negative A.

p'*(A)=pS(A) forreal Aand p*(A)=p" (A) for complex A, 0 p' *(A) = p(A) for non-negative A is the

Perron-root. The Perron-root p' * (A) = p(A) for non-negative matrices. The sign-real spectral radius p®’(A) for general
real matrices.

The sign-complex spectral radius p(c) (A) for general complex matrices. The sign-quaternion doubly stochastic spectral radius

p(H) (A\) for general quaternion doubly stochastic matrices manyof the following will be formulated for all above qualities.

Il.  CHARACTERIZATIONS OF SIGN-QUATERNION DOUBLY STOCHASTIC SPECTRAL
RADIUS

Let us start with some basic observations concerning the sign-quaternion doubly stochastic spectral radius. Throughout the
paper quantities S,S,,S, etc., are reserved for signature matrices.

LEMMA 2.1:
LetKe{; ,,i ,H}, AeM,(K) and let signature matrices S,,S, € M, (K)
a permutation matrix P, and a non-singular diagonal matrix D € M (K) be given. Then
P (A) =p“(SAS,) =p"(A") =p“(p"AP) =p*(D'AD)
p"“(aA) =|a|p"(A) for e K
For the kronecker product ®and B; e M, (K) p“(A) pK(Bj) <p“(A® B,). If the permutational similarly

transformation putting |A| into its irreducible normal form is applied to A .
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LEMMA 2.2: For a multivariate polynomial P € H[U,,U,,..., U] define o :=min {”U”m ;P(U) = O}then there exist

some Z e H"with P(Z) =0 and |Zi|:oc for .

LEMMA 2.3:
ForK e{; i ,H} , Ae M, (K)and x € K" the following is true

|AX| = [rx| = p" (A) = |r]
PROOF:
ForK = ., thisisawell known fact from Perron-frobenious theory, let K = H the assumption implies S, AX > S,rx for
some |Sl| = |Sz| = | and therefore existence of D € M, (H), |D| < Iwith DAX = rx regarding det(rl —DA) as a
complex polynomial in the n-unknowns D, .

LEMMA 2.4:

Given a positive (or more generally irreducible non-negative) quaternion doubly stochastic matrix A and V as any non-
negative eigenvector for A, then it is necessarily strictly positive and the corresponding eigenvalue is also strictly positive.

PROOF:

One of the definitions of irreducibility for non-negative matrices is that for all indexes U,V there exists m, such that (A™) is
strictly positive.

Given a non-negative eigenvector S, and that atleast one of its components say V™ is strictly positive, the corresponding eigen
value is strictly positive, indeed, given n such that (A™),, >0, hence r'S, =A"S; >=(A"),,S, >0. Hence r is

strictly positive. The eigenvector is strict positivity. Then given m, such that (Am)UV>O, Hence

r"V, =(A"V), = (A"), Sy >0. Hence V, is strictly positive. i.e., eigenvector is strictly positive. Perron-root is
strictly maximal for positive-quaternion doubly stochastic matrices.

LEMMA 2.1:

Let K :{; i ,H}, A e M, (K) and let signature matrices S;,S,,S, € M, (K) a permutation matrix P, a non-singular
diagonal matrix D € M (K) . Then

P (A) =p“(SAS,) =p"(A") =p“(p"AP) =p*(D'AD)
P (aA) =|a|p"(A) for a e K

For the kronecker product ®and B; e M, (K) p“(A) pK(Bj) <p“ (A®B,). If the permutational similarly
transformation putting |A| into its irreducible normal form is applied to A and A

(w)

_max _K

are the diagonal blocks, then p'(A) =0 p (Aw.v)) Especially, for lower or upper triangular A .
p“(A)=""|A;| Furthermore p(A) =p' * (A)=p' (A)=p"(A) For 0SAeM,(;)

PROOF: The key is the maximization over all signature matrices in M, (K). S" =S, so the eigen values of S,AS, are
the same, and so are the eigen values of (S,A) ®(S,B;) = (S, ®S,)(A®B;) are the product of eigen values of S;A and
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S,B are the rest follows F(A) = P'D'SA™DP are the only linear invertible operators preserving the sign-real spectral

radius pR . For areal matrix A ,the three quantities are always related.

