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Abstract: In this paper, a class of 2-step fourth order rational multi-step methods (RMMs) that are based on rational

interpolating functions has been presented to solve delay differential equations (DDEs). The delay argument is

approximated using Lagrange interpolation. The local truncation error and stability analysis of these methods are

presented. The efficiency of these methods has been compared through three numerical examples of stiff and non-stiff

DDEs with constant delay, time dependent delay and state dependent delays.
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I. INTRODUCTION

Delay differential equations play a vital role in control
systems [1], population dynamics [2], chemical Kinetics [3]
and in several areas of science and engineering. The nature
of many models in differential equations are ‘stiff’. Also,
most of the problems are stiff in some intervals and non-
stiff in other intervals. Solving non-stiff problems with
stiff methods is very expensive, whereas non-stiff methods
are more suitable for this purpose. Therefore, we need an
efficient technique that are suitable for solving stiff and
non-stiff problems.

In recent years there has been a great interest in finding the
numerical solutions of DDEs. Some of the notable
numerical methods are Homotopy perturbation method [4],
Adomian decomposition method [5], Block method [6],
combination of Laplace and variational iteration method
[7], RKCeM method [8] and one step rational method [9].

There are many techniques used to solve stiff delay
differential equations. Some of them are linear multi-step
method [10], Chebyschev method [11], Parallel two-step
ROW method [12] and one-step polynomial method [13].

Several multi-step techniques using different interpolating
polynomials and functions have been developed to solve
ODEs. Simeon [14] proposed nonlinear multi-step
methods for IVPs based on inverse polynomial scheme.
Okosun and Ademiluyi [15] developed two-step second
order inverse polynomial methods for integration of
differential equations with singularities. Teh Yuan Ying
[16] derived a new class of rational multi-step methods for
solving IVPs.

In this paper we present a class of 2-step fourth order
multi-step methods based on rational interpolating
functions discussed in [14], [15] and [16]. Throughout the
paper we have denoted these rational multi-step methods
as RMM1, RMM2 and RMM3. The local truncation error
and stability analysis for each method are presented. The
numerical examples are provided to compare the
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efficiency of these methods.
I1. CONSTRUCTION OF RMM1
Consider the first order DDEs with delay 7,

YO =fty®,yt-0), t>t
y() = @), t<t @)
where ®(t) is the initial function and t = (¢, y(t)).

For 2-step fourth order RMM1, we assume an
approximation to the analytical solution y(t,.,) of (1)
given by
_ A
Ynt+2 = 714_2;{:1171,,”- ,

1+X%.bih/ =0 (2
where A, b;, (j=1,2,3,4) are parameters that may contain
approximations of y(t,,) and higher derivatives of y(t,,).

With RMML1 in (2) we associate the difference operator L
defined by

Lly(®); hlgmm1 = ()’(t + Zh)) X (1 + Z?=1 bjhj) -4
3)

where y(t) is an arbitrary, continuous and differentiable
function.

Expanding y(t + 2h) as Taylor series and collecting terms
in (3), we have

Lly(®); hlrmmr = Coh® + Cih* + -+ + Csh® + -
4)

where C;, i =0,1,...,5 are the coefficients that need to be
determined.

Expanding y(t + 2h) into Taylor series, (3) becomes
Lly(®); hlpumr = —A +y(©) + h(byy(®) + 2y (1))
+h2(2byy’ (t) + 2y" (t) + by (1))
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+h3 <2b1y"(t) + gy”’(t) +2byy'(t) +
bs)’(t))

+h <2b2y”(t) +2byy" () + 2y @ (1) +
2b3y'(t) + b4y(t))

+hS (% YO (&) + 2b3y" (£) + 2b4y' () +

2hoy"(©) + 25y (©)

+o(h®) (5)
Comparing (4) and (5), we have
Co=—-A+y(),

C, = byy(t) +2y' (1),
C2 = 2byy' (1) +2y"(6) + byy(0),
C5 = 2byy"(6) + 59" (8) + 2byy' (£) + b3y (®),

