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Abstract: COM-Poisson process is a generalization of Poisson process. In this paper, COM-Poisson Pascal process, 

which is a compound COM-Poisson process with negative binomial distribution as a compounding distribution, is 

defined and its properties are studied. The traffic accidents and fatalities data are analyzed to find the total number of 

fatalities during various time interval. 

Keywords — Poisson process, Pascal (Negative Binomial) distribution, COM-Poisson process, COM-Poisson Polya-Aeppli 

process, COM- Poisson Pascal process.  

  

I. INTRODUCTION 

Poisson process plays a major role in analyzing counting 

data. As its mean and variance are equal, it is most suitable 

for equi-dispersed data. When the equality of mean and 

variance fails, the data becomes either under dispersed or 

over dispersed. If the data is over dispersed, the 

interpretation and decision using Poisson distribution may 

lead to wrong conclusion. 

Lenden & Mantyniemi [6]  used the negative binomial 

distribution to model over dispersion in ecological count 

data. Minkova[8] described heterogeneous insurance data 

type using Polya-Aeppli distribution. This is a 

generalization of count model by adding a new parameter 

to number of counts into the negative binomial 

distribution. It is a compound distribution.  

Let   be a counting variable. Let                 be a 

sequence of independent and identically distributed 

positive random variables independent of   with common 

distribution. The distribution of the random variable 

                     with       if       is called 

a compound distribution. The distribution of N is called 

primary distribution and the distribution of    is called 

secondary distribution or compounding distribution. If   

follows Poisson distribution, the distribution is called 

compound Poisson distribution. 

The probability mass function of Polya-Aeppli 

distribution[3]  is 
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    In 2007, Meintanis [7] fitted certain bivariate 

distributions to traffic accidents data. 

In 1952, the Poisson - Pascal distribution was 

introduced in the context of the spatial distribution of 

plants by Skellam[15], who called it a generalized Polya-

Aeppli distribution. 

The probability mass function of Poisson - Pascal 

distribution[3] is 
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In 2004, Minkova[8] defines the compound Poisson 

process with geometric compounding distribution and  

applied this process  in  risk models and ruin problems. 

The corresponding counting process is called a Polya - 

Aeppli process. 

The probability mass function of homogeneous Polya-

Aeppli process[8] is 

                

              ∑
 

  

 

   

(
   

   
) (          )

 
     

                                             

The probability mass function of homogeneous Poisson 

- Pascal process is 
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COM-Poisson Pascal Distribution [9] which is a 

combination of COM-Poisson and negative binomial 

distributions.  

The probability mass function of   is 
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The probability density function of COM-Poisson 

process [10] is  

          
     

     

 

       
                   

In this paper, COM-Poisson Pascal process is defined and 

its properties are studied. The traffic accidents and 

fatalities data are analyzed using COM-Poisson Pascal 

process. 

This paper is organized as follows: In section 2, COM-

Poisson Pascal process is defined and some of its 

properties are studied. In section 3, traffic accidents and 

fatalities data are analyzed. Section 4 concludes this paper. 

 

II. COM-POISSON PASCAL PROCESS 

2.1 Probability density function 

 

Assume that there are    independent random 

variables in the interval [   ]of the form  , and    

denotes the sum of these random variables. 

(ie)                                          
 

 COM-Poisson Pascal process is derived by assuming 

that  

(i)   denotes the number of objects within a cluster 

and   follows Negative binomial (Pascal) distribution 

with parameters    and  .  

(ie)             

(ii)     denotes the number of clusters in the interval 

[   ] and    follows COM-Poisson process with 

parameters    and    

(ie)                      

This random variable,    formed by compounding 

these two random variables   and    gives the COM-

Poisson Pascal process with parameters         and  . 

 

1.  The probability generating function of X is, 

                                ….. (2.1.1) 

        where          . 

