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I. INTRODUCTION

The classical result of Posner [12], which states that the
existence of a non zero centralizing derivation on prime
ring implies that the ring has to be commutative, made a
great impact on the research work related to derivations of
prime and semi prime rings. This result attracted many
researchers and was subsequently extended in a number of

ways. The concept of reverse derivations of Prime rings was
introduced by Bresar and Vukman [19]. Relations between
derivations and reverse derivations with examples were
given by Samman and Alyamani [21]. Recently great deal
of work done by many authors on commutativity and
centralizing mappings on prime rings and semi prime rings
in connection with derivations, skew derivations, reverse
derivations, skew reverse derivations. Vukman [16],
Mohammad Ashraf [20], have studied the concepts of
Symmetric biderivations in prime rings and semi prime
rings. Ajda Fosner [1], Faiza Shujat and Abuzaid Ansari
[13], Basudeb Dhara and Faiza Shujat [6] have extended
and studied the concepts of symmetric skew 3-derivations,
4-derivations and n-derivations.  Recently Jayasubba
Reddy, Vijay Kumar and Hemavati [11], has studied the
concepts of symmetric skew reverse derivations.

Jun and Xin [26] have applied the concept of derivation
in BCl-algebras, similar to that of derivation in rings and
near rings. After this work, many articles have come up
with new ideas like (left-right), (right-left)-derivations,
regular derivations, f-derivations on BCl-algebras [14].
In 2007, Andrez Walendiziak [2] introduced the notion of
BF, BF; and BF, — algebras, which is generalization of B-
algebras [15]. Satyanarayana and Mastan [3]- [5] extended
their study on BF-algebra and found relationship between
family of BF-algebras with BG-[10], BH-[25], BM-[8],
BN-[9], BP-[22]- [23], QS-[24], B-[15], and G-algebra [7].
Inspired by the above works the authors introduced the
notion of f-derivations of an e-commutative BF;-algebra
and proved related theorems, which may be a contribution
to the theory of propositional calculi, [17]-[18].

Throughout this article, authors used the notations
D:ex(exx)=X, E:xx(exy)=y=*(exXx), F:y*(y*x)=X,
G:(exx)*(exy)=y*x=ex(x*y), (BF)°: X isan e —
commutative BF; —algebra, 4: derivation, (I,r)—4:
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(I,r)—derivation,  (r,I)-4: (rl)-derivation and f:
endomorphism on X, for all x,y,zeX and for any fixed
eeX.
Il. PRELIMINARIES

Definition 3.1. [2, definition 2.1] The algebraic structure
(X,x,e) is said to be BF - algebra, if it satisfies the
identities () x*x=¢, (II)x*e=x, (BF)e*(x*y)=y*X,
forall x,y € X and for any fixed e € X.

Definition 3.2. [2, definition 2.7] A BF - algebra is called
a BF, - algebra, if it obeys (BG): (x*y)*(exy)=x, for all
Xy eX.

Definition 3.3. [2, definition 2.7] A BF — algebra is called
BF, -algebra, if it obeys (BH):x*y=e=y=x implies

that x=y, forallx,y e X.

Definition 3.4. [3, definition 2.4] Let X be a non-empty
set equipped with a binary operation “*” and fixed element
“e”. Then the algebraic structure (X*,e) is said to be e —

commutative, if it satisfies the axiom x*(e*y) =y *(e*x),
forall x,y eX

Definition 3.5. [3, definition 2.5] The BF, - algebra (X x,e)
is said to be e— commutative BF;— algebra if it satisfies
the axiom x*(e*y) = y *(e*x), forall x,y e X.

Proposition 3.6. [3, proposition 3.5] If (X*,e) is ane —
commutative BF; — algebra then (exX)*xy=(e*y)*X,
VX YyeX

Proposition 3.7. [3, proposition 3.2] Let (X,*,e), for any

fixed ec X bea BF,- algebra. Then X isan (BFy)® if

andonly if (e #x) #(e *y) =y *x=¢ #(x #y), forall x,y
e X
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Definition 3.8. [3, definition 3.6] Let (X,¢) isan (BF ).
Then the partial order <" is defined as x<y if and only if
xxy=e, forall x,y e X and xAvy is defined as, xAy=
y*(y=*x), forall x,yeX.