Cy = 2byy" () +2byy"" () + 2y (8) + 2b3y' (1),

’ (€] " "
8y @y (© _ 16y (t)y ()
3y(®) 3y@®

4
Cs = Ey(s)(t) -

s2(y'©)° N 18(y'©) "' (©) N 24(y" ) ¥'®

@) 3(v()* (r®)°
3
6 ! n
_s4(y' ) v ®)
(y®)
For fourth order RMM1, we put ¢, =¢, = ...= ¢, =0in (6)
and get the following solutions:
A=y(),
_ —2y'(®
==
n ! 2
b, = — 2y (1) |, 4 (®)

y(t) )2’
b, = 'O _o"©®) 80 @)
3 ()2 3y(t) w3’
_ 16y’ @) | 40" @)? | 160y’ (t)*
HEEGR ) oe)*

_2yWe) 240/ @)%yr(t)
3y(t) CIOE

) v m
8y®y () _ 16y )y (t)
3y(®) 3y(®)

and Cs = %y(S)(t) -

s2('®)°  48(y’'®) y"© | 24(y"®) ¥'®)

o) 3(y(®)° ®)*
ey )Y@
)’
(M

If we write y, = y(t,) and y™ = y™(¢,) for m=1,
2,..., then (7) becomes
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3

_ sya/vn" 4" 8(yn)

b3 - 2 - - 3
Yn 3yn Yn

b, = 1o’y 40w | 160n0¢ 297 240w "
.=

+
3yn? Yn? yn* 3Yn n?
8
and
CS =
4 sy 8y 16y"yn | 3207))° n 48Oy |
157 n 3y 3y, 4 3¥n?
n n (yn) n
24(3’71”)23’71’ _ 64(3’71’)33’71"
Yn? n®

Substituting (8) in (2), we get

— 33’n5
Yn+2 = 3ynt—6hyn3yn'+h2(=6yn" yn3+12yn2(yn")?)
+h324yn yn' yn? =4y """ yn3-240m")3yn)
+h4(1GYnIYn”’Ynz+12(3’n”)ZZVn2+48(Yn’)4>
_23’n(4)Yn3_72(3/n’)237n”

9)
The local truncation error (LTE) of RMML1 (2, 4) is given
by

' (4) noom
_ 35 4. (5) _8,yn" 16y, y,
LTEgym1(2,4) = h (15}’n Taym 3y +

IN-) ’ " " ’
32(y,) +48(yn)2yn 4 240 )
n)* 3y, v,
64(y ')3y "

n n 6
3 )+ o(h)

111.CONSTRUCTION OF RMM2

For 2-step fourth order RMM2, we assume an
approximation to the analytical solution y(t,.,) of (1)
given by

Yniz = Qo+ a5 — (10)

where a; for i=0,1,...,5 are parameters that may contain
approximations of y(t,,) and higher derivatives of y(t,).

The simplified version of (10) is
P(aj,h)
Q(ajhy’

Yn+2 = Qo (11)

where P(a;, h) and Q(a;, h) are functions that contain the
parameters a; for j = 1,2, ...,5.

With RMM2 in (11) we associate the difference operator L
defined by

Lly(®); hlgumz = (¢ + 2h) = ag) x Q(a;, h)
—P(a;, h) (12)

where y(t) is an arbitrary, continuous and differentiable

A=y, function.
b, = Lyn', Expanding y(t + 2h) as Taylor series and collecting terms
In in (12), we have
2yn"’ 4’(1Vn’)2
b, = —=——+
2 Yn + yn?
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L[y(t); h]RMMZ = Coho + Clhl + cee + Cshs + b
(13)

where C;, i =0,1,...,5 are the coefficients that need to be
determined.

