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Abstract - Matrix operations can give very interesting results when it comes to Adjacency matrix of a Graph .If M is

the Adjacency matrix for a graph representing a route map, then (i,j) entry of M "gives count of n-step path from
vertex “i” to vertex “ j”. Also If we consider a matrix 5, = M + M* 4 .- + M¥ then (i,j) entry in this matrix tells us the
number of ways to get from vertex i to j in k steps or less, If entry is zero means you can’t go (graph is not
connected),Here We have applied concept of powers of matrix to airline route map. Paper is divided into three parts In
part one matrix operations are discussed ,In part two we applied concepts to Adjacency Matrix and in part three we

have applied it to route map of airline.
Keywords — Adjacency matrix, Boolean Product ,connected graph, Inverse, Linear mapping, Network analysis ,Transpose

1 if the i" vertex and j™ vertex have edge joining them and it
is 0 if they are not connected. Given a graph G of order n,
with V(G)={v,, v, ... v, }, we define adjacency matrix A as

I. INTRODUCTION

Matrix(matrices plural) is a rectangular arrangement of
numbers or abstract quantities in general. It represents 1 if ViV, € E(G)

0 if vv,¢E(G)

mapping, so can be used to describe linear equations, to aQ; =
keep track of the coefficients of linear transformations and
to record data, that depend on two parameters. Addition
,Subtraction, transpose, inverse and multiplication are few
operations defined on it. Matrices can be added, multiplied,
and decomposed in different ways, which make them a key
concept in matrix theory and linear Algebra. Matrix is

represented by Amxn where m represents rows(horizontal

lines) and n represents columns(vertical line). A matrix

with m rows and n columns is called an m-by-n matrix Adjacency matrix for this graph is

(written mxn) and mand nare called its dimensions. a; Ao 0o 11
represents an element of a matrix in i row and j" column. E [E T é T
@yy  Qya o Gy ot 0 1 1
N Il. OPERATIONS ON MATRIX
- SRR - MATRIX ADDITION OR SUBTRACTION: We can

add(subtract) matrices together as long as their dimensions
A matrix where one of the dimensions equals to one is often ar the same, ie. both mairices have the same number of

rows and columns. To add(subtract) two matrices, we

called a vector, matrix (one row and n columns) is . .
A ( ) add(subtract) the numbers of each matrix that are in the

. same element position.
called arow vector, and A, , matrix (one column

TRANSPOSE: Transposing a Matrix To transpose a

and m rows) is called a column vector. A Graph G(V,E) is a
set of points called vertices or nodes and a set of lines
connecting pairs of vertices are called edges. Adjacency

matrix for a graph is a square matrix whose a@;; element is
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matrix, we swap the rows for the columns. To indicate that
we are transposing a matrix, we add a “T” to the top right-
hand corner of the matrix.
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INVERSE: This is a mathematical operation that finds a
matrix which when multiplied to the original matrix gives
Identity matrix.

PRODUCT: The matrix product is basically represents
composition of linear maps, that are represented by
matrices. Matrix multiplication Plays a important role in
Linear Algebra and as such has many applications in
mathematics, statistics, physics, economics and engineering.
In more detail, ifAis and B is
an 7 X n matrix, their matrix product AB is an m X n matrix,
in which the 7 entries across a row of A are multiplied with
the 7 entries down a column of B and summed to produce an
entry of AB. When two linear maps are represented by
matrices, then the matrix product represents the composition
of the two maps.

an m X r matrix

Let AB=C then (i,j) entry of C, C; is given by

ir™rj

)
C; =auby, +a,b, +agh,; +...+a,b, = Zaikbkj
k=1

POWERS: Repeated multiplication of matrix gives powers
of matrix. If C= A? then Cy, (3,4 entry of A%)is

Cyy = 858y, + 85,8y, + 83585, + 85,8,y + 33535, ..

Matrix  addition  ,subtraction,  transpose, inverse
multiplication, product ,eigenvalues and eigen vectors are
the mathematical operations which becomes very interesting
when applied to adjacency matrix and plays a important role
in network analysis. In this paper we are going to apply
same to airlines.(social network).

11l. MATRIX OPERATIONS ON ADJACENCY
MATRIX

MATRIX ADDITION (SUBTRACTION): Network
analysis is a field where Matrix addition and matrix
subtraction are used to simplify or reduce the complexity of
multiplex data to simpler version. For example let A and B
represents asymmetric matrix representing tie “exchanges
money” and the relation “exchanges goods” respectively,
then A+B represents intensity of exchange relationship like,
pair with score of zero would have no relationship , with
“1” would be involved in either barter or commodity
exchange, and those with a “2” would have both barter and
commodity exchange relations. on the other hand B-A ie
subtraction of good exchange matrix from money exchange
matrix, a score of -1 shows pairs with barter relationship,0
indicate no relationship or barter and commaodity tie, a score
of +1 express pairs with only a codified exchange
relationship.

