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ABSTRACT - The restricted three-body problem is a fundamental model in celestial mechanics. In this paper study, we
extend it to the generalized photogravitational restricted three-body problem, including radiation pressure and
oblateness of the primaries. Using a rotating coordinate system, the Lagrangian is expanded around the triangular
equilibrium point L. The Hamiltonian is then simplified into normal form through canonical transformations. Results
show that radiation pressure and oblateness perturb the basic frequencies, influencing the stability of triangular points.
This normalization provides a clearer Hamiltonian structure, useful for analyzing periodic solutions and spacecraft

trajectories near Lagrangian points.
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I.  INTRODUCTION

The study of planetary motion has fascinated scientists for centuries, beginning with Newton’s laws and later expanded by Euler,
Lagrange, Laplace, and Poincaré. While the two-body problem has exact solutions, the three-body problem remains complex
and unsolved in closed form. To make progress, researchers often simplify it into the restricted three-body problem (RTBP),
where a small body of negligible mass moves under the gravitational influence of two larger primaries without affecting their
motion.

Within this framework, Lagrange identified five equilibrium points, now known as Lagrangian points (L1-L5). These points are
critical in celestial mechanics and space exploration, as they represent positions where gravitational and centrifugal forces
balance. The triangular points (L4 and L5) can be stable under certain mass ratios, and they host natural objects such as Trojan
asteroids, as well as artificial satellites like SOHO and JWST.

Modern extensions of the RTBP include the photogravitational restricted three-body problem, which accounts for radiation
pressure from luminous primaries, and the oblateness effect, which considers the flattening of massive bodies. These refinements
make the model more realistic for astrophysical and space mission applications.

The aim of this work is to perform a first-order normalization of the Hamiltonian in the generalized photogravitational RTBP.
By expanding the Lagrangian around the triangular point L,and applying canonical transformations, we analyze how radiation
pressure and oblateness perturb the basic frequencies of motion. This approach provides deeper insight into the stability of
equilibrium points and offers practical applications in space dynamics, particularly for spacecraft trajectory design near
Lagrangian regions.

Lagrangian Equilibrium Points

In the framework of a rotating coordinate system, Joseph-Louis Lagrange identified five special positions where a small body of
negligible mass can remain in balance under the combined gravitational pull of two larger orbiting bodies. These positions are
known as Lagrangian points (L1-L5). At these points, the gravitational attraction of the two primaries is exactly balanced by the
centripetal force required for the small body to revolve with them, making them equilibrium points.

Three of these points lie along the line joining the two massive bodies and are called collinear points (L1, L2, L3).

L1 lies between the two bodies and provides uninterrupted views of the Sun, making it the location of the SOHO satellite. L2
lies just beyond the smaller body and hosts missions such as WMAP and the James Webb Space Telescope (JWST). L3 lies on
the far side of the larger body, hidden behind the Sun, and is considered impractical for space missions.

The other two points, L4 and L5, form equilateral triangles with the two primaries and are called triangular points. These points
can be stable if the mass ratio of the primaries is below a certain threshold. In the Earth—Sun and Earth-Moon systems, as well
as in many other celestial pairs, L4 and L5 host stable orbits. Objects located here are known as Trojans. Numerous Trojan
asteroids orbit with Jupiter and Mars, and even Saturn’s moons have Trojan companions. In 1956, Polish astronomer Kordylewski
reported concentrations of dust near the Earth—Moon Trojan points.
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The stability and existence of these points have been studied extensively by researchers such as Markeev and Sokolski (1977),

Singh et al. (2005), Singh and Omale (2019), and others. In more advanced models, the photogravitational restricted three-body
problem extends the classical case by including radiation pressure from luminous primaries, while oblateness accounts for the
flattening of massive bodies. These refinements alter the stability and exact positions of the Lagrangian points, making the model
more realistic for astrophysical applications and space mission planning.

