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Abstract Wardowski introduced a new concept of contraction and proved a fixed point theorem which generalizes

Banach contraction principle. Following this direction of research, in this paper, we prove common Coupled fixed point

theorem which satisfy an F- contractive condition for self mapping in complete complex valued metric space.
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1. Introduction and preliminaries:

The fixed point theory is very important and useful in
mathematics because of its application in various areas
such as variation and linear inequalities approximation
theory physics and computer science. the Banach
contraction principle [3] is very popular and effective tool
in solving existing literature of fixed point theory contain
a great no of generalizations of Banach contraction
principle by using different form of contraction condition
in various space but majority of such generalization are
obtained by improving underlying contraction condition
which also includes contraction condition described by
rational expressions. In 2011 Azam et al [2] introduce the
notation of complex valued metric space and established
some fixed point results for pair of mapping for
contraction condition satisfying a rational expression

Let C be the set of complex numbers and let z;, z,
eC.

Define a partial order S onC as follows:z; < z,

if and only if Re(z;) < Re(z,),
Im(z;) < Im(z,).

It follows that: z; < z, if one of the following
conditions is satisfied:

(1) Re(z,) = Re(z),Im(z;) < Im(z),

(2) Re(z1) < Re(zy),Im(z;) = Im(zy,),

(3) Re(zy) = Re(zy),Im(z;) = Im( z,).

In particular,we will write z; < z, if z;
#* z, and one of

(1), (2) and (3) is satisfied and we will write z; <
z, if only (3) is satisfied.
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Definition 1.1:[2] Let X be a nonempty
set.Suppose that the mapping
d: X X X - C Satisfies:

(@)0 sd(x,y) forallx,y € X and d(x,y)
=0ifandonlyif x=y

(b) d(x,y) =d(y,x) forallx,y €X
(c)d(x,y) Sd(x,z) + d(z,y) forallx,y,z € X.

Then d is called a complex valued metric on X and (X,d) is

called a complex valued metric
space .
Definitionl.2:[2] Let {x,} be a sequence in X and x
€EX.If for everyc€C,with0 < c

there is ny € N such that for alln > ny,d(x,, x)
< c,then x is called the limit of

{x,} and we write lim x, =xorx, 2> xasn

n—-oo

- oo,
Definition 1.3:[2] If every Cauchy sequence is
convergent in (X, d), then (X,d) is called a
Complete Complex valued metric space.
Lemma 1.4:[2]Let (X,d)be a complex valued

metric space and {x,} a sequence in X,
Then {x,} converges to x if and only if |d( x,, x)| =
Oasn — oo,

Lemma 1.5: [2]Let (X, d) be a complex valued
metric space and {x,} asequence in X.Then

{x, }is a Cauchy sequence if and only if |d (x,, Xpim )|
-0 asn —» o where m,n€ N.

© 2019, IJREAM All Rights Reserved.



coupled fixed point of T: X x X - X if
X=T(X,Yy) ,y=T(Y,Xx)

Definition 1.7:[6] An element (x,y) € XX X is called a
coupled coincidence point of , T: X x X = X if S(x,y)

=T (xy), S(y.x) =T(y.x)

Definition 1.8:[6] An element (x,y) € XX X is called a
common coupled fixed pointof S, T: X x X - Xif x=

S(x.y) =T (xy), y=S(y.x) = T(y.x)

In 2012,Wardowski [11] introduced a new concept of
contraction, and he proved a fixed point theorem which
generalizes the Banach contraction principle.Later
on,Wardowski and Van Dung [10] gave the idea of F-
weak contraction and proved a theorem concerning F-
weak contraction.Afterwards, Abbas et al. [1] further
generalized the concept of F-contractionand proved certain
fixed point results. Batra et al. [4,5] extended the concept
of F-contraction on graphs and altered distances. They
proved some fixed point and coincidence point results by
illustrating them with some examples. Recently, Cosentino
and Vetro [7] followed the approach of F-contraction and
obtained some fixed point theorems of Hardy-Rogers-type
for self-mappings in complete metric spaces and complete
ordered metric spaces. Then Sgroi and Vetro [9] extended
this Hardy-Rogers-type fixed point result for multivalued
mappings.

