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l. INTRODUCTION
Matrices provide a very powerful tool for dealing with linear models. Bimatrices are still a powerful and an advanced tool
which can handle over one linear model at a time. Bimatrices are useful when time bound comparisons are needed in the
A", A" A" and det (A) denote transpose, inverse,

Moore-Penrose inverse and determinant of A respectively. If AA" = AT A = | then A is said to be an orthogonal matrix, where |
is an identity matrix.

analysis of a model. Bimatrices are of several types. For AeCnxn,

Definition 1.1 [4]

A matrix Ag is said to be bimatrix then it is defined as the union of A1l and A2. That is, AB [1[JA1 A2. Here Al and A2 be
the component matrices. '1" is just the notational convenience (symbol) only.

Definition 1.2 [4]

Let Ag™™ = A U A, be a mxm square bimatrix. We define 157" = 1™ O 1™ = 1"" U 1;"™ be the identity bimatrix.
Definition 1.3 [5]

Let a bimatrix Ag is said to be symmetric if its component matrices A; and A, are satisfied A = AlT and A, = AzT .
Definition 1.4 [5]

Let a bimatrix Ag is said to be skew-symmetric if its component matrices A; and A, are satisfied A1 = —AiT and A2 = —AZT.

Definition 1.5 [3]
A bimatrix Ay is said to be orthogonal bimatrix, if Ay

(AT UA)=(ATUAY).

In this paper, the concept of bi-orthogonal bimatrices is introduced. Some of the properties of orthogonal bimatrices are
extended to bi-orthogonal bimatrices. Some results of bi-orthogonal bimatrices are obtained.

That is, AL =A' (or)

>
I

>

>
I

1. ON BI-ORTHOGONAL BI-MATRICES

The characterizations of bi-orthogonal bimatrices are studied in this section.

Definition 2.1
Abimatrix Ag € C,, is bi-orthogonal bimatrix, if A,ALALA, = ALALALAL =1
Example 2.2
010 0 01
Let A, ={0 O 1|u|ll O O] be thebi-orthogonal bimatrix.
1 00 010
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. T AT T AT T T T T

e (AAAAUARAA)=(AAAN UAAARA)=(1,U1,)
Theorem 2.3
Product of two Bi orthogonal — Bi matrices of the same order is a Bi orthogonal — Bi matrix.

Proof

Let Ay and By be two Bi orthogonal — Bi matrices.
sothat (AAATAUAAAA)=(AAAA UAAAA)
(B,B/B/B,UB,B; B;B,)=(B/BBB UB,B,B,B, )
L.H.S
AAgAgAg = I
BBBngBB =1,
(ABo)(ABs)' (ABs) (ABs)=1g
=[(AUA)(B.UB,)][(AUA)(BUB,)] [(AUA)(BUB,)] [(AUA)(BUB,)]
=[AB,UAB,][AB UAB,| [AB,UAB,] [AB UAB, |
=[ABUAB,] (AB) U(AB,) || (AB) U(AB,) [[AB,UAB]
=[AB,UAB,][BIAT UB/ A |[BIATUBA [[AB UAB,]
- A(BB)A'B/ (A'A)B, |U| A, (B,B]) ATB] (A1 A,)B, |
=[(AA")(8/B,) Ju| (AA)(B]B,)]

=1, ul, - @
R.H.S

A A A A =1y

BgBBBBBg =1y

(ABs) (ABg)(ABo)(ABs) =g
=[(AUA)(BUB,)] [(AUA)(B UB,)][(AUA)(BUB,)][(AUA)BUB,)]
[AB,UAB,]' [AB,UAB,][AB UAB,][AB UAB,|'

(AB)'U(AB,)" |[AB,UAB,][AB UAB,] (AB) U(AB,)'|

=[B/A'UB, A} |[AB,UAB,][AB UAB, ] BIA"UBA; |

=B (A'A)BA (BB)A" |U| B] (AA)B,A, (B,B] ) A |
=|(BrB)(AAT) Ju[ (BB, ) (AA)]

(1Lul,)
(1Lul,)

=1, ul, - (2
LH.S=R.H.S
=@
since, AATAA = ALAAA =1,
Theorem 2.4

Inverse of a Bi orthogonal — Bi matrix is a Bi orthogonal — Bi matrix
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For a Bi orthogonal — Bi matrix

AP A A = A A AR, = .