Expanding y(t + 2h) to Taylor series, (12) becomes
LIy(); hlgmmz = —ao + y(¢)

+h(_a1 — Qpa; — Qa3 — AgQy +
azy(t) + azy(t) + azy(©) + 2y' (1))

+ hz(_a1a3 — aA1a4 — AgAy04 +
axa,y(6) + 2a,y' () + 2a3y'(6) +
2a,y"(£) + 2y" (1))

+ h3 (2a2a4y’(t) + 2a,y"(t) +

203" (0) + 2,y (0) + 2y (©))

+h* (2a2a4y”(t) + gazy”'(t) +

Ly +2ay" (@) + 29 ©)

+h> (g azay"' () + gazy(“)(t) +
2y D (©) + 22y © + £yP©)
+0(h®) (14)
Comparing (13) and (14), we have
Co = —ag +y(t),
Ci = —a; — apQy — agas — agay + ayy(t) + azy(t) +

azy(t) +2y'(t),

CZ =
—a1a3 — A0y — AgAyay + aza,y(t) +
2azy'(t) + 2a,y'(t) + 2y" (1),

2a,y'(t) +

C3 =
2a,0,y'(£) + 2a,y" (€) + 2a5y" (6) +
O}

2a4y"(0) +

C4 =
20204y (6) + S a2y (O) + L agy"' () +
Y9,

a0+

4 nr 2 2
Cs =3 a2asy"" (8) + 5 ay® () + S azy® () +

2 4
;2@ O+ 5yP©

(15)
For fourth order RMM2, we put ¢, = ¢, = ...=¢, =0 in (15),
and get the following solutions.
aO = y(t)l
al = Zy’(t)!
_ _y'w®
TG
30" )22y (®)y""' (1)
a3 = )
3yr(t)yri(t)
a, = 2O @2y O3y Oy Oy (©)
* 30" ()3-6y" (DY (Y (©)
(16)
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and

160y (0) 249" 0y 0y D O +6y' (YD ©)
> 27(y"(®)*~18y' (D" (©)

4,06
5y

If we writt y,=y(t) and y™ =yM(,) for

m=1,2,..., then (16) becomes

Ao = Yn»
!
a; = Zyn ’
_ yn'!
a; = ynl’
_ 3(}’n”)2_2IVnIYnW
as = 33’n’3’n”
4
@ = —4yn' ")+ 3y yn" ¥ 5"
4 3yn" BN =2yn"yn""")
And

3 " " "2 ’
16(y,") =24y, v, v (v, ) +6v, 2 IO

= 27(yn”)2_18yn,ynm Eyn
(a7
Substituting (17) in (11), we get
n2
2h(yn

2h3 (=302 +2yn"yn""")?
Cyn"+hyn)OWR")2~6yn yn' —6hyn" yn " +an2 (y,""")2

4
+3hJ’n’y1(1 )—3h2yn”yn’”)

+

(18)
The local truncation error of RMMZ2 (2, 4) is given by,

LTErpmmz(2,4)

v 2 2
_ s <16(yn"') —24'3/-,1”3/-,1’”3/1(14)()’71”) +63’n’yr(;4) +

27(yn'")%-18yy yn """

4 (5 6
=y )+o(h )

IV.CONSTRUCTION OF RMM3

For 2-step fourth order RMMS3, we assume an

approximation to the analytical solution y(t,.,) of (1)

given by

_ @k K phi

1455, bjn) 1+ Xjz1bjh/ #0
(19)

where a, a,, b, (j=1,2,3) are parameters that may contain
approximations of y(t,,) and higher derivatives of y(t,,).

Yn+2 = Qo +

With RMM3 in (19) we associate the difference operator L
defined by

Lly(t); hlgpums = @(t + 2h) — ap) X (1 + Z?=1 bjhj)
—ah  (20)

where y(t) is an arbitrary, continuous and differentiable
function.

Expanding y(t + 2h) as Taylor series, (20) becomes

© 2019, IJREAM All Rights Reserved.



o L[y(t); h]RMM3 = Coho + Clhl + A + Cshs + b
(21)

where C;, i =0,1,...,5 are the coefficients that need to be
determined.