Definition 3.9. [5, definition 3.7] Let (X;,¢) isan (BFy ).
Aself map 4: X — X issaidtobe (I,r)—4 of X, ifit
satisfies the identity A(x*y) = (A4x)*y) A (x*A(y)),for
allx,y € X

Definition 3.10. [5, definition 3.8]Let(X,*,e) isan (BF )e.
A self map 4:X — Xis said to be (r,I)—4of X if, it
satisfies the identity Ax*y)= (x*A4(y)) A (A(X)*y) for
allx,y e X.

Definition 3.11. [5, definition3.9]Let (X, % e) is an (BF; )€.
Aself map 4: X — X is said to be a derivation of X if, it
is both (I,r)—4 and (r,I)—4 of X.

Proposition 3.12. [10, Lemma 2.4] Cancellation Laws
holds well in BG —algebra.

Proposition 3.13. [3, Lemma 4.1] Cancellation Laws holds
well inan (BFy ).

Definition 3.14. Let (X,* e) is an (BF )e. A self map
Af X — X is said to be a regular f - derivation of X ,if

Ag (e)=e,where e isany fixed element of X.

Definition 3.15. Let (X,* e) is an (BF; )e_ A self map
Af: X —>Xis said to be a (I,r)-f-4 of X, if

Af (X xy)=Ae (0 = fA () * 45 (), VX y eX.
Definition 3.16. Let (X,# €) is an (BFl)e. A self map
Af: X —>Xis said to be a (rl)-f -4 of X, if
A () =) A¢ WIAM () * F()). Y Xy €X.

Definition 3.17. Let (X,* e) is an (BF )e. A self map
g 1 X > X issaidtobea f —derivation of X if, 4¢ s

both (I,r)—f —A and (r,1)-f -4 of X.

Example 3.18. Let X ={e,a,b,c} and * be the binary
operation defined on X as shown below.

WIN|[FR|[O] %
WIN|RL|[O|O
N(W|IO|F |-
RP([OIN|IW|IN
OlRr|lwWwiN|w
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Define a map Af : X — X such that

1, if x=0 0, if x=0
0, if x=1 1, if x=1
A09=13 i x=2 "% it xo2
2, if x=3 3, if x=3

Then one can easily verify that 4 isa f - derivation of

X, where f : X — X isan endomorphism on X.

Remark 3.19. From example 3.18, it is evident that 4 ¢ is
not a regular f - derivation of X ,as 4¢(0)= £(0).

IV. RESULTSON (I, r)— f, (r, )- f AND - DERIVA
-TIONS OF AN e-COMMUTAIVE BF;-ALGEBRA

Proposition 4.1. Let (X,# e) is an (BFl)e. It :
X—>Xisa (l,r)-f—-4dof X thenAf(x *y)= Af(x)
* f(y),V X,y eX.

Proof: Since 4¢ : X —>X isa (I,r)—f—4 of X then,

Ag (X *y) = () * FIA (F(X) * 45 (1))

=(f() *4¢ W)* (FQ * 45 (N)* (g () * F(¥)))

=e *(((FO)x 45 ()¢ 0= F)*(F)* A5 (1))
=(e*((F)x 4 ()= s ()= f()))=(e* ()= 45 (¥))
=(As ()= )= (F =45 (v)*(e*(FO) =45 ()
=4¢ () f(y)

Hence, A (x *y)= 4¢(x) = f(y), V Xy e X.

Corollary 4.2. Let (X, % €) isan (BF)®. If 4¢ : X — X
is a (l,r)-f—-4 of X

* f(x), V xe X.
Proof: Proof is straight forward by proposition 4.1.

then Ag (e xx)= 4¢(€)

Proposition 4.3 Let (X,# €) is an (BFl)e. IfAf:
X—Xisa (rl)-f-Aa of x.thenAf(x *y)= f(x)
* Af(y), v Xy eX

Proof: Proof is similar to the proof of the proposition 4.1.

Corollary 4.3. Let (X,xe) is an (BF)®. If 4 :
X—>Xis a (rl)-f-4 of X. Thend;(e *X)
:e*Af(x), Vv xeX.