First we recall the concept of F- contraction ,which was
introduced by Wardowski [11]

Let F be the set of all functions F: RT — R satisfying the
following conditions:

(F1) F s strictly increasing;

(F2) for all sequence { @, } € R* , lima,, = 0 if and only
if lim,_, F(a,) =—x n->°°

(F3) there exists 0< k < 1 such that lim,_,+a* F (a) = 0

Definition 1.9 :[11] Let (X, d) be a metric space. A
mapping T: X —X is said to be an F-contraction if there
exist 7 € R*and a function F € F such that for v x,y € X,

d (Tx,Ty) > 0= 7+ F (d(Tx,Ty)) < F (d(x,y))
1)
Obviously F (a) = In (a) and F (a) = :/—; fora > 0 satisfy
in the above condition .

Remark 1.10: From (F1) and (1), it is easy to conclude
that every F contraction is necessarily continuous.

Examplel.11: [17] Let F: Rt - R be defined by F (a ) =
Ina. It is clear that F satisfies (F1)-

(F3) for any k € (0, 1). Each mapping T: X —X satisfying
(1) is an F-contraction such that

d(Tx, Ty) < e "d(x, y) forall x, y € X, Tx # Ty.
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It is clear that for x, y € X such that Tx = Ty, the inequality
d (Tx, Ty) < e~*d(x, y) also holds, i.e.Banach contraction
principle.

Wardowski [11] stated a modified version of the Banach
contraction principle as follows.

Theorem 1.12 [11]: Let (X, d) be a complete metric space
and let T: X—X be an F-contraction.

Then T has a unique fixed point z € X and for every x € X
the sequence {T™x} n eN

converges to z.
2.Main Result:

Proposition2.1: Let (X,d) be a complete complex valued
metric space and T : X — X be a mapping .let x, € X
,and defined the sequence {x,} BY xX5,41 =SXx2n X2n42
=Tx,,4, foralln > 0.

Assume that there exists a mapping 42: X x X — [0,1)
such that A(TSx,y) < A(x,y)and A(x,STy) < A(x,y)
for all x,y € X ,then

Axzn, y) < A(xg,y) and A(x, Xzn41) < A(x,x1)

Proof: let all x,y € X for all n > 0 then we have

Axon,y) = AT Sx2p-1,Y) < Axon_2,¥) =
A(TSXZTL—AI' y) < < A(xo'y) .

Similarly we have

A0, Xane1) = A0 TSXn_1) < A(X, X20-1)
= A(x! Tstn—3) < < /‘l(x' xl)

Now we prove our main theorem.

Theorem 2.2: Let (X,d ) be a complete complex valued
metric space and T : X x X — X be a mapping. if there
existst > 0 and mapping 4,4, 6 : X X X = [0,1) such
that for all x,y € X:

() 2(Txy) = A(xy)and u(T(xy)) < p(xy)
O6(T(xy)) =6(xy)

(i) (A+u+68)(xy) <1

1) d(Txy), T(uVv) >0 =1 +Fd (T(Xy),T(u,Vv)) s
F( A () d(T(x,y),x) + @ (x,y) d(T(u,v),u)

+ 5 (xy)
d(T(x,y),w),d(T(u,v),x)+d(T(x,y),x)d(T(u,v),u) )

1+d(x,u)
Where F€ F Then T has a unique coupled fixed point.

