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ABSTRACT: It is observed that many researchers studied on different structures of semigroups. Many fundamental
results on semigroup theory have been extended to fuzzy semigroups. Various concepts of fuzzification have been
investigated and fuzzy ideal theory is one of that which motivates to characterize some of the properties of fuzzy ideals
in almost semigroups. The present work deals with different results obtained with various fuzzy ideals such as quasi
primary, completely weakly primary in Right almost semigroups. In this paper mainly we have studied some aspects

on fuzzy right (left) ideals of right (left) almost semigroups and the direct product of right almost semigroups.
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I.  INTRODUCTION

The idea of generalization of a common semigroup was first introduced by Kazim and Naseeruddin[1]. They named it as left
almost semigroup (LA semigroup). It is also called Abel Grassmanns groupoid (AG semigroup). Quasier Mustaq and Madad
Khan [2] studied left almost semigroups in ideals, ideals as intra regular left almost semigroups. In a similar way right almost
semigroups is defined. We extend the study of right almost semigroups in fuzzy ideals and ideals as right almost semigroups.

The fundamental concept of fuzzy subsets was first introduced by Zadeh [3]. Fuzzy algebraic structures were studied by
Rosenfeld [4] with the introduction of fuzzy subgroupoid of a groupoid. The theory of fuzzy bi-ideals in semigroups was
introduced by Kuroki [5]. Almost semigroup is a new algebraic structure obtained by imposing a pseudo associative postulate
on a groupoid . Also Left almost and right almost semigroups which come between a groupoid and a semigroup were
investigated by introducing left invertive and right invertive elements by Mohd. Naseeruddin. Thus it is considered as a
generalization of semigroup with vast range of usages in theory of flocks. Abdulla et al.,[6]and many others such as Musthaq
and Khan[7], Naveed Yaqoob[8], Yousafzai Faizal [9], continued their work which added many results to Left Almost
semigroups where in Shah and Rehman[10], Akin C[11] and Yiarayong[12] focused on different fuzzy ideals on Left Almost -
I'-semigroups.

The following are basic definitions and preliminaries.
Il.  Fuzzy SeTS-DEFINITIONS

*  Fuzzy subset of a non empty set is a collection of objects with each object being assigned a value between 0 & 1 by a
membership function

* Let X be a non empty set. A fuzzy subset p of the set X is a function p : X—[0,1].

* LetSbeasemigroup. A map i from S to [0,1] is called a fuzzy subset in S.

* A fuzzy subset u: X—[0,1] is nonempty if u is not the constant map which assumes the value 0

*  The characteristic function of a subset A of S is denoted by fa .

* Ifpisafuzzy subset of S then the image of W denoted by Im(p) = { u(m)/ m eM}

* Let p be any fuzzy subset of S. For t €[0,1], the set g, ={x € M/ u(x) > t} is called level subset of .

* Afuzzy subset A e F(S) is said to be a fuzzy sub semigroup of S if
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A(xy) > Min { A(X), A(y) } Vxy € S.
A fuzzy subset A e F(S) is said to be a fuzzy left ideal of S if
Axy)> Aly) VXxyeS
» Afuzzy subset A € F(S) is said to be a fuzzy right ideal of S if
Axy)> AX) VxyeS
A fuzzy subset A € F(S) is said to be a fuzzy ideal of S if it is both a fuzzy left and fuzzy
right ideal of S.
A fuzzy sub semigroup A e F(S) is said to be a fuzzy bi ideal of S if
A(xyz) > Min { A(X), A(z) } V x,y,ze S
A subset A of Sis called a quasi ideal of S if AS N SAc A.

A fuzzy subset A of S is called a fuzzy quasi ideal of S if AS N SA c A

An ideal P of S is called a completely primary ideal if for a,o € S such that ab € P implies thata™ € Por b € P,
for some positive integer n.

An ideal P of S is called a weakly completely primary ideal if for ab € S such that 0 = ab € P implies that

a™ € Por b € P, for some positive integer n.

Remark: Every completely primary ideal is weakly completely primary ideal and {0} is always weakly completely
primary ideal of S. But vice versa need not be true.

A left almost semigroup (LASG) or Abel Grassmanns groupoid is a groupoid S with left invertive law

(ab)c = (¢cb)aV a,b,c E€S.
A right almost semigroup (RASG) is a groupoid S satisfying the right invertive law a(bc) = c¢(ba) V a,b,c € S

A groupoid in which both left invertive and right invertive postulates hold will be called as Almost semigroup.
The right invertive and left invertive laws are independent of each other and are neither associative nor commutative.