Expanding y(t + 2h) into Taylor series, (20) becomes
Lly(®); hlrums = —aq + y(t)
+h(—=ay — agh; + byy(t) + 2y’ (1))

+h%(—agb, + byy(t) + 2byy'(t) +
2y" (1))

+h3 (—a0b3 +bay(6) + 2byy'(£) +

261" () + 23" (©))

+h* (2b3y’(t) + 2b,y" (t) +
SAI0)

by (6) +

+hS (2b3y”“) + gbzy”’(t) +

2y00)

2by@(®) +

+0(h®) (22)
Comparing (21) and (22), we get
Co =—ao +y(0),
Cy = —ay; —aghy + byy(t) + 2y’ (D),
C; = —aghby + byy(t) + 2b,y' (t) + 2" (¢),
C3 =

—agbs + b3y (t) + 2b,y’' (t) + 2b1y;’(t) +
gy’”(t)!

Ca = 2b3y' (6) + 2bpy" (8) +3byy"" (0) + 2y @ (),

Cs = 2b5y" () + +5 b2y (©) + by @ (©) + £y O(©)

(23)
For fourth order RMM3, we put ¢, =¢, = ...=¢, =0 in (23)
and get the following solutions:
aO = y(t)’
al = Zy,(t)!
_ ylll(t)
br= =Ty
p, = 307 @)?-2y' Oy (1)
2 30/ (0)2 '
=30 @) +4y' 0y @y -0 2y P ©)
b3 = ! 3
30 ()
and
2((9y""()*-18y" (O (" )y O+4(' )’ "' ())?
Ce = +60' ()2 (y W ()
> 90’ (1)
+=y®O () (24)

If we write y,=y(t,) and ¥ =ym™(t,),
m=1,2,..,then (24) becomes
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Ao = Yn»
!
a; = Zyn ’
_ ynm
bl - 7
Yn

_ 3m"")2=2ym"yn""’
bz -

3(n")? ’
by = —3(yn")3+4yn’yn”?fn”’—(yn")zy§l4)
3n )3
(25)
and
L8 ) A ECA IO RN LY
9(y,)
+= 5

Substituting (25) in (19), we get

Yn+2 = Vn
+ ﬁh(J’n’)4
3(3’n’)3_3h(3’n’)23’n”+3h2}7n’(J’n”)2_3h3 (Yn”)z
—2h2(yp )2y +4R3 Yy yn " yn 1 - h3 (J’n’)ZJ’-,(l4)

(26)
The local truncation error of RMM3 (2, 4) is given by,

LTERum3(2,4)

L <2(9(yn”)4)—18yn'(yn”)zyn'”+4(yn')z(yn”')z+6(yn')2yn”yff) N

9(vn)?
4 5 6
;pé?+0m)

V. STABILITY ANALYSIS OF THE
RATIONAL MULTI-STEP METHODS

Consider a commonly used linear test equation with a
constant delay T = mh, where m is a positive integer,

y'(®) =2y@®) +py(t—1), t>t
y(t) = ¢(t), t<t, 27)
where A,u € C, T > 0 and @ is continuous.

A slight rearrangement of (9), (18) and (26) that
corresponds to RMM1, RMM2 and RMM3 can be written
as

! n 4 nr 2
Vuez = Yn + 2Ry’ + 202y, + 2R3y, + Zhty Y

(28)

Hence we will have same stability polynomial and stability
regions in these methods.

Using (28) in (27), we get
Yn+z = Yo + h(Ayp + 1y (ty — D)
2 (A + ' (6 — )
+2h3 Ay, + uy" (b, — 7))
+§h4(lyn’” +uwy" (6, — 1)) (29)
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Taking y(tn - T) = Zfi_rl LI(C)YH—mHl
y (t - T) = /121__r l(C)Yn—mH
+/-l Zl=—7‘1 Ll(c)yn—2m+ll

