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Abstract:-Rough set theory is direct mathetical approach to deal with uncertainly and indeterminateness in
information systems. By connecting this theory with abstract algebra, many rough algebraic structures were introduced.
In this paper we shall first introdue the concept of rough G-modules, homomorphism in rough G-modules and prove
some related important results. In this paper we consider G-module as the universal set and we introduce the notion of

rough G-module with respect to a G-submodule of a G-module.
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l. INTRODUCTION

Rough set theory is generalizations of classical set theory. Z. Pawlak introduced rough set theory as a framework for the
constructions of approximations of conceptswhen only incomplete information is available [1]. It has proved to be an effective
mathematical tool to dead with vague, uncertain and imperfect knowledge. In this set theory the main concept is an equivalence
relation and the equivalence classes and the building blocks for the construction of lower and upper approximations in terms of
which is a rough set is defined.

In the area of mathematical research rough set theory with abstract algebra is an emerging trend. Some papers substitued an
algebraic structure for the universal set and investigated the roughness in algebraic structures. Also some papers directly
introduced the concepts of rough algebraic structure into an approximation space. The concepts of rough group, rough
subgroup, rough quotient group, rough coset, rough normal subgroup and rough homomorphism an studied in [2,3,4]. Also
roughness in rings and modules by B. Davvaz studied in [5,6]. Some properties of rough subrings and rough ideas are studied
in [7,8] by P. Isaac. The concept of rough modules in an approximation space and investigated their properties in [9] by Q.
Zhang.

In the 19th century the theory of group representation was developed by G. Frobenius. The works of Emmy Noether on
representation theory led to the absorption of the theory of group representation into the study of modules over ring algebra.
Modules theoretic approach especially group module structure has been extensively used for the study of group repretation. By
S. Fernandez the concept of fuzzy G-module and its properties and studied in [10]. The aim of this paper is to introduce the
concept of rough G-module in an approximation space and its some properties.

In section 3, we define the concepts of rough field and rough vector space and then introduce the motion of rough G-module. In
section 2, we see some basic definition of rough algebraic structures and results that will be needed in the sequel. In section 4,
we define the homomorphims of two rough G-modules and study some of its properties. In section 5, we conclude with possible
future work in the area of G-modules.

Il.  PRELIMINARIES

In this section we define approximation space, rough group, rough subgroup, commutative rough group, rough coset, rough
normal subgroup, rough quotient group.

Definition 2.1[1] A pair (u,w) whenp=¢ and y is an equivalence relation on p is known as approximation space .
Definition 2.2 [1] For an approximation space (u,y) and a subset A of p, then the sets

A< fxep [Xlyn A 20}
A = fxey [Xyc A}

Boundary region i.e BN (X) = A A are known as respectively the upper approximation lower appoximation and
boundary region of A in (w,y).
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Definition 2.3[2] let (u,y) is an approximation space and let * be a binary operation on p. A subset G of p is said to be rough
group if the following postulates are satisfies :-

(1) VabeG,axbh eG
(2) Vab,ceG, ax(b*c) = (axb)=*c
(3) VaeG, 3eeG s.taxe = a=ex*a; e is known as the rough identity.
(4) VaeG,3beG s.t axb =e =b=a; b is known as the rough inverse of a.
Definition 2.4 [2] A non-empty subset H of a rough group G is said to be rough subgroup if it also a rough group itself with
respect to the same binary operation on G.
Definition 2.5 [2] A n.a.s.c for a subset H of a rough group G to be a rough subgroup if
(i) Vabe H,a*b e H
(i) VaeH,aleH
Definition 2.6[2] A rough group G is said to be commutative rough group if V a, b € G we have a*b = b*a .

Definition 2.7[2] Let G be a rough group and it be a rough subgroup of G. If we define a relationship O of elements of G
asaobiff a-1*b € H u {e} then O is a compatible relation.

The rough left coset of H in G with respect to acG is the compatible category a*H = {a*h : h eH, a*h € G} n {a}. And rough
right coset of H in G with respect to a € G is the compatible category H*a = {h*a : h eH, h*a € G} p {a}.

Definition 2.8[2] A rough subgroup N of rough group G is said to be rough normal (invariant) subgroup if V a € G, a*N =
N*a .