P (A)<pT(A) < p(|A|) p' (A)<p"(A) for AeM, (i )note that p(A) <p' (A) need not to be true
because p' (A) maximizes only real eigen values of SA,|S| =1.

AeM,(i ).A20 p(A)=max{[2||AX =[x/, A e H,x#0,xcH,}|

=max{0<iej , Ax=Ax,0<xej ,}; x=0

AeM (H)=A=A+A,], A,LA, M (C)

=max {[A|, Ax=2x,AeH,0=xeH,}

{

max{‘xl+xzj‘,Alxl+A2x2j;kl,k2 eH,0#X,X,+X,je Hn}
{
{

<max{[i,], Ax,, A, €C,x, #0eC"}+max{|A,], Ax,jh, €C,x, 20eC"}
< max {|A, [} +max {[1,j|}
= max {|&, + X, J|} < max {|x, | +[&, |}

PERRON-FROBENIUS THEOREM FOR IRREDUCIBLE MATRICES ON QUATERNION DOUBLY
STOCHASTIC MATRICES

Let A be an irreducible non-negative N x N quaternion doubly stochastic matrix with period and spectral radius p(A)=r.
Then the following statements hold

1. The number r is a positive real number and it is an eigen value of the quaternion doubly stochastic matrice A, called
the Perron-Frobenius eigen value.
The Perron-Frobenius eigen value r is simple, both right and left eigen spaces associated with r are one-dimensional.

A has a left eigenvector V with eigen value r whose components are all positive.
Likewise, A has a right eigenvector VW with eigenvalue r whose componenets are all positive.
The only eigenvector whose components are all positive are those associated with the eigen value r.

The Perron-Frobenius eigen value satisfies the inequalities min, Zaij <1< max, Zaij
i i
DEFINITION (2) : A matrix A is said to be a quaternion doubly stochastic matrix if

1. 0<a;<1

© gk wn

2. Day=1, Vi=12..,n

=1

3. Ya;=1, Vj=12..,n

1-NORM

||A||: maX,. ., [i‘aii‘j the maximum absolute column sum ||A||: max. ., [Zn:‘aij‘j the maximum absolute row
i=1 i=1
sum.

INFINITY NORM

||Aw|| =MmaX,., [Z‘aij‘j

=
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INEQUALITIES FOR PERRON-FROBENIUS EIGEN VALUE:

For any non-negative quaternion doubly stochastic matrix A its Perron-Frobenius eigen value r satisfies the inequality

I’SmaXiZ:Aij This is not specific to non-negative matrices for any matrix A with an eigen value Ait is
]

true|[A| < max; Z,.\Au\ .

Any matrix induced norm satisfies the inequality ||A|| > |7\.| for any eigen values A because, x is a corresponding eigenvector ,

[l A F[x] = x| 7] =[]
The infinity norm of a matrix is the maximum of row sums ||A||w =MmaX,i.m i‘Aij‘. Hence the desired inequality is
=

exactly |Al| =|A| applied to the non-negative matrix A min. » A. <r . Given that A is positive , then there exists a
o i i
i

positive eigenvector W such that AW = rwand the smallest components of W is 1. Then r=(A"), > the sum of the

numbers in row of A . Thus the minimum row sum gives a lower bound for r and this observation can be extended to all non-
negative matrices.

THEOREM: Every eigen value of A lies within atleast one of the GershgorinDisc D(a;, | ;).

PROOF:Let A € M, (K) be an eigen value of A choose a corresponding eigenvector X = (X;) so that one component X;

is equal to 1 and the others are of absolute values less than or equal to 1. X; =1 and ‘Xj‘ <1 for j#1i. There always is such

an X, which can be obtained simply by dividing any eigenvector by its component with largest modules.

AX=2AX Zaijxj =AX; =\ So, splitting the sum Zaijxj +a; =\ Apply triangle inequality

J#i

J
‘a.jxj‘SZ‘ainxj‘SZ|aii|:; for Keli .i ,H} and Ae M, (K)
ji

j#i
1. CONCLUSION

In this paper we can summarize that Perron-Fronbenius theory to general real and to a quaternion doubly stochastic matrices.
We can discuss some properties and characterizations of quaternion doubly stochastic spectral radius on signature matrices;
irreducible matrices and GershgorinDisc. Some norms and inequalities for Perron- Fronbenius eigen values are also discussed.
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