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Abstract In this paper; the effect of photogravitation (radiation pressure) on the motion of the infinitesimal mass in the 

Sitnikov’s Kite configuration has been studied, under the perturbation of photogravitation, the series solution of the 

equation of motion of the infinitesimal mass has been established by the iteration process of Green’s function. By 

solving the variational equations the effect of photogravitation on the stability of libration points have been checked 

and found stable.  
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I. INTRODUCTION 

Pavanini [10] introduced the problem for the first time as 

the special case of the circular Restricted-three body 

problem (CR3BP) and MacMillan [8] expressed its solution 

in terms of Jacobi elliptic functions. After a long gap of 

almost half century Sitnikov [16] studied the problem in 

detail and proved the existence of oscillating motion of the 

restricted three-body problem. Stumpff [20] re discussed the 

above problem.  Sitnikov’s problem has further been 

studied by many authors. Perdios et al [12] have studied 

stability and bifurcation of Sitnikov motion. Liu and Sun [7] 

have studied the Sitnikov problem without taking the 

original differential equation and discovered an invariant set 

of hyperbolic solutions. 

Hagel [5] has studied the problem by a new analytic 

approach. Faruque [3] has established the new analytical 

expression for the position of the infinitesimal body in the 

elliptic Sitnikov problem. Further by some author’s chaotic 

motion also have been studied. Perdios [11] has studied the 

manifolds of families of three – dimensional periodic orbits 

in the three-body problem. Suraj, Hassan and Bhatnagar 

[21] have averaged the equation of motion of the Sitnikov 

restricted four-body problem under the gravitational forces 

and they further extended the problem when all the 

primaries are sources of radiation.  

Shahbaz Ullah and Hassan [17] have studied the 

connection between three-body configuration and four-body 

configuration of the Sitnikov problem when one of the 

masses approaches zero: Circular case. Further Shahbaz 

Ullah and Hassan [19] have studied Sitnikov cyclic 

configuration of  1n   body problem and Sitnikov 

problem with kite configuration. Rahman and Hassan [13] 

have studied solution and stability of restricted three – body 

problem when the primaries are sources of radiation.  

In the present work, we proposed to study the effect of 

photogravitation on the motion of infinitesimal mass in the 

Sitnikov five-body problem when the primaries form a kite 

configuration. Stability of libration points and Poincare 

section for periodicity has also been examined. 

II. EQUATIONS OF MOTION 

Let the four radiating primaries 
1 2 3 4, ,  and P P P P  of 

masses 
1 2 3 4, , andm m m m   be moving on a common circular 

orbit with Centre at O  (Figure 1) such that 

( 1,2,3,4)iOP R i  . R  is the radius of the common 

circular orbit and an infinitesimal body of mass m  at P  

moving in space in the gravitational field four radiating 

primaries. Also it is supposed that the four primaries 

conserve their positions at the vertices of a central kite 

configuration under the restrictions 
1 3 1 4, andm m m m    are 

arbitrary, 
12 23r r  and 

14 34r r .  

 

Fig. 1 Sitnikov Five – body Problem forming Kite Configuration 
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The above restrictions represent 
1 2 3P P P  as an equilateral 

triangle and 
1 3 4P P P  as an isosceles triangle. If we consider 

all the above restrictions together, then additional 

restrictions automatically exists i.e., the motion of the 

infinitesimal mass becomes one dimensional along the line 

OZ  through O  and perpendicular to the plane of motion 

of the primaries. Considering the line OZ as the z-axis, 
1OP  

along the x  axis and a line OY  perpendicular to the 

x  axis and lying on the plane motion as the y  axis, then  
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Let at any time  , 0,0,t P z  be the position of the 

infinitesimal mass on the vertical z axis and i iOP r  

then 
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ir , then 
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Further, let 
igF  be the gravitational force exerted by 

im  

on m , then 

2
ˆ ( 1,2,3,4)

i

i

g i

i

Gmm
F r i

r
   along 

iPP . 