If A and B are adjacency matrix expressing

A=Exchange money
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B=Exchange goods

0 no relationship
Then A+B=i1  barter or exchange And
2 barter and exchange

-1 barter relationship
0  norelationship or commodity tie
1 codified exchange relationship

PRODUCT AND POWER

B-A=

Adjacency matrix are square matrix so finding product or
power is always possible . In many cases Boolean matrix
multiplication is applied , It is similar to normal
multiplication only difference is enter zero if product is zero
and 1 if it is not zero.

Raising matrix to a power simply means repeated
multiplication ,In case of adjacency matrix we can conclude
many important information from it.

If A is any adjacency matrix of a graph .Then (i,j) entry of
A" gives count of n-step path from vertex i to vertex j.

For example let us have a adjacency matrix A= a;; of a

simple graph with 6 vertices

Let C= A? then C,, (3.4 entry of A%)is

Cyy =858y, 1858y, + 8538, +35,8,, 38585 ...(1)

Now a,,@,, counts product of ,count of number of paths

from vertex 3 to 1 and the number of paths from 1 to vertex
4.this product exactly gives count of two step path from
vertex 3 to vertex 4,via vertex 1.

In general terms we can say a,a,, counts two step path

from vertex 3 to vertex 4 via vertex k.

And the sum of all terms of (1) gives all two-step path from
vertex 3 to vertex 4.s0 if C;, =N

Means there are n two step path from vertex 3 to vertex 4.

Here we can conclude one more interesting fact ,consider a
matrix 5; such that

S =M+ M+ o + MF (2

The (i,j) entry in this matrix tells us the number of ways to
get from vertex i to j in k steps or less, If entry is zero

means you can’t go .so if we find 5,5, ... 5,

Then the first K for which (i,j) entry in 5; is non-zero is the
shortest number of steps between i and j. By this we can
compute shortest number of steps but we can’t determine
what those steps are.This procedure can also help us to
determine connected nature of graph .i.e if 5; have zero till
the last step for any vertex in above procedure then it is
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impossible to connect those vertices and the graph is not
connected.

BOOLEAN PRODUCT: In case of Boolean product ,the
adjacency matrix squared would tell us whether there was a
path of length two between two vertices but not the number
of paths .same way cube will tell that there is path of two
steps between vertices but number of path it won’t tell. It
plays important role in social networks.

1V. APPLICATION TO ROUTE MAP

The above concept of raising power can be used in many
practical problems like business ,social network,
transportation problems etc .In this paper we will apply it on
airline network.

Example:1Consider a Imaginary air route map of one
private airline

g

Ahmedabad

Nydnabad.\
Vi !
eViian

Let A,B,C,V and H represents the cities Ahmedabad,
Bangalore, Chennai, Vijayawada and Hyderabad
respectively then the graph for this is

A

m; =

1 connected
0 otherwise

Adjacency matrix for above graph is given by

A B C V H
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A0 1 1 0 0O
EfL 0 1 1 0
M= C |1 1 0 0 1
Vio 1.0 0 1
HO 0 1 1

It is assumed that service between two cities is two ways i.e

for connectivity matrix M, M =M
M.; =1 means there is direct flight from Bangalore to
Chennai and since M,; =0 ,there is no direct flight from
Vijayawada to Chennai.
Now
¥ C,=2means from Ahmedabad two flights take
off(land).
¥ C;=3,means from Bangalore three flights take
off(land).
¥ C.=3,means from Chennai three flights take
off(land).
¥ €, =2,means from Vijayawada two flights take
off(land).
¥ C, = 2,means from Hyderabad two flights take
off(land).
In terms of connectivity Chennai and Bangalore are better
than other three cities.
AB CV H

A2 1.1 1 1
Bl 3 1 0 2
M=CI|1 1 3 2 0
i o0 2 20
A1 2 0 0 2

From the above M* we can tell, how many two step or with
one stoppage flights are there.

For example there was no direct flight from Vijayawada to
Chennai but with one stoppage ,we can travel between these
two cities in two ways.(from matrix we can tell number of
ways but we can’t tell the ways)

If you observe map two ways are
Vijayawada — Hyderabad — Chennai
Vijayawada — Bangalore— Chennai
Similarly we can talk about any cities.

