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Abstract - We give two intrinsic integral inequalities for compact minimal C-totally real sub manifolds in a Sasakian

space form.

Key words: C-totally real submanifold, Sasakian space forms, Riemannian manifold

I. §l1.INTRODUCTION

Let M 2™ be an odd dimensional Riemannian manifold with metric g. Let @ be a (1, 1)-tensor field, n a 1-form on M 2™+
and { a vector field, such that

O X = —X+n(X)¢, ¢&=0, n@X) =0, n@ =1

g@X,¢Y) = gX,Y) —n(Xn(Y), nX) =g9X,%)
If, in addition, d (X, Y ) = g(eX, Y ) for all vector fields X, Y on M 2™ then M 2™ is said to have a contact metric
structure (@, & 1, g), and M 2™ s called a contact metric manifold. If, moreover, the structure is normal, that is if
[pX, pY] + $*[X, Y] = d[X, pY] = ¢[pX, Y] = —2dn (X, V)¢

then the contact metric structure is a Sasakian structure (normal contact metric structure) and M~ 2m+1 is called a Sasakian
manifold. For details and background, see the standard references [4] and [5].

A plane section ¢ in TPM 2™ of a Sasakian manifold M >™*! is called a @-section if it is spanned by X and X, where X is a
unit tangent vector field orthogonal to &. The sectional curvature K (o) with respect to a g-section o is called a ¢-section
curvature. If a Sasakian manifold M 2™*has a constant ¢-sectional curvature c, then M 2™ is called a Sasakian space form
and is denoted by M 2™1(c).

An n-dimensional submanifold M" of a Sasakian space form M 2™(c) is called a C-totally real suomanifold of M 2™*(c), if &
is a normal vector field on M". A direct consequence of this definition is that o(TM") € T LM", which means that M" an anti-
invariant submanifold of M 2™*(c).

In [1,2], Cao gave an integral inequality for compact pseudo-umbilical space-like submanifolds in the indefinite space form. In
this paper, we prove Cao’s result in the case of submanifolds in the Sasakian space. We will prove the following.

Theorem1. Let M" be an n-dimensional compact C-totally real submanifold in the Sasakain space form M2"(c); then

JMn{ Z R = Z Ry, 2"(" D](c + 3)p} x1<0

Theorem 2. Let Mn be an n-dimensional compact C-totally real submanifold in the Sasakian space form M~ 2n+1(c); then

fn{ ZRmuk ZR [Zn(n_Bl) ](c+3)|h|2}*1

- —2n’(n—1) +nn-1)
- 32
In the above theorems, ¥, R}, is the square length of Riemannian curvature tensor of M ™and p is the scalar curvature of M™

(c + 3).vol (M™)

II. §2.LOCAL FORMULAE

We shall give the structure equations of an n-dimensional submanifold M™of a Sasakian Space form M 2™(c). We choose a
local field of orthonormal frames.

{ €1, €2, weevvr €y gty ver veeee) €yt ep. =&,

ClampClren v €nu = PRI €(ny1) =epyq o+ v e s Eme = Py

on M 2™(c) in such a way that, restricted to M", the vectors e, e, ....., e, are tangent to M", and hence en+1, ..., em, &,

€1%r €2uy werv vy €, - - .ATE NOrMAl to M". Let W1, Wa, . .., Wi, Wist, -+« , Wi, Wine1)%,. . ..oy Wi Wi ... , Wor e, Wins, Wnenyx

. » Wn be the field of dual frames with respect to this frame field of M 2™(c). We shall make use of the following
convention on the ranges of indices:
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iLj k... =12.... N,

{ ABC,...=1,..,m0"1% ..., m"
a,b,c ...=n+1),..,m01....,m*

Then the structure equation of M?™!are given by
dWA = _ZwAB/\wB,wAB + wBA, = 0

1
dwug = — Z wac\weg, + EZ Rupcp wcAwp,

We restrict these forms to Mn. Then w, = 0. Since 0 = dw, = — Y w, = 0. Since 0 = dw, = — ), Wy Aw;;, by Cartan’s
Lemma, we obtain
= Zh?j w;, h% = he.

Integral inequalities for C-totally real submanifolds

From these formulas, we obtain the structure equations of M"

dWi = _Z a)ik/\wk,' Wik + wki, =0
(2.1) { 1
dwyp = — Y wgAwyj + EZ Ry Aw,
1
(2.2) Rijia = (c+3) ((6u8j — 6ubjx) + X(h&hs i1 — ﬁh}lk)

Where R, are the components of the curvature tensor of M". We call

h = Z hijw;® w;je,

the second fundamental form of Mn. The square length of h'is

k2 =) (h)?
and the mean curvature of M™is H = —Z hite,. If M" is minimal, the
(2.3) Y hi =0.
Let h{j, and hi}, denote the covariant derivative and second covariant derivative of hj; respectively, defined by
Yo higwe = dhl; =3 hijowy — 30 kg
5 .flul,‘ri'rg l:’f."i':,:L_ — Eﬁ:‘_.,rrr*m — 3 hfmwn; — "I?I'J.L“ 0 -

Then we have

(2.4) X hi-Y hi=

(2.5) Y hi-Yhi=2 h?mijkl'Z RymRmik

The Laplacian A h; of hf; is defined as ¥ hfl, and from Lemma 3.3 in [4], (2.3), (2.4) and (2.5), we have (as in [3, 1])
(2.6) A h{; =X hin Rjie2 Rhm Romiji

Proof of Theorem 1. From (2.2), (2.3) and (2.6),
X hi AR =X hihg e Rt 2 hishim Rk
=52(h§§ — h% k) Rinii + Z(hi5hi — hERE,) R
%Z[i(c + 3) (6:j0mk — OmjSik)]—Rimji] Rimjk
+ X[m0 = 1)(c +3) 8 — Ruj] R

ZRmL}k ZR +_ [2n(n — 1) — 1](c + 3)p.

f Zh“Ah“ «1<0,
Mn
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J- { ZRm”k ZR 2n(n—1)—1](c+3)p}
MTL
and Theorem 1 is proved,

Proof of Theorem 2. From (2.2) and (2.3), we infer
(28) p= in(n —1)(c+3)—|h2

[ B (252 o)

- 2n’(n—-1%+nn-1)
- 32

From (2.7) and (2.8), we get

(c + 3).vol(M™),
Which concludes the proof.
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