II. EXPANSION OF LAGRANGIAN

Using dimensionless variables and a synodic coordinate system (x,y) as Szebehely (1967) and Singh and Ishwar (1999) the
equations of motion can be written as

X—=2ny=U,
y+2nx = U, o
where
U=Li(e ey ) (-p)a, , 14, +A1¢h(13—ﬂ)+142%3,u
h r 2y 2r,

(4.2.2)
7w=(x—pu) +)°
r=(x+1—p) +y°

oom, 1
(m1+m2)_2

> m,)
1, (ml =1 are masses of the primaries. The perturbed mean motion of the primaries ?? is given by

n2:1+%(AI+A2)

The Lagrangian function of the problem can be written as
1/. 2 ) . . n2 ) b
L= E(x +y )+n(xy—xy)+7(x +y )

(-, #a,  Aal-p) Agu

3 3
I8 I 2r 2r
! 2 ! 2 (4.2.3)

+

The Hamiltonian A of the problem may be written as

H=-L+Pi+Py

e ) e y) e ey Aal-p) Ao
Y y 3 3
n 7, 2r 2r,

= l(sz '|‘Py2 )+ n(ypx —Xpy)_ (l_'u)ql _HD Al%(l_:u)_ A,q,1

3 3
7 r 2r 2r
1 2 1 2 424
where P,, P, are the momenta coordinates given by
oL .
P =—=x-ny
ox
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4.2.5)
The coordinates of the triangular points L4 are
1 2
Xo=—% 7+_(Q1_Q2)+A1Q1_A2Q2:| _
217 3 with y=1-2u
J3[, 2 1 2 2
Yo =~ 1__(A1 +Az)+_(A1Q1 +A2q2)——(l—q1)——(l—q2)
21 3 3 9 9 4.2.6)

We shift the origin to L4 For what, we change

X=X, +Xx
Y>>ty
The Lagrangian function L becomes

I B O v (0 Y

(-p)g , 1a,  Aq(=p), Agu
217 2r;

+

r.

r 2

1 (4.2.7)

where
1

i =[(x+af +(y+b)1 % =f(x,»)
n'=[x+a+1) +(y+b) 12 = fi(x,»)
ne =[(x+a) +(y+b)1 2 = £i(x,»)

r’ =[(x+a+1) +(y+b)'1 2 = fi(x,»)

a=x,+ 71
2
b=y,
Now we expand L in power series of x and y.
First of all
We expand f;(x,y) i =1,2,3
By Taylor’s theorem,

f:(x.9)= £,(0.0)+[7,,(0.0)+ 7, (0.0)]

N 2l [+ £,.(0,0)+ 2xy £, (0.0)+ ¥ £, (0,0)]

1
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+%[x3 + fie (0,0)+3x%y £, (0,0)+3x)° £, (0,0)+ ¥ £,,,(0,0)]
l

+ 4il [x4 + f;xxxx(o’o) + 4X3y .ﬁxxxy(o O) + 6x2y2ﬁxxyy( )

+4x9 £1,,,(0,0)+ 3 £, (0,0)]+ oo fori=1,23

We have

Jix =—(x+a) 13
fra=—17+3f (x+a)

fraex = 9(x + a)fls —15(x + a)2f17
fixxxx = 9f15 - 90f17(x + a)z + 105(x + a)fl9

Sy =~y +a)f;

fin = +b) £ = £

iy =9+ D)1 =15 £7(y +b)

Fromw =917 =901 (v +b) +105(y +b)" £

o =3(x+a)(y+b)f;

frow =—15(x+a)f (y+5)1,] +3(y +b)f;

froy =3(x+a)f —15(x+a)(y+b) £

Frow =—45(x+a)(y+b)f] +105(x +a) (y+b)f;’

Frow =—15(x+a)’ 7 +105(x+a) (y +B) £ +3 17 —15(y +b) f/

Fromw =—15(x+a)(y+6)f7 =30(x+a)(y+b)f; +105(x+a)(y +b) £’
=45(x+a) (y+b)f +105(x +a)(y +b) £