Proof: Proof is straight forward by proposition 4.3.

Remark 4.3. Let (X %) isan (BFy)S. If Ag 1 X —>X
is a f—derivation of X then A;(x*y) =A4;(x)* f(y)=
fO)* A (y), VX, Yy e X
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Proposition 4.4. Let (X, e) is an (BF)®. If 4 :
X=X isa (rl)-f—-aof X then (ex f(x))*4¢(y)=
(exf(y)*4;(¥),VxyeX

Proof: Since( X,*,e) isan e-commutative BF, — algebra
then (exx)*y=(exy)*x, VX, yeX.

(ex f(x)*dg (y)= (f(e)* F(X))* 45 (y) = flexX)* 4¢ (y)
=dg((exx)xy) = ¢ ((exy)*x) = f(exy)*A¢ (X)
=(f(e)* f(y)*ds (x) =(ex f(y)*4¢ (%)

Hence, (ex f(x))*4¢ (Y)=(e* f(Y))*4¢ (), VX yeX

Proposition 4.5. Let (Xx.e)is an(BF )®and4¢ be the
(r)—f—4 of X. Then A¢(x)=ex(ex44(x)), VxeX
Proof: Since 4; : X — X be the (r,I)-f—-4 onan e —
commutative BF, — algebra (X,xe), then ex(e*Xx)
=X,V x € X.Consider, e*(e* 4 (X))= = e*(f(e)* 4; (X))
=exA;(exx)) = f(e)* ¢ (exx)) =4 (e*(exx) A (X).
Hence, ex(e*4; (X)= 4:(X), VxeX.

Proposition 4.6. Let A; : X — X bethe(r,I)-f -4 ofan
e—commutative BF, —algebra( X ,*,e). Then f (x)*
(exA;(y)) = f()*(ex4 (X)), VX yeX

Proof: Since ( X,*,e) isan e—commutative BF, —
algebra, then x*(e*xy)= y=*(exX), VX Yye X,

Consider, f (x)*(e* 4 ()= f (x)*(f(e)* 4 (y))

= f () *A; (exy))= A; (x*(exy))= A; (y*(e*X))

= f(y)* 4; (exx))= f(y)*(F(e)* A (X)) = f(y)*(e* 4 (x)).
Hence, f (X)*(ex4;(y)) = f (y)*(e*xA4: (X)), VX VY€ X.

Proposition 4.7. Let A; : X — X bethe (I,r)—f—A4 of
an e —commutative BF, —algebra( X ,*,e). Then f (x)*
(exA(y))= f()*(e*4: (), VX yeX

Proof: Since ( X,*,e) isan e— commutative BF, —
algebrathen Vx,y e X, x*(e*y)= yx*(e*xXx).

Consider, f (X)=(e* 4; (Y))= 4; (y)*(e* (X))

= A; (y)* (f(e)* £(x)) = A; (y)* f(exX) = A; (y*(e*X))
=A; (x*(exy)) =4 ()* f(exy)) = 4 ()*(f(e)* F(y))
=A; (x)x(ex f(y)) = f (y)*(e*4; (x)).

s f0Qx(ex A ()= f (V) *(e* 4 (), VX yeX.

Theorem 4.8. Let 4; : X — X bethe f derivation of an
e —commutative BF, —algebra ( X,*,e). Then f (x)*(e*

4 () = f (V) *(ex4; (X)), VX yeX

Proof: Combining the proofs of proposition 4.6 and
proposition 4.7, the theorem can be proved.
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Proposition 4.9. Let (X.€)is an (BF )®and 4 be the f
derivation of X.Then (exA¢(x)*f(y)=(ex4¢(y))

#*f(X), VXyeX

Proof: Since (X,xe) s an e — commutative BF, —
algebrathen(e*x)*y=(exx)*y, VX, ye X.
Consider, (e 4 ())* f(y)=(f(e)* A; ())* f(y)
=A(exX)* f(y) =4;((exx))*y) =4 ((exy))*X)

= A ((exy))*X) =A;(exy)* f(X)

=(f(e)x 4 (y))* F(x) =(ex4; (y))* f(x).

