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ABSTRACT. The concept of Cayley-symmetric I'- semigroups is introduced, and many equivalent conditions of a

Cayley-symmetric I'- semigroups are given. It is proved that a strong semilattice of self-decomposable I'- semigroups S,

is Cayley-symmetric if and only if each S, is Cayley-symmetric.
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l. INTRODUCTION

Based on the research papers on Cayley graphs of
semigroups, Yongwen Zhu first introduced the concept of
generalized Cayley graphs of semigroups in which some
fundamental properties of generalized Cayley graphs of
semigroups were studied. Based on the works on Cayley
graphs of semigroups, we introduced the concept of
Cayley-symmetric T'- semigroups. Several equivalent
conditions of a Cayley-symmetric TI'-semigroup are
presented in this paper and established a necessary and
sufficient condition for a semilattices of I'- semigroups to
be Cayley-symmetric.

1. PRELIMINARIES

Definition2.1. Let T be an ideal extension of a
semigroup S and p € T X T?, T! is a semigroup T with
identity adjoined. Then Cayley graph Cay(S,p) of S
relative to p is defined as the graph with vertex set S and
edge set E(Cay(S,p)) consisting of those ordered pairs
(a,b), where xay = b for some (x,y) € p. Also we call
these defined Cayley graphs as generalized Cayley graphs.

Notation 2.1. If S is a semigroup and a €S, then
P(a) = S*aS*, L(a) = S'a,R(a) = aS* are the principal,
left, right ideals generated by a resp. where St is a
semigroup with identity adjoined.

Definition 2.2. Let S, =S'x{1}, Sz= {1} xS?,
Sy = S x S* be the left,right and the universal relations
on S', then the generalized Cayley graphs
Cay(S,Sy), Cay(S, Sg), Cay(S,Sy) are called the left
universal, right universal and universal Cayley graphs of S
resp.

Definition 2.3. A semigroup S is called Cayley-symmetric
if Cay(S,S.) = Cay(S,Sg)

Definition 2.4. Let T be an ideal extension of a semigroup
S. If Cay(S, T,) = Cay(S, Tr), then we say that S is Cayley-
symmetricin T.
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Definition 2.4. Let S = {x,y,z,....}and T = {a, B, v, ... } be
two non-empty sets. Then S is called a I' —semigroup if it
satisfies (i) xyy € S and (ii) (xBy)yz = xB(yyz), for all
x,y,z€Sand B,y e '

Definition 2.5. A non-empty subset A of a I' —semigroup S
is called a I' —subsemigroup of S if ATAC A.

Definition 2.6. A left (right) I'-ideal of a I' —semigroup S is
a non-empty subset A of S such that STA € A (AT'S € A)
and a two sided I' —ideal or simply a I —ideal is that which
is both a left and right ' —ideal of S.

1. CAYLEY-SYMMETRIC ' —SEMIGROUPS

Definition 3.1. Let T be an ideal extension of a I'-semigroup
Sand p ES T*XT, Tlisa I -semigroup T with
identity adjoined. Then Cayley graph Cay(S,p) of S
relative to p is defined as the graph with vertex set S and
edge set E(Cay(S,p)) consisting of those ordered pairs
(a,b), where xaaBy = b for some (x,y) Epanda,B €T

Notation 3.1. If T is an ideal extension of a I -semigroup S
and € S, then Pr(4),Ly(A) and R (A) are the ideal, left
ideal and right ideal generated by A.

Here Pr(a) = T'Tal' T, Ly(a) = T'Ta, Ry(a) = al' T?
where a € 4 and

P(a) = S'Trarst, L(a) = S'Ta, R(a) = al'S?,
a€EA

Lemma 3.1.1f T is an ideal extension of a I' —semigroup S,
then the following are equivalent:

(1) Ly(a) = Ry(a) foreverya €S

(2) Ly(a) is arightideal of T and R;(a) is a left ideal of
T foreverya €S

Definition 3.2. Let T be an ideal extension of a
I' —semigroup S. If Cay(S,T,) = Cay(S, Tr), then we say
that S is Cayley-symmetric in T.