[y =314,

fow =641 311

fo =60 F121 11, 61111, fry +35 fi

Sy =281 10 F 120 fi + 121111 +6 £ 12 46111 fi

faw =6S 0,11 T30 S
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Fon = fE A o foo 46 o +3 1
Froy =612 o+ 6o o o+ 6ot fro 46 fon +3 12,
Fraw =182 12y fon H 12, fo + 6 fonfon + 6 fon fn
6 i 46 S fr + 617 fr

1

£0,0)=(a®+5%) 2
3
£,..(0,0)=—a(a® +b*) 2
_3 .5
ﬁxx(oﬁo):_(a2+b2) 2+3(a2+b2 2a2
_3 7
[1:(0,0)=9a(a’ +b*) > ~154°(a* +b%) 2
_s i/l 9
Sr0a(0,0)=9(a* +b%) 2 —90a’(a’ +b°) 2 +105a*(a* +b°) 2

3

£,,(0,0)=-b(a’ +b%) 2

£,(0,0)=(@ by T4 [3b2(a2 b —1]

£, (0.0)={(@+1¢ +52} ;[3192 la+1P 02— 1]
f1(00)=3(a? +b2)_§[5b2(a2 +BJ —1] s

C15(a> + 0728

N |

flyyy(obo) - 9b(a2 +b° )7

5

2
2

ﬁyyyy(o’o): 9(612 +b2) g _90172(612 +b2); +105174(612 +b2)

001500+ 3l +57)
7
| 2

f1xyy(0,0) = 3a(a2 +b? )‘Z —15ab? (az 4B )

! 9
-flxxxy(oﬁo) = —45ab(a2 + b2 )_5 + 105613])(612 B )—E
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7 9

Fr00)= 54 sl )

+ 3<a2 +b’ )_Z —15p° (a2 +b? )_121
9

frens(0.0)=—45abla’ +1° )_; +105ab’(@” +57) 2

Sreee0,0)=45(a> + )_; ~630*(a’ +5° )_Z +945a*(a® + b’ )_121
11

f:;xxxy(oﬁo) =-3 15ab(a2 + b2 )_z + 945(131?(612 4 b2 )—3

11

o 0013150+ ) w4508 (a7

11

7
frean(0,0)==90(a> + 57 ) 2 +9450°b*(a* + 17 ) 2
7 9 1
f3yyyy(0’0) = 45(612 + bz) 2= 63Ob2 (Cl2 + bz) 2+ 945b4 (az + bz) 2
In order to find the derivatives of /> and f4, we only change @ to a+1 in similar types of the derivatives of /i and f; respectively.
Substituting the values of 11!, ro!, r;® and 1,3 in (4.2.7) and arranging the terms in ascending powers of x, y we have

2

L, =%(5c2 +j/2)+ n(xj/—)'cy)+n7(x +y2)—Ex2 ~Gxy—Fy?

L =§T1x3 ﬁL%szzerTgxy2 +%T4y3

L4:N1x4+N2x3y+N3x2y2+N4xy3+N5y4 (4.2.9)
Hy= (P 4+ P2+ P2 )1 n(yP, — <P )+ Ex* + Gy +
2_2 X y z nyx xy X xy y

2

=%(562 +Y2)—%(x2 47+ Ex* + Gy +

H,=-L,
H,=-L, (4.2.10)
where
1 1-
Ag (1 A
_ @ £2.(0,0)— ZT% (1-7)/..(0,0)
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T, = (1 - ﬂ)qlﬁm (090)"‘ J7709 (O’O)

+o Aa(1- 1)1, 0.0)+ HLE 1, (00)

n=U"tgp 0042, (00)

A A
A0, 00+ A2 (00)

=0~ 041, 00)+ 4 .1, 00)