Zfi—rl Ll (C)yn—mH )

y (tn - T) = <+M Zl——r (C)yn_2m+l

[,t( AZ[—_rl Ll(c)yn—2m+l )
+u Zl——‘r Li(©)Yn-3m+1
and

/121__r 1(©)Yn-—m+1
) ! A <+# Zl__rl Lz(c)}’n—zm+l> \
im0 =4 AT Li(C)Ynzme
\+ﬂ<+uZl__rl (c)yn_gmH)/
/1( AZZ__TlL (©)Yn—2m+i )
+u Zl=_,«1 Li(©)Yn-3m+1
N ( /12?;_7«1 Li(€)Yn-3m+i )

+u Zfi_rl Li(C)Yn-am+t
(30)

Then (30) becomes
Yn+2 = Yn + Zh(}'yn + #Zl__rl l(c)yn—m+l)

+2h (lzyn + 21.“ Zl——r Ll(c)yn—m+l>
z Zl:"’l Li(©)Yn-2m+1

By + 32050k, Li(©Yn-met
+§h3 +34° YL Li(©)Yn-zmet
+l1 Zl=—r1 Li(€)Yn-3m+1

//13yn +428u3t - Lz(C)J’n—mH\
+622u% Y] 1m—r, Li(©Yn—ami

2 |
+=h*
3 \ +4A.u Zl_—r Li(©)Yn-3m+1 )
+ﬂ Zl:—rl Li(Q)Yn—sm+1

4 2
Yn+2 = Vn + ZAhyn + ZAZthn + EhSYn + §h4yn

+ 2L L) Ynomar (20h + 202 +
4R32u + ShtA%p)

+ Zfi—rl Li(©)yn-2msi Qh?pu? + 4R3 A% +
4h*22u?)

+ Zg—‘q Ll(c)yn—3m+l (é h3'u3 + §h4/1ﬂ3)
+Zl——r1L (©)Yn- 4-m+l( h*u )
Yn+2 = Yn (1 +2Ah + 2(AR)? + E(Ah)3 +§(,1h)4)
+Zl——r Ll(c)yn—m+l <,Uh (2 + 24h +
4(Ah)? +§(/1h)3))
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+ 30, Li(©Yn-2mu((Wh)?(2 + 42k +
4(Ah)%))

TR L(OYnamen (h)* 2+ 220))
+ 2 L) Ynamar (5 @h)*)

Let @ = Ah and B = uh then the above equation becomes

Yz = Yo (1420 + 207 + 20 +2a*)
+ Zfi—rl Li(©)Yn-m+t (ﬁ (2 + 4a + 4a* +
1)
+ 2L Li(©Yn-2me1 (B2 + 4a + 4a?))
+ Zl——r Li(€)Yn-3m+i <.33 G + ga))
+ 2L L)Yt (36Y)

To obtain the stability polynomial, the delay term is
approximated using five points Lagrange interpolation. By
putting

n-m+10=0, n—-2m+1=0, n—3m+1[1=0 and
n—4m+ 1 = 0and by taking | =-1, 0, 1, 2, 3 the stability
polynomial will be in the standard form. When t = 1, the
recurrence is stable if the zeros of (; of the stability
polynomial

S f:0) = (™ = (1+a+2a% +5a® +2a*) ("
—B (2 + 4a + 4a® + §a3) (L_1(c) +
Lo(€)S + Ly ()3 + Lo (0)T® + L (c)¢*)

22+ 4a + 4a®)(L_1(c) + Ly(c)T +
L1(C)(2 + Lz(C)(3 + L3(c)7*)

32 (34 2a) (s (0) + Lo(e)T +
L1 (c)3% + Ly ()33 + L3 (€)dh)

— (3*) (Los(©) + Lo(©)C + Ly ()3 +
Lo(e)7® + Ly(c){®)

satisfies the root condition |§,| <l

Then the stability polynomial for the method is given as
S(a, p:0) = ™2

—(1+0{+20{2 +§a3 +§a4)Z"

— (28 +2p7 +3B° + 2" + 2ap +

4a’B + 4af? + gaﬁ3 +§a3,8 + 4a2,82)

The corresponding stability region is given in Fig. 1.

VI.NUMERICAL EXAMPLES

Problem 1: (Stiff linear system with multiple delays)

»'(@) = _%3’1(0 _%3’2@ -1+ fi(0),

© 2019, IJREAM All Rights Reserved.