So that

L.H.S

R.H.S

g — (2
LHS=R.H.S
=@
N L N R Ry G N | LI R —1T_|
AAT) (AT) Al =(AY) AYAT(A) =16
Theorem 2.5
Transpose of a Bi orthogonal — Bi matrix is a Bi orthogonal — Bi matrix.

Proof

For a Bi orthogonal — Bi matrix
AN A = A AN =1,
Now,

L.H.S
T T

A(A) (A) A =1
=[AUA][AUA]AUA]TAUA]T
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=[AVAT[AUATAUANAUAT
=[(A'A)(AAT) o[ (A A)(AA)]

RV AR(A) -1,
=[(AUA)[AUAT[AUAT[(AUA)]
=[AUVA][ATUA [ATUA [[AUA]
=[(AA)(A'A) o[ (AA)(AA)]
=l ul,
=l;, - (2

LHS=RH.S
=0

A(A) (A) A=(8) AA(A) =
Theorem 2.6

Transpose of a Bi orthogonal — Bi matrix.
Proof

Let A, = A U A, be a Bi orthogonal — Bi matrix.
That is

(AN ATAUAAAA)=(AAAA A AAA)=(1,U1,)
Now, consider
L.H.S

AAAA =AAAN =
=[AVATIAVAT[AVAT [AUA]
=[AUA[ATUA [ATUA [AUA]
ANAA =[ ANAAJO[AAAA ]

Taking transpose on both sides
(AAAA] =[AAAA] U[AAAAT
A (A (AT A =| AT (AT) (AT) AT o () () AT
AAAA =[ ANAAJU[AAAA ]

ABAg'AgAB =1, ul,

APgAgAy =1y =)
R.H.S

AP A =g

AAAA =[AUAT[AUAAUAIAUAT
AAAAN =[ATOAJ[AUATAUA]ATUA]
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Taking transpose on both sides

T

(AAANT =[AAAAT] U[AIAAN T
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(A) A (a) <[ (A1) ATA (A o () A ()]

[AAAA|=[ AAAAT JU[AAAA ]
AgABABAg = I1UI2
A AAA =g - (2)

LHS=RH.S
M=3

AP A A = A A AP =1,

Theorem 2.7
Any integral power of a Bi — Orthogonal Bi-Matrix is also a Bi orthogonal — Bi Matrix.

Proof

Let A, = A U A, be a Bi orthogonal — Bi matrix

AP A A = A AAA =1,

Now,
L.H.S
Consider
AgAGAG A =1
=[AUAJAVA] [AVA] [AUA]
=[AUA]AUAT[ATUA [AUA]
=[AA'A'A JU[ AAATA, ]
=l ul,
=1l
AP AGA =1 - @
Again,
(AAAIA) =(AAAA ) (AATAIA)
(AAAIAY =(1,01,)(1,U1,)
(AATATA) =(1,01,)
(AAANA) =1, >
(ABAgAgAB )2 is a Bi orthogonal — Bi matrix
R.H.S
A AAA; =1
=[AUA] [AUAJAUA]AUA]
=[AUA [AUAAUA]A VA ]
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=[A'AAAT U AAAA ]
=, Ul,
=1,
AAAA =1, (1)

Again,
(AAAA) =(AAAA)AAAA)
(AAAA) =(1,01)(L,u1,)
(AAAAY =(1,01,)
(AAAAY =1, @
(AQABABAQ )2 is a Bi orthogonal — Bi matrix

LHS=RH.S
), 2)=(1), (2)

AAAA = AAAA =,
(AAAA) =(AAAAN) =1,
Hence, Aé is a Bi orthogonal — Bi matrix

Assume that A'g is a Bi orthogonal — Bi matrix
That is,

(AAAA) =(AAAAY =1,

To prove that Ag*l is a Bi orthogonal — Bi matrix.