Aq,(1- 1) Ay, 1
+ 2= (0,0)+% fim (0,0)
42.11)
Now
1 3 9 11 5
f1xx(0,0) = _Z+§A1 g (1 q)+ (1 —q) +— A 1(A—q) — A 2(1—q;) +44,(1 -q,)
9 3 5 11 5
f222(0,0) = 2 8A1 +2A2 +(1—-q1) __(1 qz) — A 1(1—qp) +— Az(l qz) — A1(1 qz) +4A,(1 —q,)
5
Fren(0,0) = 3[4+ Aol (=g + 2 (- )

125

4,01 - qo——A (- qz>——A (1-a,)]

fuee(0.0) = 3 [1 22— )+ A0~ 0|
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+1_Q1 +1_42
3 3

+%(1—q1)+%(1—q2)}— (127) 4,/,.(0,0)

1 9
= E|:Q1 +q,— 6(A1Q1 + Az%)"’ E(Aqu + Al%)

9
+ 7{% —q, +6(A,q, — Aq, )+ > (4,9, — Aq, )H

Aiq(1+7y) 3
e fx(00) = — 5 L+ VA
AzQz(l -v) 3
- 3 f4xx(010) = _iAZQZ(l - )/)
A1Q1

(1 +v)3(a? +b2)7(4a —b?)
2q2

1 —-y)|3{(a + 1)* + bz}“ [4(a + 1)% + b?]
- 32 [A1q; + Azq, + ¥(A1q1 — Azq;)]
5 21 3
qlflyy(ofo) = Z Az‘h A1Q1 +— Ch(l —-q1)—q.(1—qyp)

5 21 3
QZnyy(O:O) = ZQZ + ?Aqu v EAZqZ 4 ZQZ(l —q2) — (1 — q)u
33
A1q1f3yy(0'0) = 7A1Q1

33
A2q2f4-yy(0'0) = TAZQZ

q1f1xy(0,0) = __[‘h + - Az‘h + - A1CI1 +- CI1(1 q1) +- fh(l N CIZ)]
quny(O 0) = [QZ + - A1CI2 + AzQz +c qz(l q1) + = ‘b(l . QZ)]
5V3
A1G1f3y(0,0) = === A1qy
15V3

AzQzﬁtyy(O'O) = TAZQZ

21 9 11
flxxx(o'o) = _?+§A1 + = 3

5
+%A1(1 —qy) + 3142(1 —qz) + 4;Az(l —q1)

31
g5 A-a)+g (1—q2)

21 9 11
q1f1xxx(0,0) = 3 + 5A1CI1 + _(hAz

1—u 1+y
0 e 00) = (S350 ) (2210, + 941, + 11g,4,]

2 2 2
frl00)= 20+ 4+ 212 (0.4 414

5 5 5
_Az(l_Q2)+EA1 +§(1_‘J2)+§A2(1_%)
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15
~=[1-34,+34,+2(1-¢,)-2(1-¢.)

7 7 7
34,(1- ) = 34,(1 = ) + 34, +5.(1 - @) = 24,01 - )]

21 93 9
G2 2x2x(0,0) = 3 e rhl A1CI2 - AZCIZ

1 —)/)

93
UGz f2xxx(0,0) = [21‘11 —A1q; — 9A2Q2]

45 2 2
fgm<o,o)=—7[1+Al—Az—§<1—q1>+§<1—q2>—A1<1—q1>

7 7 7 105
+A2(1—q2)+§(1—q1)+§/11(1—q1)+5A2:| [1 34

—34, _2(1_Q1)+2(1_42)_3‘41(1_‘]1)"'3‘42(1_%)
+3(1 —q4) +2A1(1 - q1) +§A2]

75
A1q1 f322x(0,0) = _§A1Q1

(1- u)

Alql f3xxx(0 0) - __(1 + V)Alql

F00)= 514 420 0)-20-0)+ 401 0)

YN [V YRR EPALS ZAETA]

105[1 34, +34,+2(1-q,)-2(1-q,)

+34/(1-¢,)-34,(1=¢,)]

45 105 75
A, G, [ (O’O) = 7 4,9, — ? 4,9, = ? 4,9,

u 75
ZA2f4XXX(O'0) = a (1-7v)42q;