Theorem 3.2. If T is an ideal extension of a I' —semigroup
S, then the following statements are equivalent:
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(1) S is Cayley-symmetric in T
(2) Ly(a) = Ry(a) foreverya €S
Proof. Suppose that S is Cayley-symmetric in T

From the definition of generalized Cayley graphs, we have
(a,b) € E(Cay(S,To)

o b=xaaforsomex € TL, g €T
© b € T'la = Lt(a)

Again (a,b) € E(Cay(S, Tr))

& b =afyforsomey €T, BET
o bealT! =Rp(a)

If Cay(S,Ty) = Cay(S,Tg), then for any a,b €S, (a,b) €
E(Cay(S, TL)) ifand only if (a,b) € E(Cay(S, TR)). Thus
forall a,b € S we have b € Ly(a) ifand only if b € Rp(a).

As S is an ideal of T, Ly(a) =T'ra €S and Ry(a) =
al' T c Sforevery a € S.

Therefore Ly(a) = Ry(a) foreverya € S.
Conversely, suppose that Ly(a) = Ry (a) foreverya € S

Then for all a,b €S, we have b € Ly(a) if and only if
b € Ry(a).

Hence (a,b) €
E(Cay(S, Tp)).

i.e.,, Cay(S, T,) = Cay(S,Tg) which implies S is Cayley-
symmetric in T.

E(Cay(S,T.)) ifand onlyif (a,b) €

V. CAYLEY-SYMMETRY OF STRONG
SEMILATTICES OF I'- SEMIGROUPS

First we define strong semilattice of I'- semigroups as
follows:

Let Y be a semilattice and a set of I'- semigroups
S« indexed by Y, and suppose that, for all @ = g in'Y there
exists a mapping @,z : S« — S such that : (1) for each
a€Y,Pyy = 1,
(2) Do p Dpy =D,y forall a,p,y €Y 3 a=p =y. Let
S = Uger Sq, the disjoint unions of S,s. Define
multiplication on S by aTlb = (a)@qqsl'(b)Bpp. Then
S is a T'- semigroup, called the strong semilattice of T'-
semigroups Sy.
We write S = S[Y; Sq; Do 5]
Definition 4.1. Let S be a I'- semigroup. If for every
a € S,a € STa nars, then S is called self-decomposable.

Lemma 4.2. Let S be a self-decomposable 7~ semigroup.
Then S is Cayley-symmetric if and only if ST'a = arl'S for
alla €s.
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Theorem 4.3. Suppose that S =S[Y; Sy ; @qp], wWhere
each S, is self-decomposable. Then S is Cayley-symmetric
if and only if for every a € Y, S, is Cayley-symmetric.
Proof. Since for each a, S, is self-decomposable we
have S = S[Y; Sq; @] is self-decomposable.
Necessary. Suppose that S is Cayley-symmetric. For
a,b € S, with @ € Y, by Lemma 4.2, there exist § € Y and
c € Sg such that aa;b = caza ; a;a, € T'. Since aab €
S.,wehave f = a. Now S, is self-decomposable, there
exists u € S, such that a = uaza; a; € T. It gives that
aa,b = caya = cay(uaza) = (ca,u)asa,

where ca,u € S,.
Therefore al' S, < S,l'a. Similarly we can show that
S,Ta € al' S, , which means that
S,fa=alS,.By Lemmab5.2, S, is Cayley-symmetric.

Sufficient. Suppose that S, is Cayley-symmetric for all a.
Leta € S, and b € Sgwitha,B €Y

Take aff =y € Y,thena,B = y. Since ach € Sy, 0€rl
and S, is self-decomposable, there exists x,y € S, such
that = xt(acb) = (agb)y; T,¢ €T.

Therefore  aob = xt(acb)@y = (xta)o(bey), Wwhere
xta,bpy € S,. Since S, is Cayley-symmetric, from
Lemma 5.2 there exists z € S, such that (xta)o(bgy) =
zw(xta) = (zwx)ta

This implies ach = (zwx)Ta € S,. We have proved that
al'S < ST'a.Similarly we can prove the inverse conclusion.
Hence aI'S = ST'a. Again by Lemma 5.2, S is Cayley-
symmetric.
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