A non empty subset A of a LASG S’ is said to be a sub LASG ‘S’ if AA € A.

A non empty subset A of a LASG ‘S’ is called a right(left) ideal of S if AS € A(SA S A). Also A is said to be an
ideal of S if it is both left and right ideal of LASG °S’.
A LASG (RASG) always satisfies the medial law:

(ab)(xy) = (ax)(by) forall V a,b,x,y € S

A LASG (RASG) with left(right) identity always satisfies the paramedial law:
(ab)(xy) = (yx)(ba) forall Va,b,x,y €S.

If a LASG contains left identity then we have the law:
a(bc) = b(ac)Va,b,c €S
A LASG °S’ itself a fuzzy subset of Ssuch that S(x) = 1; Vx € S.

A fuzzy subset A of S is called fuzzy sub LASG of S if,
A(xy) = A(x) ANA(y)}forall x,yin S.
OR
*  Afuzzy subset A of S is called a fuzzy sub LASG of S if,
A(xy) =z min{A(x),A(y™)} forall x,yinS.

«  Also Ais called a fuzzy left(right) ideal of S if A(xy) = A(y) (A(xy) > A(x))‘v’ xX,yES
» Alsoif Ais both fuzzy right and left ideal of S then A is called a fuzzy ideal of S
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« If Ais (rightleft) ideal of S if and only if the function f, of A is a fuzzy (right,left) ideal of S.

- Definition: Let S be a RA semigroup, x € R and t € (0, 1]. A fuzzy point x; of S is defined by the rule that

_ t; xX=y
x:(y) = {0; otherwise

« If f, g, h are fuzzy subsets of RASG S then fo(goh) = ho(gof).
» Let S beaLASG.A fuzzy subset f of a LASG is called fuzzy quasi primary if for any two fuzzy left ideals g and h of

Ssuchthat gh € f implies g © f or h™ < f for some positive integer n.

» LetSbealLASG and f be a fuzzy left ideal of S. Then SS=S and Sf=f.

* LetShbhealLASG.A fuzzy subset f of a S is called fuzzy primary of S if for any two fuzzy left ideals g and h of S such
that gh < f implies g € f or h™ < f for some positive integer n.

* Let S be a RASG.A fuzzy subset f of a S is called fuzzy primary of S if for any two fuzzy right ideals g and h of S
suchthat gh < f implies g < f or h™ < f for some positive integer n.

* LetSbealLASG. We can see that every fuzzy quasi primary ideal is fuzzy primary.

* Let S be a LASG. A fuzzy subset f of a LASG is called fuzzy weakly completely primary if
max{f (x), f(y™)} = f(xy) where x,y € S for some positive integer n.
+ Anideal A of a LASG(RASG) is called primary if XY © P impliessX S PorY" S P

+ LetSbealASG,,x € Sand,t € [0,1]. A fuzzy point X, of S is defined as
Lx=Yy

» It is accepted that x; is a mapping from S into [0,1] and a fuzzy point of S is a fuzzy subset of S. For any fuzzy
subset f of S, we also denote x; € f by x; € f insequel.
Let tfy be afuzzy subset of S defined as :
t €(0,1]; xeA
tfalx) =
fa®) {0; otherwise

* Anideal P of a left almost semigroup S is called primary if
XY < Pthen X SPory®CP

*  Afuzzy subset f of a RA semigroup of S is called fuzzy completely primary if,

f(xy) = max{f (x), f(y)}

+ Let A be asubset of LASG and f be a fuzzy set of S. Then the following are equivalent.
(i) tga < f,t€[01]

(i) A < f,t €[01]

(iii) A fuzzy subset f of S is said to be weakly fuzzy primary if t g4 t hg < f
impliest g4 € f or

(iv) t hg " c f, for some positive integer n, where A and B are two ideals of S and

t € [0,1].
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(v) A fuzzy subset f of S is said to be weakly fuzzy quasi primary if t g4 t hy < f implies t g4 < f or

n

t hg © € f, for some positive integer n, where A and B are two left ideals of Sand t € [0,1].

(vi) We can see that every weakly fuzzy quasi primary ideal is weakly fuzzy primary.