Definition 2.9[9] Let N be a rough normal subgroup of a rough group G and let G/N = {g*N : g € G}. Then (g/N.*’) be a

rough group which is known as the rough quotient group of G with respect to N where the binary operation *’ is defined as
(g1*™N) ** (g2*N) = (gl*g2) * N.

I11. ROUGH G-MODULE

In this section we define the basic concepts of rough field , rough vector space , rough subspace and then introduce the notion
of rough G-module.

Definition 3.1 An approximation space (u,y) and +, * be two binary operation p. A non-empty subset F of p is said to be a
rough field if it satisfied the following postulates;

(i) (F, +) is a rough commutative additive group.
(ii) (F, *) is a rough commutative multiplication group.
(iii) V a, b, c €F, (a+ b)*c = a*c + b*c and a*(b + ¢) = a*b + a*c .
Definition 3.2 Let (ul,y) and (u2,y2) be two approximation space with the binary operations + and * on pl and + on p2.
Let F cvl be arough field and M cp2 be a rough commutative group then M is said to be a rough vector space over
the rough field F if there is a mapping Fy M., M i (X,m) ->xm such that
(i) x(m + n) = xm + xn
(i) X +y)m=xm+ym
(iii) (x*y)m = x(ym)
(iv)Im=m Where x,ye F; m,ne M and I is the rough multiplicative identity of F.
It can be easily verified that xo = 0 ;V x eK.
Definition 3.3 A non-empty subset N of M ie. N < M is said to be a rough subspace of M if anl + n2e ﬁ,v a € Fand
nl,n2e N.

Definition 3.4 Let (ul,y1), (u2,y2) and (u3,y3) be the approximation spaces with the binary operation * on pl1, + on u2 and
+and * on pu3. Let G cpul be a rough group. A rough vector space V cu2 over a rough field F —u3 is called a rough G-module
if there is a mapping G x V -V ; (9,v) —g.v such that

(i) IG. v=v,VveV Where IG be the rough identity element of G.
(ii) (g*h). v =g.(h.v) ;¥Vve V; g,he G.
(i) g.(flvl + f2v2) = f1(g.v1) + f2(g.v2) ; V f1,f2e F; v1, v2e V; g €G.
It can be easily verified that g.o = 0 ;V geG.
Definition 3.5 A non-empty subset S of rough G-module M is said to be a rough G-module of M if
(i) S is a rough subspace of M.
(i) g.seS,vgeGands eS.

115 | IIREAMV0610464084 DOI : 10.35291/2454-9150.2020.0510 © 2020, IJREAM All Rights Reserved.



International Journal for Research in Engineering Application & Management (IJREAM)
ISSN : 2454-9150 Mol-06, Issue-04, July 2020

Theorem 3.6 IfA and B be two rough G-modules of M then AnB is a rough G-submodule of M if A~ B-
A—B
Proof Leta,b € ANB

=abe Aand a,be B
= ca+befandca+b eE

= ca+tbe Em B- AMB
Now consider g G and a eAnB
= acAandaeB

:g.aeE and g.a eE

=g.ae A B- AMB
. AnB is a rough G-submodule of M.
V. ROUGH G-MODULE HOMOMORPHISM
In this section we define G-module homomorphism, G-module isomorphism ,kernel of homomorphism and study some of its
properties. Let (ul,y1), (u2,w2) be two approximation spaces.

Definition 4.1 If M1 cp2 and M2cpu2 be two rough G-modules then a mapping ¢ : I‘_“Il—> I‘_'IZ is said to be a
rough G-module homomorphism if (i) ¢ (fLm1 + f2m2) = f1¢$ (m1) + f2¢ (m2)
and (ii) ¢ (g.m) = g.¢ (m) ,V f1,f2e F ; mm1,m2e M and g €G.
Definition 4.2 A rough G-module homomorphism ¢ : M1 — M2 is said to be a rough G-module isomorphism if ¢ :
I‘_“I1—> I‘_'IZ is both one-one and onto.
Definition 4.3 The two rough G-modules M1cul ,M2cp2and ¢ : M1—M2 a rough G-module homomorphism.
Then {x € I"_'Il :0 (X) = 0} Where o is the rough identity element of M2 is said to be rough G-module homomorphism
Kernel of ¢ denoted by Ker ¢.
Theorem 4.4 The two rough G-modules M1cul , M2cp2 and ¢ : M1— M2 a rough G-module homomorphism.
7 Ker ¢ is a subset of M, then it is a rough G-submodule of M1.
Proof : Let a,bekerp and c eK
=a,be M1