Hence, (ex4;(X)*f(y)= (ex4;(y))*f(x), VX, yeX

Proposition 4.10. Let (Xx,e)is an (BF)®and ¢ be the
(Lr)—f—4 of X. Then (4¢(e)x f(x)* f(y)=(4¢(e)
*f(y)=*f(x), VxyeX

Proof: Consider, (4¢(e)* f(x))* f(y)= 4¢ (exx)* f(y)
=Adg((€xx)*y)= g ((exy)*x)=4g(e*y)* f(x)
=45 (€)* f(y)* f(x).

Hence, (4 (e)* f(X)* f(y) = (4¢ (e)* f(y))* f(x), ¥
Xy e X

Proposition 4.11. Let (X,*,e)is an (BF, )® and 4 be the f
(exds (X))* (x4 (y))
=A; (V)45 (x) =ex(g(¥)*4¢(y)) if and only if
s ()*(e* A (Y)) =45 (V) *(ex 45 (X)), VX yeX.

Proof: Suppose that (ex4¢(x))*(ex4¢(y)) =4¢ )

derivation  of X. Then

*4¢ (X) =ex*(ds (X)* 44 (¥), VX yeX holds good.

Ag () (exdg (y)) =ex((ex 4y ())* ¢ (X))
= (ex(ex A (N)*(e*A¢ (9) = A¢ () *(e* A ()

= A ()(exAg (¥)) = 45 (1) *(e* A5 (X)), VX, y X,
Conversely, suppose that A (x)*(ex4¢(y)) =45 (y) (e
*4¢ (X)), VX, yeX, holds good.

Consider,

Consider, (e* 4¢ (X)) *(e* A (Y)) = 45 (Y)*(ex(e* 4 (X))
=A¢(Y)*xds (X) =ex(d¢ ()* ¢ (y)
s (ex g ) (ex A5 (v) = 45 ()* 44 ()

=e*(ds (X)* 45 (¥), VX yeX.
Proposition 4.12. Let (X,*,€), for any fixed ee X be an
e — commutative BF, — algebra and 4; : X - X is a
(Lr)—f—Adof X. Then (1) 4;(@)= 4;(e)*(e * f(a)),
VaeX, (2) 4(@= f(a)x(e x4¢(e), V ae X, if X
is an e - commutative BF,— Algebra, (3) 4;(a)= f(a) if
Aq(e)=¢, where f is an Endomorphism on X
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Proof:
(1) A¢ (2)= 4 (e*(e*a))

= ()= f(exa)) A(f(e)x 45 (e*a))

= (e)* f(exa))n(ex ¢ (exa))

=(exd; (exa))*((ex Ay (exa))*(d¢ (e)* f(ex a)))
=ex(((exd;(exa))*(ds (e)* f(exa)))*(exds (e a)))
=((Uy ()= f(exa)))* (e ¢ (e* @) *(e*(e* At (e a)))

= A; (e)* f(exa) = A; () *(f(e)* f(a))

Hence, 4, (a) = A (e)*(e* f(a)) (i)
(2) From (i), 4¢(a) = A (e)*(ex f(a)) = f(a)*(e* A ()
(B)From (i), A; (@)= A, (e)*(e* f(a)) =ex(ex f(a))= f(a).

Definition 4.13. Let (X, % e) isan (BF)®. If A;*,4,° be
the two f - derivations of X then we define

(A1 A4 2)() = AHX) A 42 (X), Y xEX.

Proposition 4.14. 1f A, A,? be the two (I,r)—f—4of
an e — commutative BF;, — algebra(X,xe). Then
At A% isalsoa (1,r)—f—Aof X.
Proof: To prove that(A,* Ad;2)(x*y)= (41 AA?)
(x) =f(y), Vx,yeX
Consider, (A, A A;2)(x*y) = A (X* Y ) A A 2(X*Y)
= (A (x)* F(y))A (42 (x)* £(y))
= (A 2(x)* F(Y)* (A7 (x)* F(y)*( A (x)* F(y)))
=(A2(x)* F(y))*(ex((4"(X)* f(y))
(4% (x)* T(y)))

= (A7 (X)* F(y)*(A2(x)* £(y)))

*(ex(A2(x)* f(y)))
= A1) F(y) =(A2()* (A2 (x)* A (x))* £ (y)
= (A7) A AP F(y) = (AT A AP ) ()% E(y)
Hence, (A¢' A d¢?)(x*y) = (4 Ade?)(x)* F(y),
vXxyeX
s A AA? isalsoa (Ir)—f—Aof X,

Proposition 4.15. I1f A, A,? be the two (r,l)—f—Aof
an e — commutative BF;, — algebra(X,xe). Then
At Aa?isalsoa (rl)—f—Aof X.