15 5 5 2 5
£ 00)=-2 1040244 20-0)+20-0)+ 2 40-0)

6 9 9
+1_67A1(1 —q)+ §A2(1 - QZ)]

255
AZqZﬁtxyy(O:O) = - TAZQZ

+A2(1_Q2)]+%{1+%+1_7A2 _(l_ql)'l'%(l_%)
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% AZQZfAle (O’O) = _T 4,9, (1 - 7)»

153[. 7. 5 10 7
fzxxy(oﬂo):_T[l"'gAl+§A2+3(1_Q1)+§(1_CI2)

7 3J3[, 13, 1
+_A1(1_CI1)+€A2(1 Q2)}+T|:1+ZA1_§A2

343 17 29
Cszz)ocy (090)_ - 49, —— Aq, +— 4,q,
8 6 3
343 17 29
,quzfzxxy(oﬂo): - 3 (1_7{% _ZAﬂz +?A2Q2:|

Agq, (l - /u)f3xxy (O’O) == f_z \/g(l + 7)A1Q1

,UAz%ﬁmy (090) = _f_z \/5(1 - ,U)Az%

343 29 17
(1 - /U)‘hflxxy(oao): _T (1 + V)I:& +—Agq, - ﬁ Azch}

4 12
1/, (0,0)= 3—83 q + % Ag, + % 4,4,

(- 2)g1£1,,,(0,0) = (1%)(% g + % Ag,+ % Aquj
G20, (0,0)= —? a0, - 11%9 Agq, - g 4,4,

145 f5,,(0,0)= (1_77]{— % g, - % A, - % Azszl

V3 151
G110y (0,0)=- < [9% —3344q, - Y A2Q1:|

NE) 69
G/, (0,0)= —?[9% —334,q9, + 5 Alqz}

135
Al%fz.yyy (090) =- ? \/§A191
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g \/gAz%

Az%fztwy (0»0) == 3
(4.2.12)

Using these in (4.2.11), we have

1 15 9
E :E|:Q1 +q, _?(Al% +A2Q2)+E(A2Q1 +AIQ2)

15 9
+{Q1 -4, +?(A2Q2 _A1q1)+E(AZQ1 — 44, )}}

F= —%[5(% + qz)—%(/llql + Azqz)+%(z42ql +4q,)
+7q,(1-¢,)+79,(1-¢,)—44,(1-¢,) - 4¢,(1-¢,)
+1{5(a, —q2)+%(Aqu —Alqz)+%(/11ql — 4,9,)
+7q,(1- )= 74,(1-¢,) - 44,(1- ¢,) + 44,(1=¢,)}7 ]
G= g[ﬂql - qz)+%(z42ql + Aq, )+ %(Alql - 4,q,)

7 4
+§(q1 —qz)(l—q2)+g{ql(l—qz)—qz(l—ql)}
7 19
+7{3(Q1 +Q2)+E(Alqz +A2Q1)+E(A1% + Azqz)

+ﬂ%(l_%)+%%(I_QZ)—'_%(QI +q2)(1_q2)}:|

3

1 57 57 93

T =§[21(q2 —ql)—7A1q1 + =, g+ Ag,
57 93 57

_21(‘11 +Q2)7+{_7A1CI1 _?Alqz +11g,4, _7142‘12}7:|

NE) 103 17
T, = —EP(% +q,)+ T(Alql + AzQz)_?(A1QZ +4,q,)

103 17
+{3(% _Q2)+7(A1Q1 _A2q2)+?(AIQZ — 4,49, )}7:|

1{33 261 255 129 123
T, Zz[g( |~ 2)+¥A1q1 _EAz% _EAqu +EA2%
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33 261 261 129 129
+{?(CI1 +CI2)+_A1Q1 +— 4,9, +— Aq, +_A2Q1}7:|

