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The fixed point theory is very important and useful in 

mathematics because of its application in various areas 

such as variation and linear inequalities approximation 

theory physics and computer science. the Banach 

contraction principle [3] is very  popular and effective tool 

in solving  existing literature of fixed point theory contain 

a great no of generalizations of Banach contraction 

principle by using different  form of contraction condition 

in various space but majority of such generalization are 

obtained by improving underlying contraction condition  

which also includes contraction condition described by  

rational expressions. In 2011 Azam et al [2] introduce the 

notation of complex valued metric space and established 

some fixed point results for pair of mapping for 

contraction condition satisfying a rational expression 
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Definition 1.6:[6] An element (x, y) Є X   is called a 

coupled fixed point of T: X   X   X if                                   

x =T(x, y)   , y =T(Y, x) 

Definition 1.7:[6] An element (x,y) Є X   is called a 

coupled coincidence  point of , T: X   X   X   if S(x,y) 

=T (x,y) , S(y,x) =T(y,x) 

Definition 1.8:[6] An element (x,y) Є X   is called a 

common coupled fixed point of   S, T: X   X    X if   x = 

S(x,y) =T (x,y),  y = S(y,x) = T(y,x) 

In 2012,Wardowski [11] introduced a new concept of 

contraction, and he proved a fixed point theorem which 

generalizes the Banach contraction principle.Later 

on,Wardowski and Van Dung [10] gave the idea of F-

weak contraction and proved a theorem concerning F-

weak contraction.Afterwards, Abbas et al. [1] further 

generalized the concept of F-contractionand proved certain 

fixed point results. Batra et al. [4,5] extended the concept 

of F-contraction on graphs and altered distances. They 

proved some fixed point and coincidence point results by 

illustrating them with some examples. Recently, Cosentino 

and Vetro [7] followed the approach of F-contraction and 

obtained some fixed point theorems of Hardy-Rogers-type 

for self-mappings in complete metric spaces and complete 

ordered metric spaces. Then Sgroi and Vetro [9] extended 

this Hardy-Rogers-type fixed point result for multivalued 

mappings.  

First  we recall the concept of F- contraction ,which was 

introduced by Wardowski [11]  

Let    be the set of all functions F:      satisfying the 

following conditions: 

(F1) F  is strictly increasing; 

(F2) for all sequence {            ,    
   

     if and only 

if                  

(F3) there exists 0      such that                  

Definition 1.9 :[11] Let (X, d) be a metric space. A 

mapping T: X →X is said to be an F-contraction if there 

exist       and a function F Є   such that for   x,y Є X, 

    d (Tx,Ty)   0     + F (d(Tx,Ty))   F (d(x,y))                                                                           

(1) 

Obviously F ( ) = ln (   and F ( ) = 
  

  
 ,for      satisfy 

in the above condition . 

Remark 1.10: From (F1) and (1), it is easy to conclude 

that every F contraction is necessarily continuous. 

Example1.11: [17] Let F:      be defined by F (  ) = 

ln . It is clear that F satisfies (F1)- 

(F3) for any k Є (0, 1). Each mapping T: X →X satisfying 

(1) is an F-contraction such that 

 d(Tx, Ty)     d(x, y) for all x, y Є X, Tx   Ty. 

It is clear that for x, y Є X such that Tx = Ty, the inequality 

d (Tx, Ty)     d(x, y) also holds, i.e.Banach contraction 

principle. 

Wardowski  [11] stated a modified version of the Banach 

contraction principle as follows. 

Theorem 1.12 [11]: Let (X, d) be a complete metric space 

and let T: X→X be an F-contraction. 

Then T has a unique fixed point z Є X and for every x   X 

the sequence {  x} n  N 

converges to z. 

               

Proposition2.1: Let (X,d) be a complete complex valued 

metric space and  T : X   X be a mapping .let        X 

,and defined the sequence     }  by       =S          

=T      for all    . 

Assume that there exists a mapping             [     

such that                 and                  

for all  x,y   X ,then 

                                          

Proof: let all  x,y   X for all     then we have 

                                    

                         . 

Similarly we have  

                                   

                          

Now we prove our main theorem. 

             Let (X,d ) be a complete complex valued 

metric space and T : X   X   X be a mapping. if there 

exists       and   mapping        : X   X   [0,1) such 

that for all  x,y   X : 

(i)    (T(x,y))      (x,y) and    (T(x,y) )     (x,y) 

,                      

(ii) (   +     ) (x, y)   1 

(iii ) d(T(x,y),T(u,v))          + F(d (T(x,y),T(u,v) )   

F(    (x,y) d(T(x,y),x) +    (x,y) d(T(u,v),u)  

                                               +      (x,y)  
                                               

        
) 

  Where F Є     Then T has a unique coupled fixed point. 

Proof:  Choose     ,      X and set    = T (      ),    =T 

(      ), 

... 

      =T (        ),       =T (        ). 

