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Abstract - Outer Sum labeling of a graph G s a labeling of a graph G is an injective function f from vertex set of
Gto Z" with the property that for every vertex VeV (G) there exist a vertex WeV(G) such that

f(w)= Z) f(u), where N(v)= {X:VX € E(G)}. A graph G which admits an outer sum labeling is called an

ueN(v
outer sum graph. If the graph G is not an outer sum graph then the minimum of isolated vertices required to make a

graph G an outer sum graph is called outer sum number of G, and is denoted by on(G). In this paper we obtain

outer sum number of a middle graph of path and cycle.
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l. INTRODUCTION

The graph G(V,E) considered here be a simple
connected, finite graph. For any U,V eV(G), d(u,v)
represents the shortest path between U&V. A Sum

labeling A of a graph is a mapping of the vertices of G
into distinct positive integers such that for any

uveV (G) uv e E(G) if and only if the sum of the

labels assigned to U &V equals the label of a vertex W

of G. Insuch case W is called a working vertex. A graph
which admits sum labeling is called a sum graph.

Sum graphs are originally introduced by Harary[2] and
later extended to include al integer in [3]. Sum graphs
cannot be connected graphs. Graphs which are not sum
graphs can made a sum labeling by introducing number of
isolated vertices which can bare the labels required by the
graph. The minimum number of isolated vertices required

by the graph G to support a sum labeling is called sum

number of a graph G and is denoted by O'(G).

A labeling of a graph G is an injective mapping
f:v (G) — Z" . An outer sum labeling of a graph G
with an added property that for every vertex VeV (G)

there  exists a WeV(G) such  that

f(w)= > f(u), where N(v)={x:vxeE(G)}

ueN(v)

, A graph G which admits outer sum labeling is called an
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outer sum graph. If G is not outer sum graph then by
adding isolated vertices to G we can make a resultant an
outer sum graph is called the outer sum number of G and

is denoted by ON (G)

1. DEFINITIONS.
1.1 Middle graph

The middle graph of a connected graph G denoted by
M (G) is the graph whose vertex set is

Vv (G) UE (G) where two vertices are adjacent if

i They are adjacent edges of G or
ii. One is a vertex of G and the other is an edge
incident with it.
I1l. SOME KNOWN RESULTS

Theorem 3.1. [4]
A Connected graph G is an outer sum graph if and only if

Gz=K,,.

Theorem 3.2. [4]
F n>3,on(C,) 1 i n=4
ran 29, n)= .
orany 2 otherwise

Theorem 3.3. [4]
Foranytree T on N vertices,
0 if Tis star

on(T) :{ ]
1 otherwise
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Theorem 3.4.[4]
For any positive integer N,

0 if n<2
on(K,)=

n—-1 otherwise
Theorem 3.5. [4]

0 if n=l
on(PrK)=i7 i g
2 otherwise

V. MAIN RESULTS

Theorem 4.1 For any integer on[M (F’n )] =1,

Proof: By Theorem 3.1,
A connected graph G is an outer sum graph if and only if

GzK,,
M(P)#K,, andon(M(P,))21 (1)

To prove the reverse inequality, we define a following
labeling procedure

f()1f()2,f()3

fFlu)="f(vis)+f(v) 2<i<n
)=> N(v,_,)
:ZN(VFZ), 3<i<n-1

Also, we define a neighbourhood sum as follows

N (ul) =f (Vl)

u )+ f(u,)+f(v,)=f(v)
f(v

Vi)=f(viy)+ F (Vi) + f(u)+f(uyy)
=f(v,,), 2<i<n-3
Vor) = F(Uy)+ F(Ups)+ £ (Vo) = F(U)

(
(anZ) =f (Vn—3)+ f (
N(v,)=f(v,,)

From the above labeling procedure, we require one

Vo )+ F(u,,)+ f(uy)

isolated vertex to make M (Pn), an outer sum graph and
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Theorem 4.1 For positive integer n, on[M (Cn )] <3.

Proof: We define a following labeling procedure

f(v)=1, f(v,)=2, f(v,)=4
f(u)="f(v)+f(v), 2<i<n
fu)="F(v,)+f(v)
f(v,)=f(vig)+f(u)+f(uy)+f(viy)
4<i<n

Also, we define a neighbourhood sum as follows

N(u)=f(viy)+f(v)="F(y) 2<i<n

N (u)=f(v,)+f(v)="F(u)
N(v;)=f(vi)+f(u)+f(uy)+f(viy)
=f(v,,), 2<i<n-2

From the above it is clear that neighbourhood sum of three
vertices has been not assigned to any vertices of M (Cn )

therefore at least three isolated vertices required to label

them as follows.
N(V,y)=f(Vo,)+ f(uy)+f(u)+f(v,)

= f(u)

N (Vo) = F (Voa) o F (V) +F (un) + F (w) = F(v)
N(v,)=f(u)+f(u)+f(v,)+f(v,)="f(w)
and hence on(M (Cn)) <3.
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