16 16 16 16
J3 151 69
I,=——+ 9(% +Q2)_33(A1‘I1 _Azch)__Aqu +—Aq,
32 2 2
135 69 69 151 69
+— (A1Q1+A2Q2)+7 9(91‘Q2)+_A1Q1 __Aﬂz__Az%__Az%}
2 2 2 2
and
Nl - (1 2_4#) Q1f1xxxx(0 O) + k! foxxx(O 0)
memxx(o'o) + ZqZ”ﬁtxxxx(O 0)
A -waq P
NZ - flxxxy (0 0) +— foxxy(O 0)
MO 00+ 2 00)
_(1-wq a2
N3 - flxxyy(O:O) +— f2xxyy(0 0)
+Wf3xxw(o,0)+ 220 ey (0.0)
N4 - ( #)ql flxyyy(o 0) +— 'uqz foyyy(O 0)
nyfyyy(o'o) + Zqzuﬁtxyyy(o 0)
1-waq,
NS = ( Zf)q flyyyy(o 0) + .uquZyyyy(O 0)
B iy 00) + 2 00)
with
111 75 255 25
00)=——+——74,+ 1—
flmx( ) 16 4 32 ( %) > ( %)
75 535 2015 20
0,0)= 0,0)=3| =104, + =4, + —(1-¢,)-=(1-
120 00)= 1, (00) [16 2B 0-0)-30-0)
123 105 195 65 35
0,0)=- + A+ A+—1-q,)——1-
flxx)gy( ) 16 4 T 30 16( %) 5 ( ‘b)
135 15 795 265
0,0)=3 - +—="4 ——2 4 - (1-g,)+5(1-
flxyw( ) |: 16 2177 30 2 6 ( %) ( %):l
9 135 585 155 45
0,0)=——- A+ A, + l—q,)——(1-
flyyw( ) 16 4 173 276 ( %) ) ( %)
855 315 1725 1575 105
0,0)=— — A — A — 1- 1-
f3xm( ) 16 4 30 2 16 ( %) 5 ( %)

12 | IJREAMYV12104132001 DOI : 10.35291/2454-9150.2026.0037 © 2026,JJREAM All Rights Reserved.



International Journal for Research in Engineering Application & Management (IJREAM)
ISSN : 2454-9150 Vol-12, Issue-04, July 2026

315 3885 6615 70
f3my(090):\/§|:_¥_105‘41+ 3 4, + 16 (1_%)_?(1_%):|

1575 105 11865 1365
ﬂW(O,O)zﬁ{—?+7AI— 30 4, + 16 (I_Q1)+35(l_92):|

1395 945 5985 315
f3xxyy(0’0)_ 16 + 4 4+ 30 (1_%)_7(1_%)

855 2835 14805 4935 945
fgW(O,O)——E—TAl— > 4, - 6 (1—411)—7(1—%)

(4.2.13)

III. PERTURBED BASIC FREQUENCIES
Now we follow the method of Whittakar (1965) to find the canonical transformation from the phase space (x, y, px, py) in to the
12 712
phase space product of the angle co-ordinates (¢,¢>) and the action momenta (;, [>) and of the first orderin =1 °72  so that
the second order part of the Hamiltonian is normalized.

In order to examine the stability of the motion, we consider the following set of linear equations in the variable x,y :

— AP, = o, =2Ex+Gy—nP,
ox
oH
~ AP =—==2Ey+Gx+nP,
% (4.3.1)
Ax = Z% =P +ny

Ay = Z%; =P, —nx
ie AX:O
where

x| (2E G A -n]

y G 2F n
X = A =

P A n 1 0

P —n -

51 -n -4 0 1]

[4=0
Clearly, implies that
B 42E+F+n’ )P +4EF =G> +n* —2n*(E+F)=0 432
This is the characteristic equation whose discriminant is

2 2 4 2
D=4E+F+n*f —4{4EF —-G* +n* —2n*(E+ F)) wss)

Stability is possible only when D > 0,
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This implies that [Singh and Ishwar (1999)]

U< tao = o — — (A, + A7) — 2L~ 1)
0 969 T T 27469

1(1+11A 2(1—q2)+1(1 n
9 T g M T 706 9 N

where

_1 (1 _ 2} — 0.0385208965
27
(43.4)

The roots of the equation (4.3.2) are denoted by * i®; and + i®, where ®;, @, are the long /short periodic perturbed basic

frequencies.