Now from proposition 2.1 
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   + F (d (          )) =    + F (d (T (            ), d (T 

(        )) 

             F (   (     ,     ) d (T (     ,     ),     ) + 

   (     ,     ) d (T (   ,  ),   )  

           +   (     ,      )  
                                                                 

                  

              

) 

                  = F (   (     ,     ) d (   ,     ) +    

(     ,     ) d (     ,   )  

                         +   (     ,      )  
                                                   

              
) 

                  F (   (T(     ,     )) d (   ,     ) +    

T(     ,     ) d (     ,   )  

                         +   T(     ,      )  
                                                   

              
) 

                   =  F (   ((     ,    )) d (   ,     ) +    

(     ,     ) d (     ,   )  

                         +   (     ,      )  
                                                   

              
) 

                  F (   ((  ,  )) d (   ,     ) +    (  ,  ) d 

(     ,   )  

                         +   (  ,   )  
                                                   

              
) 

                  F (   (  ,  ) d (   ,     ) +    (  ,  ) d 

(     ,   )  

+   (  ,   )
                         

              
)     (1) 

As F is strictly increasing, we deduce the following  

∣d (          ) ∣  ∣ (         ) ∣∣ d (   ,     ) ∣+∣

         ) ∣∣d (     ,   ) ∣ 

                              +∣   (  ,   ))∣ ∣
∣                        ∣ 

∣              ∣
 

                        ∣               ∣  ∣             ∣ 

∣d (          ) ∣  ∣   (  ,  ) ∣∣ d (   ,     ) ∣+ ∣

          ) ∣∣d (     ,   ) ∣ 

                              +∣          )∣ ∣             ∣ 

∣d (          ) ∣  ∣ (          ) ∣∣ d (   ,    ) 

∣+∣           ) +   (   ,   )) ∣∣d (     ,   ) ∣ 

 ∣d (          ) ∣   
 ∣          ∣ 

∣                         ∣
  ∣ d (   ,     ) ∣     

= ∣d (   ,     ) ∣      

Consequently, from   (1)        

   + F (d (          ))    F (d (   ,     )) 

Thus  

 F (d (        ))      F (d (    ,  )) -      F (d 

(    ,    )) -       . . .  

   F (d (  ,  )) - n                                                                                                                                      

(2) 

For all n Є  . By taking limit as n    in (2) we obtain  

                      = -                      

   [by (F2)] 

Now from (F3), there exists k Є (0, 1) such that 

        [           ]
                  = 0 

By (2) the following holds for all n Є N 

           
    [              

            
              ]   

              
  [                ) - F (d       ] 

 =                
    0          (3) 

by taking limit as n    in (3) and applying (1) and (2)  

we obtain 

   
   

 n [           ]
  = 0                      (4) 

If follows from (4) that there exists n1 Є   such that  

n [           ]
    1 for all n   n1 . This implies that  

             
 

          (5) 

for all n   n1. Now we prove that    } is a Cauchy 

sequence .For m   n   n1, we have 

            ∑           
   
       ∑

 

    
   
      (6) 

since k Є (0,1) ,then ∑
 

    
 
    converges. Therefore 

          0 as m, n   .thus     } is a Cauchy 

sequence in X. As X is a complete metric space there 

exists x Є X such that       x as n   .First we show 

that z is a Coupled fixed point of T. 

   + F(d (T(x,y),x)     + F(d(,T(x,y),      ) + d(      , x) 

                             =     + F(d (T(       ),T(x,y)) + 

d(      , x) 
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                             =     + F(  d T((       ) ,T(x,y)) + 

d(      , x) 

                              F (    (   ,   ) d(T (   ,   ),   ) + 

   (   ,   ) d(T(x,y),x) 

                                  +    

(   ,   )
                                                           

          

) + d (      , x) 

                           = F (   (   ,   ) d (     ,   ) +   

(   ,   ) d (T(x,y),x)  

                                  +   

(   ,   )
                                                  

          
) + d 

(      , x) 

As F is strictly increasing, we deduce the following  

d (T(x,y),x)    (   ,   ) d (     ,   ) +   (   ,   ) d 

(T(x,y),x)  

                                  +   

(   ,   )
                                                  

          
) + d 

(      , x). 

As n  . d (T(x,y),x) = 0 . 

 Or T(x,y) =  x.  

Similarly we can show that T(y,x) = y. 

Thus T has coupled fixed point. 

Finally we will show that (x,y) is unique coupled fixed 

point of T. 

If possible let (  ,   ) is another coupled fixed point of T 

then we have  

   + F (d(x,   ) =    + F (d (T(x,y),T(  ,   )) 

    + F(d (T(x,y), T(  ,   ))   F(    (x,y) d(T(x,y),x) +    

(x,y) d(T(  ,   ),   )  

                                                       (x,y)  
                                                     

         
) 

                                                    F (  (x,y)  
                            

         
)   

As F is strictly increasing, we deduce the following  

d (T(x,y), T(  ,   ))     (x,y)  
                          

         
 

                                          (x,y)  
               

         
 

  (1 -   )(x,y) d(x,   )   0. 

                      d(x,   )  0. 

 Thus we have       .similarly we can prove        

 Therefore T has unique coupled fixed point. 
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