2. The probability generating function of COM-

Poisson process is 

                    
     

        

        
                                          

                                                 …... (2.1.2) 

 

The probability generating function of the random 

variable   can be derived as follows 
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Collecting the coefficient of    in the above series we 

get  
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The probability mass function of   is 
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                                                             ….  (2.1.3) 

 

where                              

 

2.2 Special cases 

 

1. Replacing     by 1 ,   by 
 

   
    by  

  

 
 in equation 

(2.1.3), the PGF of COM-Poisson Polya-Aeppli 

process is obtained as 

 (
        
      

  )

       
 

2. When         from equation (2.1.3), we get 

Generalized Polya-Aeppli (Poisson-Geometric) 

process with PGF 

      [          ]  

3. Replacing   by 1    by 1 ,   by 
 

   
    by 

  

 
 in 

equation (2.1.3), the PGF of Polya-Aeppli 

process  
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2.3 Limiting cases of the COM-Poisson Pascal 

Process 

 

1. When             , from equation 

(2.1.3), we get COM-Poisson Neyman Type A 

process with PGF 

 (      (      ))  

       
 

2. When                   , from 

equation (2.1.3), we get  Neyman Type A process 

with PGF 

   [                 ] 

   2.4 Mean and variance of COM-Poisson Pascal 

Process 

The mean and variance of the distribution are given by 
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III. DATA ANALYSIS 

In this section, two sets of traffic accidents and 

fatalities data are analyzed 

3.1 Data set 1 

The following table gives the total Sunday accidents 

(left entry) and the corresponding number of fatalities 

(right entry) recorded in the Groningen region for each 

month during the years 1997-2004 [6] 

 

Month 1997 1998 1999 2000 2001 2001 2003 2004 

January 6 0 6 0 13 1 11 0 8 0 8 0 11 4 2 0 

February 10 0 10 1 7 0 4 0 8 1 8 0 9 0 2 0 

March 7 0 13 4 8 0 10 0 6 0 12 0 9 0 3 0 

April 11 0 5 0 14 1 15 1 9 0 10 1 7 1 1 1 

May 12 0 17 2 13 0 18 0 13 2 11 0 12 1 5 0 

June 21 1 19 0 14 0 21 1 12 3 12 1 13 0 7 2 

July 15 0 10 0 14 0 11 1 10 2 4 0 8 0 1 0 

August 11 1 11 1 10 0 8 0 9 0 14 1 6 0 5 0 

September 7 0 11 0 7 0 9 0 22 1 16 1 7 0 8 1 

October 11 2 13 1 16 1 14 0 15 1 8 1 6 1 2 0 

November 15 1 17 1 13 0 13 0 6 0 9 1 11 1 1 0 

December 5 0 7 0 10 1 11 0 10 0 8 0 5 0 2 0 

 

Let Y be the number of Sunday's that accidents occur in 

Groningen between the years 1997-2004.  

              be the number of fatalities of     accident 

and   be the total number of fatalities from the year 

1997 to 2004. 

Assuming that the number of accidents follows COM-

Poisson distribution, the estimated values of    and   are 

                respectively. 

 

Fitting the Negative binomial distribution to the 

number of fatalities, the parameters are obtained as  

                 

Therefore total  number of fatalities at time t follows 

COM-Poisson Pascal process follows with parameters 

                       and       .  

The following figure shows the probabilities of total 

number of fatalities at time t for various t. 
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3.2  Data set 2 

Here the data is taken from fatal crashes and fatalities 

calendar 2016 of Texas department of transportation, 

Austin. The one day accidents (left entry) and the 

corresponding number of fatalities (right entry) for each 

month during the years 2016. 

 

Let   be the number of day's that accidents occurred at the 

year 2016.               be the number of fatalities of 

    accident and   be the total number of fatalities from 

January 2016 to December 2016. 

 

Assuming that the number of accidents follows COM-

Poisson distribution, the estimated values of         are  

                respectively. 

Fitting the Negative binomial distribution to the number of 

fatalities, the parameters are obtained as           

       . 

Therefore total  number of fatalities at time t follows 

COM-Poisson Pascal process follows with parameters 

                        and          .  

The following figure shows the probabilities of total 

number of fatalities at time t for various t. 

 

As both the data sets are over dispersed, COM-Poisson 

Pascal process will be more suitable than the Poisson 

Pascal process. 

For the above data sets 1& 2 , when time interval with 

length t increases the probable range of total number of 

fatalities increases. Hence more number of preventive 

steps have to be taken to save the lives of people by 

identifying the actual causes of accidents. 

IV. CONCLUSION 

In this paper, COM-Poisson Pascal process is defined 

and its properties are studied. The traffic accidents and 

fatalities data are analyzed using this process. It is shown 
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that COM-Poisson Pascal process is better than compound 

Poisson process as for as these data are concerned. 
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