These roots are related to each other as

o + @, :2(E+F+n2)

1
= E [_ 8(% +4, )_ 36(‘41% + Az%)_ 12(‘42% + Aﬂz)

_14%(1 _‘]1)_14(]2(1 _‘]2)"' 8‘]1(1 _%)"' 8‘]2(1 _%)
+32+48(4 + 4+ y{-8q, + 8¢, +36(4q, — 4q,)
+12(4q, - 4,q,)-14¢,(1-¢,)+14¢,(1—¢,)

+8q:(1 — q;) — 8q,(1 — q1)}] (4.3.5)

and
O<w <—1 <w <1
2 /2 1

w?w? = 4EF — G?> + n* - 2n%(E + F)

= 6_4 — S(q1 + q2)2 + 27(% + qz)(Al% + Az%)

~33(q, +,)(4yq, + Aq,)+64+192(4 + 4,)+32(q, + ¢,)
+192(A4,q, + A,q, )+ 96(A4,q, + A,q, )+ 56¢,(1—¢,)+564,(1—q,)
~32¢,(1-q,)-32q,(1-¢,)+ {32q, —32q, +192(4,q, — A,q,)
+96(4yq, — Agq,)—10(g7 — 47 )-33(q, + 4, ) (A4,q, — Ag,)
~27(¢, +,) (4, — 4,)-54a’ — 3 )~ 63(q, - 4,) (A, + Aq,)
~171(q, - ¢, )(4q, + 4,,) - 63(q, + 4, )(4q, — 4g,)
—171(gq, +q,) (4q, — 4,q,)}— ¥’ {27(q, + 4, )

+63(¢, +4,)(Ag, + 49)+171(g, + ,)(4g - 4@ )] 5

IV. NORMAL FORM OF SECOND ORDER PART OF HAMILTONIAN

In order to determine the normal coordinates, we first solve the set of equations (4.3.1). Its solutions are:
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x y _ P, _ b,
20A—-G X —-n*+2E nAl-GA-2mnE+n’ X +n*A+2EA-nG
(4.4.1)

Putting A = + i®; and A = + im,, we get the following set of solutions
x; = K;(2niw; — G)
P; = Kj(—nwf — iGw; — 2En + n?)

yj = Kj(~wf —n® + 2E)

Py, = Kj[—iw] + iw;(n? + 2E) — Gn] (44.2)
Xj+2 = Kjyo(—2inw; — G)
Peyy = Ki2(-n0} + iGw; — 2En +n®)
Yi+z = Kj+2(_wj2 —n? + 2E)
Py iy, = Kialio] —iw;(n? + 2E) — Gn}
where j = 1,2 and K| and Kj+, are constants of proportionality.
As in Whittaker (1965), we use the transformation
O,
0,
X=J
A
b
4.4.3)
with
X, — —X, — B+ — Y
2 2 o 2 o 2
LS S LSV I S T
1 2
2 2 o 2 w 2
J= . :
_ la)ch,:& N . la)2])x,4 i ])x,l + Px,3 — RC,Z _ 13x,4
! 2 2 2 o 2 o, 2
P — la)le _ _ la)2Py94 — Py,1 + Rv,3 — Py,z Pya4
i 2 2 2 o 2 w, 2

Under the normality conditions, we have

X\Pyz = X3Py F VPys — Vi, =1

XyPys = XyDPeat VaDys—VaPy2 =1

Which give

(4.4.9)