Let us find out shortest number of ways to travel from one
city to other in this graph using 5;(2)

01 10 0
10110
s,;=M=|1 1 00 1
0100 1
00 11
2 2 211
2 3 2 1 2
S.=M+M=2 2 3 2 1
112 2 1
12112

Since in §. all entries are non -zero means our base graph
was connected and in maximum one stoppage we can reach
from any one city to any other city.

Example2. Let us analyze a bigger network, Let M be the
adjacency matrix for below route map
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i Jaipur @ - ()‘
CLH S /
gt {
L f?
A BCDEFG HII
Ao 1.0 1 0 0 0 0 O
E|1L 01 1 0 1 1 1 1
c)jo 101 0 0 0 0 O
D1 1101 0 1 0 0
M= Eglo0 00O 1 0 0 0O 0 O
Flo 1 0 0001 0 0
Glo 101 0 10 1 1
Ho 10000100
I 100 0 01 0 O

Let M represents Adjacency matrix of network ,

Where,A-Ahmdabad,B-Bangalore,C-Coimbatore,D-
chennai,E-Madhurai,F-Vijayawada,G-Hyderabad,

H-Vishakhapatnam-Jaipur

If we see sum of column we can conclude that Bangalore is
connected to seven cities directly , Chennai and Hyderabad
are connected to 5 cities ,s0 as per connectivity these two
cities are good .Madhuri is at the end on basis of
connectivity as it is connected to only Chennai, Same
information can be concluded from diagonal elements
of M=,

Letus see M* and M?*

>
w
O
O
m
n
®
I
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AT2 10 2 8 1 3 5 3 37
Bl10 12 10 14 3 11 3 11 11
clz 10 2 8 1 3 5 3 3
D|8 14 8 6 5 4 14 4 4

M=pgl1 3 1 502 1 22
Fl3 11 3 42 2 9 2 2
G|l5 3 5 14 1 9 8 9 9
Hl 3 11 3 4 2 2 9 2 2
b3 1173 4 22 92 2/

M* tells us two step connectivity like position(7,2) =4
means there are four different ways to go from Hyderabad
to Bangalore with one stoppage. Also the diagonal elements
tell us the connectivity of city

Like Bangalore is connected to 7 cities ,Ahmedabad to two
cities, Coimbatore to two , Chennai to 5 and so on.

M? tells us three step connectivity or travel with two
stoppage from one city to other, like position (5,3)=1 means
there is only one way to travel from Coimbatore to Madurai
with two stoppage and we can see in map that it is
Coimbatore to Bangalore then to Chennai and then to
Madurai. We must observe that we can reach from
Coimbatore to Madurai with one stoppage also through
Chennai as per position (5,3) in M*.

We can get shortest number of path using 5; from (2)

If we observe value of 5,

5. =M+ M
ABCDETFG HI
Ar2 2 2 2-1 1 2 1 1y
BE|3 7 2,451 2 5 2 2
clz2 2 2 2 1 12 11
p|lz2 4.2 5 1 2 2 2 2
=gt 1 11 1 01 0 0
Fli 2.1 2 0 2 2 2 2
Fl2005°2 2 1 2 5 2 2
Hfp 21 2 0 2 2 2 2
r1 21 2 0 2 2 2 2
Now the entry at the

position(5,6),(5,8),(5,9),(6,5)(8,5)(9,5) is zero which shows
that ,there is no connectivity between Madurai and
Vijayawada ,Madurai and Vishakhapatnam ,Madurai and
Jaipur in two steps also.

A2 12 11 1 2 1 17 ~ .
glt 71 3 114 11 Now letus see 5; =M + M- + M
clz 121112 11
31502122 AB C DEF G H I
M= Elt 1 1 0101 0 0 AT4 12 4 10 2 4 7 4 41
Flt 112021 2 2 pl1z 19 12 18 4 13 18 13 13
Glz 4 2 11 15 11 clea 12 4 10 2 4 7 1 4
Hl1 1120 21 2 2 plio 18 10 11 6 6 16 6 6
1 112 021 2 2 =gz 4 2 6 12 2 2 2
And Fl4 13 4 6 2 4 11 4 4
Gl 7 18 7 16 2 11 13 11 11
A B C DE FG H I Hl 4 13 4 6 2 4 11 4 4
Ly 13 2 6 2 2 11 4 4
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Clearly all entries are non- zero which shows that with
maximum 2 stoppage we can travel from any city to other
city.

V. CONCLUSION

Any network can be expressed as graph and for a graph we
can write adjacency matrix as we shown in paper.From
above two example it is very clear that matrix operations
can be utilized to understand network in efficient way and
help us to withdraw many important information’s. same
concept can be applied to very big network also and can be
solved using MATLAB. We can apply same concept to
transportation business and social network also. We can
also extend results to directed matrix .Concept of trace can
also be interpreted here.
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