Lemma: Let A and B be two non empty subsets of right almost semigroup S. Then for any t € (0,1] the following exists:
tpgtug = thgp

tpa N tpg = tlanp

tpugV tpug = tlaup

t g = Ugea@;

Stpy = tpsy, tpg S = tpgsand St uy S = t gy

If Ais a left ideal (right ideal) of S, then t i, is a fuzzy left ideal (fuzzy left or fuzzy ideal) of S.

AN A .

Theorem: 1

Let A be an ideal of right almost semigroup S. Then P is a primary ideal of S if and only if the fuzzy subset 4 is a fuzzy
weakly completely primary ideal of S.
Proof: Suppose that A is a primary ideal of right almost semigroup S.

Let pt4 be a fuzzy subset of S.
Letx,y € Sandif xy € A then
s (xy) =0 < max{u, (x), 1, (¥y™)} for some positive integer n.
Let xy € Athen iy (xy) =1
Since A is a primary ideal of S we have x € A or y™ € A for some positive integer n
Thus f1a (x) = 1, 0r prg (v) = 1 0r s (xy) = 1.
Conversely,
Since i, is a fuzzy weakly completely primary ideal of S, we get
1= py (xy) <max{p, (x), 1y (y™")} andsox € Aory™ € A for some positive

integer n.
Hence A is a primary ideal of S.

Theorem: 2
Let i be a fuzzy subset of of right almost semigroup S. Then p is a fuzzy weakly completely primary ideal of S if and
only if the level subset 1, , [ t € Im(u)] of i is weakly completely primary ideal of S, for every t € [0,1].

Proof: Suppose i is a fuzzy weakly completely primary ideal of S
Letx,y € Ssuchthat xy € pu,thenu(xy) = t.
Since [t is a fuzzy weakly completely primary ideal of S,
We have p(xy) < max{ u(x), u(y™)} , for some positive integer n
If u(x) < u(y™), then
t = max{ pu(x), u(y™)} = p(x)andu(x) = t
Sox € U
If u(x) > u(y™),then
t = max{ u(x),u(y™} = u@yMandpuy™) =t
Soy™ € U
Therefore the level subset ti; , is weakly completely primary ideal of S,
forevery t € [0,1].
Conversely assume that ti; , is weakly completely primary ideal of S, for
every t € [0,1].
Letx,y € S then u(xy) = 0.
Since Xy € [1,,(xy), by hypothesis we have X € [,y OF y" e Hy(xy for some
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positive integer n
Thus 1(x) = p(xy) or p(y™) = p(xy)
Hence max{ u(x),u(y™)} = p(xy)

Theorem : 3
Let L be a fuzzy left ideal of right almost semigroup with left identity S. Then the following are equivalent:
(@) L is weakly fuzzy quasi primary of S.

(b) Foranyx,y € Sandt € (0,1],ifx.(Sy,) S Lthenx, € L ory™ €L,

(c) Foranyx,y € Sandt € [0,1],if tpu,tp, < Lthenx, € Lory™ € L for some positive integer n.

(d) If A and B are left ideals of S such that tutpg © L then tpy S Lor tug™ < L for some positive integer
n.

Proof: (i) Let L be a fuzzy left ideal of right almost semigroup with left identity.
(i)we prove (a) = (b)
We assume that L is a weakly fuzzy quasi primary of S.
Now Forany x,y € Sandt € (0,1],ifx.(Sy;) € L then

t fres tlyes = (tlixe S) (tiye S)
= (t pre t 11y ) (SS)
= (tpye tpe) (tpyti,)(SS)
= (tpy tpy )(tpetp, )(SS)
= (tpetp,) (tpytp)(SS)

= (tpee (tnytp))(S9)
= (tﬂe(tﬂytﬂx))(ss)

:(t,uy(t,uetﬂx))(ss)

:(tnuy(tnuex))(ss)
= (S(tpe tuy)
= S(t e tiy)

= tue(S tny)
=x(Sy) €L
Since 1t is weakly fuzzy quasi primary ideal, we have
Xe =Tl =t Pixe)e ST Uxe)s S L (or)
YT tuy" =t hee)y)”
= tH(e)e)"
=t ey
cL
Hence x; € L ory" € L, for some positive integer n.

i.e., (a) = (b) isproved.
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(i) Toprove (b) = (c)
Letx,y € Sandt € (0,1]and tpu,tp, <L then
XeSYye & tpe S tpy
= S(tp, tpy)
=SL
crL
Thus by hypothesis, x; € L ory”t € L for some positive integer n.
Hence (b) = (c¢) is proved.