—catbhe My
Alsod (ca+b)=co(@+¢(b)=co+o=0
s.ca+beKer¢
Now, leta eKer ¢ and g €G
=Q.ae Hl
Also ¢ (g.a)=g.¢(@)=g.0=0
~.g.aeKer ¢
Thus Ker ¢ is a rough G-submodule of M1.
Theorem 4.5 The two rough G-modules Mlcul , M2cu2 and ¢ : M1— M2 a rough G-module homomorphism. Let S be a

rough G-module of M1. Then ¢ (S) be a rough G-submodule of M2 if ¢ ( g) = ®(S),
Proof :Let yl,y2e¢ (S),then 3 x1, x2e S such that ¢ (x1) =yl and ¢ (x2) = y2.
Consider cyl+y2=c¢ (x1) + ¢ (x2)

—p(xl+x2) eh( 9= 0(S)

- oyl +y2e ®(S)
Now , consider g eG

oyl=go (D =p@Ex) o (= 9(S)
- gyle ®(S)
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Thus ¢ (S) is a rough G-submodule of M2.
V. LOWER AND UPPER APPROXIMATIONS IN A G-MODULE

Definition 5.1 Let N be a G-submodule of M and X < M. The sets N X)={xeM|x+Nc X}and N X) =
{xeM | (x + N) n X # ¢} and respectively called the lower and upper approximations of a set X with respect to the G-
submodule N and (M,N) is called the approximation space.

Theorem 5.2 Let N be a G-submodule of M and X and Y be non-empty subsets of M. Then

@ Nwexe N

(b) Nxavn= Npegn Ny

© Nxuvn=  Nxou Ny

©) Nxouvn= Nego Ny

© Nxavne Npn Ny

(f 1 X Y then Nix)c Ny,
Nxec N

@  Neo=x+N

() IFN < X then N < N (x) and Nx)=¢

» Nx+v= N+  Ngy

G) Nx+v)= Nx) + N

(K) Nkx) =k N :vkek

0 N (kx) =k N :vkeK

(m) Ng.x=g. Noivgeo

m  Ng.x=g. N ;vges

Proof : We prove only (m) and (n). The proof of other conclusions are similar to the conclusions in [16].

Letx € g. N X)=>ye N (X) such thatx = g.y
Since (y+N)c X wehave
g(y+N)cgX=gy+gNcgX

= X+NcgX =>xe H(gx)

Conversely, if x € N (9.x) thenx + N < g.X

Now, x+N=g.(g-1.x) + N=g.(g-1.x + N) c g.X

S glx+NcX =glxe Nixy=xeq N x

Thus Ngx =9 N (x).
From () ﬁ(g.X) =gX+N=gX+gN=g.(X+N)=g. ﬁ(X).
Definition 5.3 Let (M,N) be an approximation space, a non-empty subset X of M is called a N — lower rough G-submodule, if

N (X) is a G-submodule of M. X is known as a N — upper rough G-submodule, if N (X) is a G-submodule of
M.X is known as a N — rough G-submodule if both N (X) and N (X) are G-submodule of M.
Theorem 5.4 Let A and B be two G-submodule of M. Then A (B) is non-empty then A (B)=8B
Proof : We know that A (B) < B.

Now we will show that B < A (B)
Since A (B) # ¢ then 3 an element x A (B)
= (x+A)cB.
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Since 0 e Awehave x+0=x e B then—x e B.
So A=-Xx+X+Ac-x+B=B
Letb € B since A < B and B is a G-submodule

Wehaveb+AcB=b e A )
ie. beBwehaveb e AB)=Bc AB)
Thus A®)=8B

VI. CONCLUSION

In this paper, we have introduced the concept of rough G-module. We have also defined homomorphism in rough G-module,
Rough G-submodule and investigated some properties. The theory and properties of rough sets can be extended to other field in
the traditional module theory in a similar manner. The theory of rough sets and fuzzy sets can be extended in a similar way to
other algebraic structures.
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