Proof: Proof is similar to the proof of the proposition 4.14.

Theorem 4.16. If A;*, A,%be the two f derivations of an

e — commutative BF, — algebra( X =.e).Then A;* A 4,2
is also a derivation of X.
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Proof: Combining the proofs of proposition 4.14 and
proposition 4.15, the theorem can be proved.

Definition 4.17. Let (Xxe)is an (BF )®and A;*,4;* be
two derivations of X. Then the composition mapping of
At and A2 is denoted by A,'04,2 and is defined as,
U *04,2)(x)= 4,*(4;%(x)),where f is an endomorphism
on X.

Proposition 4.18. Let (Xxe)isan (BF,)®and 4*,4,” be
the two (I,r)—f—4s of an e — commutative BF, —
algebraX. Then (A;'04,%)(x*y)=(4'04,2)(x)*
f2(y), Vx,yeX, where f isan endomorphismon X.
Proof: Since A,*,4,% bethetwo (I,r)-f—A ofane —
commutative BF, — algebra (X,*e) then A, (x*y)
= A ()% f(y), Vx,yeX and A;3(x*xy)=A,23(x)*
f(y), Vx,yeX.

Consider, (4;'04,%)(x*y) =Af1(Af2(x* y))

= 47142 () #F(Y)) =4 (4200 F(F(y))
=(4¢'04:% )(x*y) * (fof )(y).Hence,

(404 )(xxy) =(A 047 )(x)* F2(y), Vx,yeX.
Remark 4.19. From proposition 4.18, it is clear that
AtoAa? isnota (Ir)-f-4 of X.Butif f2(x)
= f(x), VxeX,then A,'o4,%isa (I,r)—f-A4 of X.

Proposition 4.20. Let A,", 4,2 be the two (r,1)—f —Aof
an e—commutative BF, —algebra( X ,,e).Then ( 4; 1o A¢ 2 )

(x*y) = F2(X)* (Al oA 2)(y), Vx,yeX,where fis
an endomorphismon X.
Proof: Similar to the proof of the proposition 4.18.

Remark 4.21. From proposition 4.20, it is clear that
Ao 2 isnota (rl)-f-4 of X. Butif f2(x)

= f(x), VxeX,then A4,'04,%isa (r,1)-f-A4 of X.

Theorem 4.22. Let A;',A,% be the two derivations of a
BF, — algebra(X,+e). Then the composition mapping
AtoA.? s also a derivation of X, if f3(x) =f(x),

VXxeX,where f isanendomorphismon X.

Proof: The proof can be easily obtained by combining the
proofs of proposition 4.18 and proposition 4.20.

Definition 4.23. Let( X,*,e) be an e — commutative BF;
— algebra and A; be the f — derivation of X. Define
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At X > X such that A (x) =(4;04; )(x) =4 (A
(x)),V x e X,where f isan endomorphismon X.

Theorem4.24. Let A; bethe (I,r)—f —Aofan e—commu
-tative BF, — algebra( X ,*,e).Then Ai(xxy) = £1(x)
« f2(y), Vx,yeX.

Proof: Consider, A¢(x*y) =(A4;04; ) (x*y) =4 (4
(x*y)) =4 (4 (X)* £(y)) =4 (A (X)) = T(f (y))=

(4504; )(x) *( fof )(y) =41 (x) * F2(y).

s Ar(xxy) = £e(x)* FAy), VxyeX.

Remark 4.25. From proposition 4.24, it is clear that A is
nota (I,r)—f—A of X.Butif f2(x) = f(x), VxeX,
then Aisa (I,r)—f—A4 of X.

Theorem 4.26. Let A; be the (r,I)-f—4of an e —

commutative BF; — algebra( X,+,e). Then A2f(x* y) =

f2(x)*£5(y), V X Y e X,where f is an endomorphism
on X.