(i) Toprove (c) = (d)
Let A and B be left ideals of S.
Then by the above lemma , we have t (14 and t Lig are two fuzzy left ideals of S.
Suppose that tpatpg & L and t pgm & L, then there exists y € B such that
" & L for all positive integer n.
For any x € A and by lemma, we write
tpy tnuy =t Hy
S tusp
=ty Up
crL
Since y;" € L, t uyn & L whichimpliest pt,, S Landsox, € L
By lemma, it follows that ¢ pig = U, eq X
(iv)Finally we prove that (d) = (a)

Let A and B be left ideals of Ssuch that t t1y t pp < L then by hypothesis t tty S L or t ug™ < L for some positive
integer n.

By definition of weakly fuzzy quasi primary, we get

L is a weakly fuzzy quasi primary of S.

Theorem:4
Let S be a right almost semigroup with left identity. If @ is a fuzzy quasi primary ideal of S, then

inf{ u(a? Sb?)} = max{ u(a?),u(b?)™} forsome positive integer n where a, b € S
Proof:

Let it is a fuzzy quasi primary ideal of S.
We assume that inf{ u(a2S b?) > max{ u(a?),u(b?)™} for some positive integer n.
Let inf{ u(a?S b?)} = m, where m is a positive integer.
We define two fuzzy subsets g and h of S as follows:
gx) =m;x € a’S and h(x) = m;x € b?S
= 0;x €& a’S = 0;x €& b%S
Then g and h are fuzzy left ideals of S.

(gol) (@) = sup (min{g (), k() =m
X=VZ&
Then there exists an u € a?S,v € b%S suchthat uv = x.
Put u = a’tand v = b%k forsome t,k €S
Then u(x) = p(uv)
= p(a*t) (b%k)
= pu((a® b*)(tk))
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= pu( (kt)(a® b?))
= pu( b? a?)
= p(a®b?)
= p(a® (eb?))
= inf{ u(a®s b?)}
=m
= goh < p
Since p is a fuzzy quasi primary ideal, we get g & por h™ S p, for some positive n.
Thus K" (x) = Uy_q,p, min{h" ! (a,), h(b,)}
= Ux=a1b1 II"liIl{ Ua1=a2b2 min[ hn_Z (az): h(bz)}: h(bl)}

= Usay oy min{ ming h (@,), h(b,)}, ... (b}
And (b)™ = (b?b?) b? ...............D2%
Then g(a?®) = g(a?e) =m
or K" (b)) = Ux=w2p2)p2.........pz min{ min{ h (b?),h(b*)}, ..... h(b?)}
= Ux=v2p2) p2....o.... p> min{min{h((ee)b?), h((ee)b?)}, ..... h((ee)b?)}
= Ux:(bzhz) D2, p2 min{ min{ h (b2e), h(bze)}, ST h(bze)}
= Ux—2p2) p2.............2 min{min{m, m} ... ....m}
=m
But fromm = max{ u(a?),u(b?)"} < inf{ u(a?S b?)} , we have a contradiction.
Sowe get inf{ u(a? S bh?)} = max{ u(a?®),u(d*"} .

Theorem:5
Let S be a right almost semigroup with left identity and 1 is a fuzzy ideal of S. If (xy) = max{u(x), u(y™)} then

1t is a weakly fuzzy quasi primary ideal of S for some positive integer n, where x,y € S.
Proof: Let S be a right almost semigroup.
Letx,,y; (t € (0,1]) are the fuzzy points of S such that x; S y, S u
Since S(xy): = S(x; ¥:) € xSy,
Su
And u(xy) = max{u(x),u(y™)}, we have u(xy) = t
Which implies that g(x) = t or u(y™) = t, for some positive integer n then,
X, €E Por y.™ € pthen pis aweakly fuzzy quasi primary ideal of S.

Corollary:

Let S be a right almost semigroup with left identity . If tt is a fuzzy weakly completely primary, then pt is a weakly fuzzy
quasi primary ideal of S.

Proof:
The proof of this follows from the above.

Theorem: 6

Let S be a right almost semigroup with left identity. A fuzzy subset g of a right almost semigroup S is weakly fuzzy quasi
primary if and only if(xy) < max{u(x), u(y™)} for some positive integer n, where x,y € S.