Proof: Choose x,,y, € Xandset x; =T (xo,¥0 ), ¥1 =T
(y()! Xo )l

Xon+1 =T (X2n Yon )s Yans1 =T (Vons X2n )-

Now from propaosition 2.1
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T +F(d (xzn, Xan41)) =T + F(d (T (20-1, Y2n—1 ), d (T
(xan yZn ))

S F (4 (2n-1.Y2n-1) A (T (X2n-1,Y2n-1)X2n-1) +
B (X2n-1,Y2n-1) A (T (X2n,Yn):X20)

+6 (X2n-1) Yan-1)

d(T(r2n-1.Y2n-1).%2n),d(T(x2n.Y2n)x2n-1)+d(T(X2n—-1.Y2n-1) X2n-1)
d(T(xX2n.Y2n)X2n)

1+d(Xz2n—1.X2n)

=F (A (x2n-1Y2n-1) d (X2n:Xon-1) + U
(*2n-1,Y2n-1) d (X2n41,%2n)
+6 (X2n-1, Yan-1)
d(x2n,%2n),.d(X2n+1,X2n-1) +d(X2n,X2n-1)d(X2n+1.X2n) )
1+d(x2n-1,X2n)
S F (A (T(x2n-1,Y2n-1)) d (X2nX2n-1) + U
T(x2n-1Y2n-1) d (X2n41,%2n)

+6 T(x2n-1, Y2n-1)
d(x2nx2n),d(X2n+1.%2n-1) +d(X2nX2n-1)d(X2n+1.%2n) )
1+d(x2n-1,X2n)

= F (A ((x2n—2:Yn-2)) d (X2n,Xon—1) + 1
(X2n-2,Y2n-2) 4 (X2n41,%2n)

+6 (X2n-21 Yan—2)
d(x2nx2n),d(X2n+1.%2n-1) +d(X2nX2n-1)d(X2n+1.%2n) )
1+d(x2n-1,X2n)

S F (A ((x0,¥0)) d (X20,X2n-1) + 1 (x0,¥0) d
(X2n+1:X20)

+6 (%0, Yo)
d(x2n%2n),d(X2n+1.%X2n-1) +d(X2nX2n-1)d(X2n+1,%2n) )
1+d(x2n-1,X2n)

S F (2 (x0,Y0) d (X2n,X2n-1) + 1 (x0.¥0) d
(X2n+1:X20)

d(x2nx2n-1)d(*2n+1.X2n)
+ )
8 (%0, o) 1+d(Fan_1%2m) ) (D)

As F is strictly increasing, we deduce the following

1d (X2n) X2n41 ) IS T (A (X0, ¥0)) 11 d (X20,X20-1) 1+
© (%0, ¥0)) 11d (X2p41,%27) |

ld(x2n.%2n-1)d(X2n+1.X2n)!
+ 8 (x0, o))l =10 YR
11+d(2xpn—1,X20)|

|1+ d(x2n-1,%2n) 121 d(Xzn_1, X20) |

ld (X2n) X2n41 ) [< 14 (x0,¥0) 11 d (20, %20-1) 1+
# (%0, ¥0)) 11d (X2p41,%21) |

+16 (x0, Yo 1 d(Xzn 41, X20) |

1d (x2n, X241 ) I<1 (A (x0,¥0)) 11 d (X210, %n-1)
I+1(1 (x0,¥0) ) + 6 (0, ¥0)) 11d (x2741,%275) |
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| A (x0,¥0)!
[(1= p (x0,¥0)— 6 (x0,¥0) |

Id (X200, X204 ) | < Id (xzpnX2n-1) |

= 1d (x2n.X2n-1) |

Consequently, from (1)

T +F(d (%20 X2n+1 ))< F (d (x20,%20-1))
Thus

F(d(n xn41)) < F{d(xp-q20)) -7 < F(d
(xn—len—l)) -21<

<F(d (1)) -N7T
)

For all n € N. By taking limitas n — oo in (2) we obtain

limn—»oo F (d (xnt xn+1)) -0 lirnn—mo d (xnrxn+1) =
0 [by (F2)]