Let 
igF  be radiation pressure of 

im  on m  along ,iP P  

then total force exerted on m  by 
im  along 

iPP  is given by 

,
i ig pF F   

 1
ig iF q  , where 1i

i

p

i

g

F
q

F
   i.e., 0 1 1.iq    

Total force exerted on m  by the four primaries is given 

by  
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Thus the equation of motion of the infinitesimal mass m  

at  0,0,P z  in gravitational field of four primaries 

 1,2,3,4iP i   in synodic (rotating) frame can be written 

as 

2
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where
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Taking the dot product of k̂  on both sides of Equation 

(2), we get 
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                  (3) 

Choosing unit of mass, unit of distance and unit of time 

in such a way that 
1 2 42 1, 1, 1, 1.m m m G R n           

Then from Equation (3), we get the non – linear differential 

equation as 
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                                                        (4) 

where 
4

1

.i i

i

q m q


                                                                                                                                                    

To find the series solution by iteration of Green’s 

function, we reduced the Equation (4) as  
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As 1,z   so neglecting higher order terms of z  above 

the third and hence the above equation takes the form 

   
2

3

2

3
1 1 0

2

d z
q z q z

dt
                                         (5) 

III. SERIES SOLUTION BY GREEN’S FUNCTION 

For the series solution by the iteration of Green’s 

function, the Equation (5) can be written as  

      
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can be taken as 

   0 , when 0 .z cexp i t z c                                     (8) 

Suppose the solution of the Equation (6) is 
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Since the first term of the above equation satisfies the 

homogeneous Equation (7), hence we have 
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where z   is the solution of the integral equation, 

   ' ' '( ) ,z t G t f d                                               (11) 

where the Green’s function G  is defined by the particular 

integral of the differential equation  
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where the Dirac delta function 
'( )t   is defined as  
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The Green’s function  'G t    is the particular integral 

of Equation (6) 
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In the right hand side of Equation (14) 
0s    are the 

poles of order one, so by residue theorem, 
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Now we find the solution of the Equation (10) by 

iteration process using the term 
2( )z  as the iteration and 

using 

     ' ' ' ,f t t f d                                               (16) 

the first iteration is 
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Hence from the Equation (11), we have 
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Finally from the Equation (9), we have 

        

         
 

2
' ' ' ' '

2 2
2 ' ' ' '' ''

'' '' '.

z c exp t G t z z d

G t z G z

z d d

     

     

  

   

   





             (17) 

Here in Equation (17), the iteration which gives the 

position of the infinitesimal mass, is given by the first 

approximation of the simple harmonic term of Equation (7) 

from  ''z   to  'z   and then from  'z   to  z t  at the 
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the propagators are  ' ''G   ,  ' .G t   To the first 
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Then, finally the solution of Equation (6) is 
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is the required series solution by the iteration of Green’s 

function.  

IV. STABILITY OF THE EQUILIBRIUM POINTS 

Following Murray and Dermott (1999) let us check the 

Stability of the Sitnikov motion. We rewrite the general 

equations of motion given in Equation (5) as 
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where the force function    is given by 
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The system of Equation (21) can be written as 
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For stationary solution,   is a function of z  only, so 

there is no solution in the xy  plane, clearly the solution 

lie on the z axis only. Let us denote the libration point as 

 00, 0,P z  then from Equation (26), we have 
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 
 

 

                                    (25)  

where 0 0 0, ,x y z    are the values of , ,x y z    at the 

libration points. 

We shall now communicate the small displacement 

, ,    in the coordinate of P  such that 

00 , 0 , .x y z z         

Equation (12) becomes 

0

0

0 0

2 (0 ,0 , ),

2 (0 ,0 , ),

(0 ,0 , ) where 0.

n f z

n g z

h z z

    

    

   

    

    

     

 

Now applying the Taylor’s theorem in the neighborhood 

of  00, 0, z , we get 

 

 

0

0 00

0

0 00

2 0,0,

higher order infinitesimals,

2 0,0,

higher order infinitesimals,

f f f
n f z

x y z

g g g
n g z

x y z

    

    

      
        

      



      
        

      



 0

0 00

0,0,

higher order infinitesimals,

h h h
h z

x y z
   

      
        

      



  (26) 

By using Equation (5), the system of Equation (26) 

reduced to 

0 0 0

0 0 0

2

higher order infinitesimals,

2

higher order infinitesimal

n
x x y x z x

n
x y y y z y

    