Ai(xxy)= (4;04; )(x*y)
=A¢ (A (x* y))= 4¢ (F0* A (1) = FEC) A (44 (v))

= £2(x)*( 404 )(y) = F2(X)*£5(y), VX yeX.

s Ae(xxy) = FAX)xLe(y), YxyeX

Proof: Consider,

Remark 4.27. From proposition 4.26, it is clear that £ is
nota (r1)-f—A4 of X.Butif f2(x) = f(x), VxeX,
then Arisa (r,1)—f-4 of X.

Remark 4.28. From proposition 4.24 and proposition 4.26,
it is clear that A1 is not a derivation of X. Butif f?(x)

= f(x), VXEX,thenAZf is a derivation of X.

Theorem 4.29. Let A; be the f derivation of an e -
commutative BF; — algebra(X,xe). Then Azf(x*y):
“gof)(x) =+ (fods )(y),
endomorphism on X.

Proof: Consider, At(xx*y) = (4;04; )(x*y) =4 (4,

(xxy))= Ap (F(x)* Ac (V)= 4 (FO))* (4 (V)
L Ai(xxy)= (@rof)(X)* (fodf YY), VX y € X.

VX yeX, where fis an

V. REGULAR DERIVATIONS OF AN e - COMMUTA
-TIVE BF;-ALGEBRA

120 | IIREAMV0411046041

DOI : 10.18231/2454-9150.2018.1295

International Journal for Research in Engineering Application & Management (IJREAM)

ISSN : 2454-9150 Mol=04; Issue=10, Jan 2019

Theorem 5.1. If A.*, A, be the two regular (r,1)—f -4
of an e — commutative BF, — algebra( X ,xe). Then
(4" A 4% )(x) = F(x),
endomorphism on X.

Proof: Since Afl, Afz are two regular (r,1)—f—A4 of an

V x e X,where  f iS an

e — commutative BF, - algebra(X,*e) then (i)
Act(e)=e,A;%(e)=e and (ii) (4 A 47 )(xxy) = F(X)
* (A AA YY) VXY EX,

Now, substituting y by e in (i), (A;'A4%)(x*e)
= FO)*(4" A 4:%)(e),

= (A A4 )(x) = F(x) (A (e) A A% (e))

= f(x)*(ex(exe)) = f(x)*e = f(x).

Hence, (4;" A 4;2)(x)= f(x), VXxeX.

Proposition 5.2. Let A, : X — X be aself map of an e —
commutative BF, — algebra (X,*,e).If 4, is regular
(I,r)—f —Athen 4, (x) < f(x) VxeX

Proof: Since A; : X — X is regular (I,r)-f —-Aof X
then from proposition 4.1, A (x*y)=A;(x)* f(y),
Vv X yeX. Consider, A;(e) = € = A;(x*x)= 4A;(e)
=S4 (X) +f(0)= e
definition 3.8, VxeX.

= A (x)<f(x),using the

Proposition 5.3. LetA, : X — X be a self map of an e —
commutative BF, — algebra (X,*,e). If A, is regular
(r,1)—f -4 of X then f(x)< A;(x), Vxe X.

Proof: Proof is similar to the proof of the proposition 5.2.

Theorem 5.4. Let A; : X — X be a self map of an e —
commutative BF, —algebra (X,*,e). If A, isregular f -
derivation of X then A;(x)= f(x), Vxe X.

Proof: Combining the proofs of the proposition 5.2 &
proposition 5.3, the theorem can be proved.

Alternatively if, 4; isregular (r,1)-f —A4 of X then
Ap(X)= A¢(xxe)= F(x)*A(e)= f(x)*e=f(x).
Hence, A; ()= f(x), Vxe X.

Proposition 5.5. Let (X,*,e), for any fixed ee X is an
e — commutative BF;, - algebra andAf X —>X bea

(Ir)—f —A4of X. Then A;(X)=4; () A f(x),V X € X if
and only if 4; isregular on X.

Proof: Given that Ag 1 X =X bea (I,r)-f—4dof X
and A; ()=4; () A f(x),V X €X.