Now from (F3), there exists k € (0, 1) such that
limn—»oo [d (xnt xn+1)]k F (d (xn' xn+1)) =0

By (2) the following holds for alln € N

d (xn' xn+1)k F [d (xnt xn+1)) -
d (X, X)) F (d (g, xo)]

<d (xn'xn+1)k [F (d (x,x;) — nt) - F (d(xg, x1)]
=—ntd (xn'xn+1)k <0 (3)

by taking limit as n — oo in (3) and applying (1) and (2)
we obtain

lim n [d (¥, ¥p41)]* =0 (4)
n—-oo
If follows from (4) that there exists n; € N such that

N [d (xp, Xp4+1)]% < 1 for all n > ny This implies that

1
d (xp, Xn41) < ni/k (5)

for all n > n; Now we prove that {x, } is a Cauchy
sequence .For m > n > n;, we have

- — 1
d (xm:xn) = Zﬁnl d (xi' xi+1) = Z?;nlm (6)

since k € (0,1) ,then Z?‘;ni% converges. Therefore

d(x,, x,) = 0asm, n - oo.thus {x,} isa Cauchy
sequence in X. As X is a complete metric space there
exists x € X such that x,, — xas n — oo.First we show
that z is a Coupled fixed point of T.

T +F(d(Txy).x)=s T + FA(TXY), X2n41) + d(xzne1 5 X)

=1+ F(d (T(x2n! yZn)vT(le)) +
d(xzn+1 4 X)

© 2019, IJREAM All Rights Reserved.



=71+ F( d T((Xan yZn) IT(va)) +
d(x2n+1 , X)

sF ( A (x2n1y2n) d(T (xanYZn)len) +
u (XZHIYZn) d(T(le)’X)

+ 94
V(T (r2n,.Y20).%),d(T(x,Y),X20) +d(T(X20,Y2n) X2n) d(T(X,y) X)

Xons
(X2n+Y2n) 1+d(tpn)

)+ d (xz2n41, %)

=F (A (x2n:Y2n) d (x2p41,%20) + 1
(%2n,¥2n) d (T(X,y),X)

+6

d(x2n+1.X)d(TXY)X2n),+d(X2n+1,%20)d(T(Xy),X) ) +d
1+d(xan.%x)

)
(xanyan

(X2n+1 4 X)

As F is strictly increasing, we deduce the following

d (TXY).X)S A (X2n:Y2n) A (X2n41:%2n) + 1 (X21,Y20) d
(T(y).x)

+6
14Cr2n 41 X)d(T(y).Xom) +d(ans 1. X20)d(TGEYX)
(*2n:Y2n) 1+d(xzn.%) )*d
(*2n+1 4 X)-

Asn— oo. d (T(X,y),Xx)=0.

Or T(x,y) = x.

Similarly we can show that T(y,x) = .
Thus T has coupled fixed point.

Finally we will show that (X,y) is unique coupled fixed
point of T.

If possible let (x*, y*) is another coupled fixed point of T
then we have

T+ R x) =7 +F(d(Txy). T y")

T +F(d (Ty), T(x" y7)) = F( A (xy) d(T(x,y).x) + u
(x.y) d(T(x", y7), x7)

+§ (Xy)
d(Txy)x"),d(T(x",y")x)+d(Txy),x)d(T(x"y")x") )
1+d(x,x*)
SF((xy)

d(T(X.y).x*).d(T(X*,y*),X)+0)
14+d(x,x*)

As F is strictly increasing, we deduce the following

d (T(X,Y), T(x*, y*)) < 6 (X,y) d(T(x.y),x*),d(T(x*.y*).x)

14+d(x,x*)
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d(xx"),d(x" %)
1+d(x,x*)

s 6 (xy)

1-6)xy)dx x*)s0.
d(x, x*)=0.
Thus we have x = x*.similarly we can prove y = y*.

Therefore T has unique coupled fixed point.
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