    

          
        

          



          
        

          



0 0 0

s,

higher order infinitesimals,

x z y z z z
   

          
        

          



    (27) 

where , and .f g h
x y z

  
  
  

 

Neglecting the higher order terms of , and ,     we get 

the new variational equations 
0 0 0

0 0 0

0 0 0

2 ,

2 ,

.

xx yx zx

xy yy zy

xz yz zz

n

n

    

    

   

      

      

      

                                      (28)  

where 
0 0 0, , ...xx xy xz    represent the second order 

derivatives of   at the libration points. 

The system of Equation (28) can be written in the form of 

a single matrix equation as 

,X AX                                                                        (29) 

0 0 0

0 0 0

0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

0 2 0

2 0 0

0 0 0

xx yx zx

xy yy zy

xz yz zz

A
n

n

 
 
 
 

  
   
    
 
    

   and X













 
 
 
 

   
 
 
 
  

  

If any matrix X  satisfy the equation 

,AX X                                                                      (30) 

Then X  is said to be an Eigen vector of the matrix A  

and scalar   is its corresponding Eigen value. If A  is 

thought of as a transformation matrix, then the result of 

applying A  to the particular vector X  satisfying Equation 

(30) is to produce a vector in the same direction as X  but 
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of a different magnitude. Now the Equation (30) can be 

written as 

  0,A I X   

The set of six simultaneous linear equations in six 

unknowns , , , , ,       will have non – trivial solutions 

provided the determinant of the matrix  A I  vanishes. 

i.e., 0.A I                                                                             (31) 

Now, the non – trivial solution of Equation (31) will be 

stable if they are periodic and the solutions are periodic, if 

the Eigen values of the matrix A  are either zero or 

imaginary. The Equation (31) yields 

  2 2 2 2 04 0.zzn                                              (32) 

The Equation (32) is a polynomial equation of degree six 

in ,  so there will be three roots in 2  corresponding to the 

three factors of Equation (32). The conditions for stable 

solutions are 

 2 0 1,2,3 ,i i      

where 2 2 2 2 0

1 2 30, 4 , zzn        are three roots of 

Equation(32). 

Since 2

1 0   hence 
11 12 0.    When 2 2

2 4 0n     

then 
2 2 .ni   21 22i.e., 2 and 2 .ni ni        When 

2 0

3 ,zz    since 
0 1z   hence the quantity containing 

higher power of  
0z  above the second must be neglected, 

therefore 

 2 0 2

3 0

1
2 9 0,

2
zz

q
z

 
      

 
 

 

   

1

2
2

31 0

1

2
2

32 0

1
2 9

2

1
and 2 9 . imaginary

2

q
i z

q
i z





   
   

  

   
      

  

 

Thus all the six roots of the characteristic equations are 

0,0  

   

1 1

2 2
2 2

0 0

1 1
2 , 2 , 2 9 , 2 9 ,

2 2

q q
ni ni i z i z

        
         

      
 

i.e., they are either zero or imaginary and hence the libration 

points of the Sitnikov five body problem are stable. 

V. DISCUSSIONS AND CONCLUSION 

 In section (I), we have introduced the contribution of 

successive authors of the field of Sitnikov motion with 

extension. In section (II) we have derived the equation of 

motion of the infinitesimal mass moving in the gravitational 

field of four radiating primaries of masses 

1 2 3 4, , andm m m m   along the Z axis which passes through 

the Centre of mass of the four primaries.  

                                          To maintain the Kite 

configuration,  the restriction on the masses of the primaries  

are,                (i) ,  

                      (ii)  are arbitrary,                                 

                      (iii) .                                         

With the above restrictions, we derive the linear equation of 

motion of the infinitesimal mass in a standard form suitable 

for iteration process of Green’s function. In section (III) 

than a series solution has been obtained, with no effect of 

photogravitation. In section (IV) the variational equations 

have been established by Taylor’s theorem in the 

neighborhood of libration points. By discussing the nature 

of roots of the characteristic equation, we have claim that, 

all the roots are either Zero or purely imaginary and hence 

the libration point are stable. 
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