Let x=e, then A;(e)=4;(e)A f(e)=e A e=e. Therefore,
A; (e)=e.
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Conversely, suppose that A, (e)=e, e e X.Consider,
Af () =af (x x€)= (¢ (x) * f(€))A (F(X) * 41 ()

= (* ) (f(X) x€) = A (YA F(X).

Hence, if A, (e)=e,then A, ()=A; () A f(X),VX € X.

Proposition 5.6. Let (X,*,e),for any fixed e X. bean e
— commutative BF; — algebra and 4p 1 X > X b be a

(r,)-f-a4 of X. Then

VvxeXif and only if A;is
Proof: Proof is similar to the proof of proposition 5.5

A ()= £ A 4¢ (9,

regular  on X.

Theorem 5.7. Let A; be the regular f derivation of an e —
commutative BF, — algebra(X,*,e).Then Ar(x)=
(4¢0f )(X), VX yeX.

Proof: Since 4; is the f derivation of an e — commutative
BF, — algebra X then A(e)=eand A(xx*y)=
(4¢0f )(x) = (fod; )(y), VX ye X. Now replacing y by
e, £r(x*e) = (4;0f )(x) * (fod; )(e) =(4s0f )(x)
* 1(4¢ (€))=(4r0f )(x) * f(e)=(4rof )(X) xe =4 (f(x))
Hence, £¢(x) = (4;0f )(X) VxeX.

Corollary 5.8. Let A; be the regular f derivation of an e
— commutative BF, — algebra(X,*e). Then A'f(x) =
A (f(x), nez*,

endomorphism on X.

VxeX, Wwhere fis an

Theorem 5.9. Let A; be the regular f derivation of an e —

commutative BF, — algebra(X,xe). Then Azf(e)ze,
Vv x e X, where f isan endomorphism on X.
Proof: Since A4 is the regular f derivation of X, then

As(e)=eand from theorem 5.7, Azf(x)z(Afof )(X),
v x e X.Now replacing x bye, £(e) = (4;0f )(e)=
A (f(e))= A;(e) = e = At (e) =e.

Theorem 5.10. Let (X,*,e), for any fixed ee X is an
e — commutative BF, — algebra andAf :X — X be the

regular (r,1)— f —Aof X. Then £ (x)= f2(x), vxe X.
Proof: Since A, : X — X is regular (r,I)-f -4 of X,
then 4 1 (x)=(4;04¢ )(X) = A¢ (4 (X))

=A4; (4 (xxe))= A (f(x)* 4 (e))= 4 (f(x)*e)=
=( fof )(x)*e= f(x)

Hence, £ (x)=f2?(X),VxeX.
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Corollary 5.11 Let (X,*,e), for any fixed ee X is an
e — commutative BF, — algebra andAf : X — X be the

regular (r,1)—f —Aof X. Then A"t (x)=f"(x), vxe X.

Corollary 5.12. Let 4; be the regular f derivation of an
e — commutative BF; — algebra( X ,*,e).Then

At(e)=e, n e Z" ie. At(x) is also a regular f
derivation of X.

Proposition 5.13. Let A4; :X —> Xbe the regular
(r,])-f—A of an e — commutative BF, — algebra
(X,*,e). Thenex*(ex*A; (e))=e.

Proof: Since 4¢ : X - X be the (r,1)-f—-A ofan e -
commutative BF, —algebra ( X ,*,e),then from proposition
45, ex(exA;(X)=4;(X),VxeX. Now taking x=e,
ex(e* A (e))=4; (e)=e.Hence, ex(ex*4; (e))=e.

Corollary 5.14. Let (X,% e) is an (BFy)®. If4, :
X — X isaregular (I,r)—f -4 of X thenAf(e * X)=
e *f(x),V xeX

Proposition 5.15. Let A4; :X = Xbe the regular
(r,])-f—-Aof an e - commutative BF, — algebra
(X,*,e).Then4; (x)=f(x),VxeX

Proof: Since 4; : X > X is the regular (r,1)—f —Aof an
e — commutative BF, — algebra( X *e), then from the
f(x)x(exa;(y))= f (y)*(e* 4 (x),
VX ye X.Now takingy bye f (x)*(e*4;(€)) = f (e)=(e
* A ()= f()*(exe) = ex(ex 4, (¥))

= A (X)= f (X)*e Hence, 4;(x)= f(x),VxeX.

proposition  4.11,

Proposition 5.16. Let 4;:X —>Xis the regular
(l,r)-f—4of an e - commutative BF, — algebra
(X,%e). Then A(x)=f(x),VxeX, wheref is an
endomorphism on X.