L.H.S
(AAAA ) =(AAAA)AAAA)
=11,
= |§
(AAAA) =1, >
R.H.S
(AAAA) " =(AAAN)AAAA)
=11,
= |§
(AAAA) =1, —>@)
LHS=RH.S
)=
(AATAIA ) =(AAAA) =1,
Hence,
Any integral iower of a Bi orthogonal — Bi matrix is also a Bi orthogonal — Bi matrix.
Theorem 2.8

Let Ag, By €l ., be Bi orthogonal — Bi matrix,
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AsB:Bg A; =By A;A;Bg and ByA; Ap By = A BBy Ay
(i) If A,BEBSA, +B,ALAIB, =—I,then A; + B; isaBi orthogonal — Bi matrix.
(i) If ABB;BQAEl +BBAgAgBB =1l;, then A, — By isaBi orthogonal — Bi matrix.

Proof
Given that Ag and Bg is a Bi orthogonal — Bi matrices. Then we have

AP A Ay = AgAAA; =15 and BB By By =B ByB,B; =1,
(i) Now
L.H.S
(AsA+B:B ) (AA +B:B;) =[(AUA)(AUA)+(B UB,)(B,UB,)]
[(AUA)(AUA)+(BUB,)(BUB,)]
(AA+BB)U(AA+BB,)] [(AA+BB)U(AA+B,B,)]
(AA+&&%J%%+BBJJ [(AA+BB,) (A +B;B,)'|
( )U(AA+8,8,)] [(ATAT+BB])U(AA] +B]B])]
=[(AA+BB)(AA +8/B[)| [(AA+B,B,)(AA +B]B])]
=[AAATAT+ AAB'B +BBAA" +B,BB/B |
[ AAAA +AABB] +B,B,A A +B,B,B]B; |
=[1L+(AABB +BBA'A )+ 1, |U[ 1, +(AABB] +B,B,A A )+1, |
=[1 =1L+ L]l =1, +1,]
=1, ul,

(ABAB"'BBBB)(ABAB"'BBBB)T:IB —>(@)

R.H.S
(AA+B:By) (AA, + BB, ) =[(AUA J(AUA)+(B,UB,)(B,UB, )|
[(AUA)(AUA)+(BUB,)(B UB,)]

=[(AA+BB)uU (A2A2+BB] U[(AA +BB,)U(AA, +B,B,)]
[(A1A1+BB) (A2A2+BZBZ)}[(A1A1+BB (AA,+B,B,)]
=[(A'A"+B/B])U(ATA] +BJB]) | [(AA +BB,)U(AA,+B;B,)]
=[(A'A"+B/B)(AA +BB,)| U |(ATA +B]B])(AA +B;B,)]
=[A'A'TAA +A'A'BB, +BB/AA +B/BBB, |

O A A AA, + A AB,B, +B/BAA +B]BB,B, |
=[1,+(A'A'BB +BIB/AA )+ 1, |U| I, + (A ATB,B, + B]B] AA, )+ 1, |
=[1l, =1, +1,]o[l, =1, +1,]

=l ul,
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(AA +ByBy) (ALA +BgBy) =1,  —(2)

Hence, Ag + Bg is a Bi orthogonal — Bi matrix

(i) Now,
L.H.S

(AAs —B,By)(ALA, —ByBy)'
[(Aiqu)Alqu (B,uB,)(B,UB,)|[(AUA)AUA (B uBZ)(BluBZ)]T
(AA-BB)U(AA-BB,) | (AA-BB)U(AA-BB,)]
(AA—&B (AA-B,B,)][(AA-BB,) U(AA -B,B,) |
(AA-BB)(AA-BB,)" |0| (AA -BB,)(AA -B;8,) |
(AA-BB)(A'A -BB) || (AA ~B,B,)(AA -BJB]) |
AlAlAlA1 AAB, BT BBAlA1 +B,B,B, BT]
U AAA A - AABIB] -B,B,A A +B,B,B/B] |

=[1,~(AABB] +BBA'A")+ 1, || I, —(AAB]B] +B,B,AA] ) +1, |

=[L -1+ 1 ]U[l, =1, +1,]