Y2 ©) = =y, () =3y: (£ =3) + fo(0),0< £ <1

with initial conditions

IA

y,(t) = e7t/?, %St 0,
y.(t) =e7F, —-1<t<0
1 _4— 1 4
and f1(¢) = Je D fH(1) =-e =172/
The exact solution is

n=e?  ypE)=e™

Problem 2: (Time-dependent delay)

Y'(®) ==y(n@®) - y@®), 1<t<>

with initial condition

y@®) =1,
and the exact solution is

0<t<1
y(t)=exp(t—In(t)—1), 1< tSS

Problem 3: (State-dependent delay)
y'() = cos()y(y(t) —=2), t=0
with initial condition
y(t) =1, t<0
and the exact solution is
y(t) =sin(t) + 1,

By taking h = 0.01 in the above examples, absolute errors
of RMM1, RMM2 and RMM3 are given in Tables 1 — 4.

0<st=s1

VIl. CONCLUSION

In this paper, a class of 2-step fourth order multi-step
methods that are based on rational functions has been
presented for solving delay differential equations. These
methods have been referred here as RMM1, RMM2, and
RMMa. In these methods, three types of rational functions
have been considered for the approximation to the
analytical solution. The local truncation errors of these
methods have been determined. The stability polynomials
of these methods are derived and obtained the stability
region.

Numerical examples of stiff and non-stiff DDEs with
constant delay, time dependent delay and state dependent
delays have been considered to demonstrate the efficiency
of these methods. The numerical results reveal that these
multi-step methods are suitable to solve DDEs. While
comparing the results, it is evident that among these three
methods RMM3 gives more accurate results than the other
two methods. These new class of rational multi-step
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methods are computationally efficient, robust and easy to
implement.
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Table 1 Numerical results of y; in Example 1

Absolute error in

RMM1(2,4)

Absolute error in

RMM2(2,4)

Absolute error in
RMM3(2,4)

0.2

7.477241e-12

9.057603e-07

1.256772e-12

0.4

1.353173e-11

1.639131e-06

2.274514e-12

0.6

1.836631e-11

2.224719e-06

3.086975e-12

0.8

2.215772e-11

2.684011e-06

3.724354e-12

1.0

2.506262e-11

3.035740e-06

4.212297e-12

Table 2 Numerical results of y,in Example 1

Absolute error in

RMM1(2,4)

Absolute error in

RMM2(2,4)

Absolute error in
RMM3(2,4)

0.2

3.258821e-04

3.324783e-04

3.258823e-04

0.4

5.616800e-04

5.724818e-04

5.616803e-04

0.6

7.266744e-04

7.399408e-04

7.266748e-04

0.8

8.363701e-04

8.508532¢-04

8.363705e-04

1.0

9.032073e-04

9.180306e-04

9.032077e-04

Table 3 Numerical results of Example 2

Absolute error in

RMM1(2,4)

Absolute error in

RMM2(2,4)

Absolute error in
RMM3(2,4)

1.1

1.450523e-06

9.578036e-06

3.780994e-07

1.2

2.364011e-06

8.026518e-06

3.903088e-08

13

2.344030e-06

8.412107e-06

9.991727e-07

14

7.831233e-07

1.191906e-05

2.729523e-06

15

5.960803e-06

6.830788e-06

3.626918e-06

Table 4 Numerical results of Example 3

Absolute error in

RMM1(2,4)

Absolute error in

RMM2(2,4)

Absolute error in
RMM3(2,4)

0.2

1.087553e-08

4.874883e-07

6.554333e-09

0.4

1.783060e-08

5.461268e-06

8.342122¢-09

0.6

2.660190e-08

3.580044e-05

8.551573e-09

0.8

2.957885e-08

2.319097e-04

1.155962e-08

1.0

1.841471e-07

8.937141e-04

3.236336¢e-08
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Fig. 1. Stability region for 2-step fourth order RMM:s.
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