Proof:
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Suppose that i is a weakly fuzzy quasi primary ideal of S.

if u(xy) > max{u(x),u(y™)} thenthere exists t € (0,1) such that

p(xy) > t > max{u(x),u(y")}
Then x,(Sy,) = S(x; ¥)
= S(xy)

:S)u

< pu.
Forall x,y € S, since i is a weakly fuzzy quasi primary of S,

wegetx, € por y.™ € p,forsome positive integer n.
But x; & pand y.™ & u,whichisimpossible.
Therefore u(xy) = max{ u(x), u(y™)} , for some positive integer n, where x,y € S.

Definition:

Let S; and S, be two right almost semigroups. Then,

S XS, ={(xy) € $;XS,/x € S;,y € S} and for any (ab)(c,d)€ S XS, we define
(a,b)(c,d) = (ac, bd). Then S; X S, is a right almost semigroup as well.

Let f:S; — [0,1] and g: S, — [0,1] be two fuzzy subsets of right almost semigroups S; and S, respectively. Then the
product of fuzzy subsets is denoted by fXg and defined as fXg: S;XS, —[0,1] where

(fXg)(x,y) = min{f (x), g(y)}.

Theorem: 7

If f; and f5 are fuzzy sub right almost semigroups of S; and S, respectively, then f; X f5 is a fuzzy sub right almost
semigroup of S; X' Ss.

Proof:

Since f; and f; are fuzzy sub right almost semigroups of S; and S, respectively, then

filxn,xy) = nlin{fl(xl)rfl(xz)}vxl, Xy €8; and

fo(r1,y2) = min{f, (1), f2(32)}V y1,¥2 €Sy
To show that f; X f5 is a fuzzy sub right almost semigroup of S; X S,

ie., (fiXfo){(x1, x2, y1,¥2)} = min{ (f; X15) (xq, y1), (i Xf2) (x2,¥2) }

V(xljyl)(xz ,yz) € $;XSandx; x, € S5 y1,y2 €S
Consider (fy Xf){(x1,,¥1) (x2,¥2)} = (AiXf2){(x1, X2, y1,¥2)}
since (f1Xf2)(x,¥) = min{f; (x), L,(3)}
We have (fy Xf2){(x1, x5, ¥1,¥2)} = min{f; (xl:xz,):fz(h:)’z)}

min{min (£, (x1), £ (2,) ) min( (31, (7))}
min{min (£; (), f (1)) min(f, (x2 ). o (72) )}

= min{(f;X f,) (x1,31), (iX f2) (x2,32) }
Therefore (f1 X f2){(x1, X2, ¥1,¥2)} = min{ (f; X f;) (xl,:h): (f1X f2) (x2,¥2) }

Thus f; X f5 is a fuzzy sub right almost semigroup of S; X S5.

[\

Theorem: 8
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Let f; and f, be two weakly completely primary (fuzzy primary, quasi primary) ideals of right almost semigroups S; and

S, respectively. Then f; X f, is a fuzzy weakly completely primary (fuzzy primary, quasi primary) ideal of $; X S,
Proof:

Let (a,b),(c,d) € S; X S,. Since f; and f; are weakly completely primary ideals of S, we get
(flez)((a, b)(C,d)) = (fiXf;)(ac,bd)

=min{f; (ac), f,(bd)}

= min{max{f; (a), f; (c™)}, max{f,(b), /,(d™)}}
=max{min{f; (a), f; (b™)}, min{f; (c"), £, (d)}}
=< max{min{f; (a), f(b)}, min{f; (c), f,(d)}}
=max{(f,Xf;)(a,b), (fi1Xf,)(c,d)}

For some positive integer n. Hence (f; X f,) is a fuzzy weakly completely primary of S; X' S,.

1. CONCLUSION

In this paper we discussed a non associative algebraic structure which is a generalization of semigroup termed as Almost
semigroup where in left invertive law leads to Left Almost Semigroups and right invertive law leads to Right Almost
Semigroups. Different relationships between fuzzy primary, fuzzy weakly completely primary, weakly fuzzy primary and
weakly fuzzy quasi primary ideals on Right Almost Semigroup were discussed. Also the direct product of Right almost
semigroups was studied.

The fuzzy set theory is applicable to fuzzy technology in information processing. In the present scenario information
processing is in boom and will rapidly increase in the future. Fuzzy algebra is one such attempt to analyse the fuzzy set
theory in an understandable way.
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