Proof: Since 4; :X > Xis a (l,r)-f—-Aof an e —

commutative BF, — algebra (X,xe), then from the
proposition 4.11, A;(x)*(exf(y))=4;(y)=*(ex f(x)),
VX Yye X.Now takingy bye, 4;(x)=*(e* f(e))=4;(e)
*(ex f(x)) = 4i(x)*(exe)= ex(exf(x))

= A (x)*e= f(x). Hence, 4;(x)=f(x),VxeX

Theorem 5.17. Let 4; : X —> X be the regular f -

derivation of an e — commutative BF, — algebra( X ,*,e).
Then 4;(x)=f(x),VxeX.
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Proof: Combining the proofs of proposition 5.15 and
proposition 5.16, the theorem can be proved.

Proposition 5.18. Let 4; : X — X be the regular (l,r)-
f —Aof an e — commutative BF, — algebra( X ,*,e).Then
(ex £(x))* f(y)=(ex f(y))* f(),Vx ye X.

Proof: Consider, (e f(x))* f(y)= (4 (e)* f(X))* f(y)
=4 (exX)* f(y)= A; ((exX)*y)= Ar ((e* y)*X)

= A (exy)* £(X)= (4 ()= f(y))* f(x)= (ex F(y))* f(X).
Hence, (ex f(X))* f(y)=(e* f(y))* f(X),V X,y e X.

Proposition 5.19. Let (X,# €) be an (BFy)® and 4; is a
regular (r,1)—f—A of X. Then ¥Vx,y eX, the following
are true, where f is an endomorphism on X.
(1) exAr(X)=e*x4c(y) < 4 (X)=4:(Y).

(@) fT(x)* 4 (y)=e=f(y)* 4 (x) = 4 (x) =4 (Y).
(3) exA (x)=4;(y) & x=ex4(y).

@) f(y)*x (f(y)*4¢(x)) =4 (x).

Proof:
(1) Let exA; (X)=exA:(y)

< ex(exdi(x))=ex(ex4(y))

< ex(f(e)x 4y () =ex(f(e)+ ¢ (y))

< exde(exx)=exd; (exy)

< f(e)xd(exx) = f(e)x4;(exy)

< de(ex(exX) =i (ex(e*y))

< A (X) =4 (y) e A (xxe) = A (y*e)

< f(x)x4;(e)=f(y)*4(e)

& f()xe=f(y)re s f(x)=f(y)

(2) Let F(x)*4;(y)=e= F(x)* A4 (y)= F(y)*4(y)
= f(x)= f(y), using RCL

Again  let f(y)*A;(x)=e= f(y)*4;(X)=2;(x*X)
= f(y)*4(x)=f(x)*4;(x)= f(x)= f(y),byRCL.
f(x)=f(y)= f(x)*4:(y)
= F(x) =4 ()= 4¢ (x*x) =e

and f(y)*4;(x) = f(y)*4(y) =4c(y*y)=e.

S B0 A (y) =4 (e)= F(y)* 4 (X) = x=y

(B)Let  exA(x)=y << ex(exs(x))=ex4(y)
< A (x)=e*4(y).

(4) Since (X,xe)eeX,is an e — commutative BF, —
algebrathen y*(y*x)=x,Vx,yeX.

= F(y)*(F(y)* 4 (x)= F(y)* 4, (y*x)
= 4 (y+(y*x)) = 4 ().
L F(y)*(F(y)* 4 (X))= 4 (x), ¥x,yeX.

Also if x=y then
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VI. CONCLUSION

Using the concepts of (I, r) and (r, I)-derivations, authors
developed the new concepts such as (I, r)-f- and (r, I)-f-
derivations of e-commutative BF;-algebra and further
applied the concept of regularity to f-derivations, which is
useful in future work to establish the concepts of
generalized  derivations, fuzzy derivations, fuzzy
intuitionistic derivations and cubic derivations.
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