=l ul,

(AA —B.Bg)(AA —BsBy) =1, —(Q)
R.H.S
(AA —B;B;) (AA —B;B;)
=[(AUA)(AUA)-(BUB,)(BUB,) ] [(AUA)(AUA)-(BUB,)(BUB,)]
~[(AA-BB)V(AA ~B,B,)] [(AA-BB)U(AA -B,B,)]
=|(AA-BB)' U(AA -BB,) |[(AA-BB)U(AA, -B;B,)]
=[(A'AT-B/B)u(ATA —B/B] ) |[(AA —BB,) U (AA ~B;B,)]
~[(A'A"-B/B!)(AA -BB,) |V (AT A ~B/B] )(AA -B,B,)]
= A'A'TAA - A'A'BB -BB'AA +BB'BB, |U] A/A/AA,~A/AB,B,~B/B/AA +B/B/B,B, |
[ (AiAiBB+BBA1A1)+I] [ (AZAZBZBZ+BZBZA2A2)+|2] =[L-L+1L]u[l,-1L+1,]=1uUl,

(AA —ByBy) (ALA -BBy)=1,  —(2)
LHS=R.H.S
D=0

(ABAB _BBBB)(ABAB _BBBB)T :(ABAB _BBBB)T(ABAB _BBBB): IB

Hence,
(A, —Bg) is aBi orthogonal — Bi matrix

Theorem 2.9

If Ag is a Bi orthogonal — Bi matrix and A is a real number, then 4 Ag is a Bi orthogonal — Bi matrix.
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Given that Ag is a Bi orthogonal — Bi matrix.
That is,
ANANA =AAAA =],
Consider, A ANAA =1,
(28 A)(AAA) =[A(AUA)AUA)[A(AUA)AUA)T
(AAA)(AA AT ) =[AAA UAAA [AAA UAAAT
VAN AA =[AAA UAAA T AATATUAATA] ]
~[(AAA)(AA A ) U (AAA)(AA A )]
=[VAAAA ULAANA
=[A%,02%, ]
=2%(1,ul,)
VANAA =21,
(AAA)(AAA) =1 > ()
RH.S A AAAA =1
(AAA) (AAA) =[A(AUA)AUA)] [AAUA)AUA)]
(AAAD)(AAA) =[2AAA UAAAT [AAA UAAA]
(PAAAA)=[ AATATUAATA [AAA UAAA,]
~[(2A A )(2AA) [O[ (ZAT A ) (1AA,)]
=[VPATATAA JU[ AT ATAA, ]
=[ 27,0 2°1, ]
=2%(1,uly,)
VA AAA =20,
(AAA) (AAA) =15 —>(2)

L.H.S=R.H.S

=@
Hence, AA; is a Bi orthogonal — Bi matrix
Theorem 2.10

Let A; €C, . If Agis a Bi orthogonal — Bi matrix, then iAg is a Bi orthogonal — Bi matrix.

Proof

Given that Ag is Bi orthogonal — Bi matrix.
That is,

AR AR = A A A =1
L.H.S AAAA =1,

(iR ) (IAA) =[I(A UA)AUA)I(AUA)AUA)T
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=[IAA UIAA J[IAA UIAA ]
=[IAA VIAA[IATAT VIATAT |
=[(aa)(iaAT) ol () (A AT) ]
=[PAAATAT |U[PAAAA ]
=l ul,
(IAA)(IAA) =1 -
RH.S A AAA =g
(IAA) (IAA)=[I(AUA)AUA)] [I(AUA)AUA)]
=[IAA UIA AT TIAA UIAA ]
=[IATAT VIATAT [IAA UiAA ]
=[(IATAT)(IAA) o] (IA AT )(iAA, ) |
L

=[PATATAA |U[IPAAAA, |
=l ul,

(iAA) (IAA)=1, —(2
LHS=R.H.S
1M=0©

(AP ) (AA) = (IAA) (AA) = g
Thus, iAgis Bi orthogonal — Bi matrix.
Theorem 2.11

A square bimatrix Ag is Bi orthogonal — Bi matrix if and only if A,ALALA, = AAAA =1,

Proof
If Ag is a Bi-orthogonal — Bi matrix.

Then A;=A;' and
AAAIA, = AATATA,
=(AUA)AUA)(AUA)(AUA)
=(AUA)ATUAY(ATUAT(AUA)
=(AAT)(A'A)U(AAT)(AA)

=1,ul,
AR A A =1
Conversely, if ~ ALALALA, =1, thenalso

NAAA =A(A) (A) A
(MAAA)
[(AUA) (AUA)AUA)AUA)
(A UA)(ALA)AUA)A UA]
[ATAAATUATAAA]
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=[AAAATUAAAA
=lul,
=1,
Hence,
A=A
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