—4iw K K, [} (F — E+2n*)+G* + 2E* +3n°E + n*F — 2EF —2n*] =1

—4iw,K,K [0} (F — E +2n* )+ G* + 2E* +3n°E + n*F — 2EF —2n*]=1

Where K are arbitrary,
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Here K; (j = 1,2,3,4) satisfy the two equations (4.4.5). They can be made to satisfy two more equations. For this, we follow the

method of Breakwell and Prngle (1966). We choose K; so as to satisfy the equations

J],l :Jl,z =0

This implies that

ORs (2pw, —iG)

K,(2inw, —G)=
K
K,(G—2inw,) =224 (—iG+2nw,)
2 (4.4.6)
From equations (4.4.6), we have
Kl K3
P . =h,
o,2nw, —iG) 2(2inw, —G) wa
K, K,
N . =h,
w,2nw, —iG) 2(G-2inw,) was)
Using (4.4.7) and (4.4.8) in (4.4.5), we have
1
(4.4.9)

h. =
: ijMij(M;)z

where
M, =(0} -2F +1*)

1 5 21
E[Ij +6(A1 +A2)+E(Q1 +Q2)_5+X(A1% _Az%)"'

2

21 7 2

+ 7 (g + 44+ 2 a(1-9)+20:(1-4,)-20,(1-4,)
5 21 21

_2%(1_%)"’7{5(% _%)"'X(Az% _A1Q2)+X(A1Q1 _Azqz)

1

’ (1_91) z%(l_%)_z%(l_42)"'2‘]2(1_%)}]E

+_ J—
24 2
I’ =40°+9, j=12
with 1T T
1

M, =\2(} -E-F+n*)?
1
= [K12 - E {8(% + %)_ 36(141‘]1 +4,q, )_ 12(‘42‘]1 + Aﬂz)
—14¢,(1-¢,)—14,(1-¢,)+8¢,(1-¢,)+84,(1-¢,)
© 2026,JJREAM All Rights Reserved.
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1
+16 +48(A1 + Az)}_gﬂ/{_ 8¢, +8q, +36(A2Q2 - Aﬂl)

+ 12(141% - Az%)_ 144, (1 - Q1)+ 14%(1 N 612)
1

+3¢, (1 - %)_8%(1 —4q, )}]E with K12 = 2a)12 -1,

1

M, = \/E(a)f —E—F+n2);:i[— 205 +2E+2F+2n2F
= i[KZ+ % (~8(q, +q,)—36(Aq, + A,q,)—12(A4,q, + Aq,)
—14¢,(1-¢,)-144,(1-¢,)+8¢,(1- ¢,)+84,(1-4,)
+16+48(4 + 4, — % {~8¢, +8¢, +36(4q, — 4q,)
+12(4q, — Aq,)—14¢,(1-q,)+14¢,(1-g,)

1
+8g1(1_%)_8%(1_% )}]5 with Kz2 = _(2(022 _1)

M’ =(0? -2E+n*)?
1 15

1
ZE[IJ? +6(A1 +A2)_5(% +Q2)_5+X(A1Q1 _Az%)"'

1
2

9 15 9
- Z (Az% + 44, )_ g {% —q,* E(Az% B Aﬂl)"‘ 5 (Az% — A4, )}}

(4.4.10)
0 0 M, M,
a)lMl a)ZMZ
2no, _ G iG
E— 2inw, — —
7o MM, oMM, ,M ,M,
B _a)l(Mlz—2n2) _ia)z(Mzz—2n2) -nG —niG
MM, M,M, oMM, w,M,M,
- 0,G - 0,G —~ 11(20)12 —Mlz) m(Mz2 —26()22)
. MM, M,M, oM M, ,M M,
(4.4.11)
where
M, 1, 1 /4 4 /4
Ji; = = 1

= — = + a, + a, + a, + a, |,
oM, 2wk| 207" 32k 7 207 ° 32k
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Vi 1 1
Jy=— {14— S ———a, + y2a3— 7/2a4}
2ok, | 200 32K 2120 32K
4o | 1 y y
J, =——|1+a.———a + a,———a, + a, |,
2! lk[ St 3kr T 2t 32k} 9}
4 1 1 y y
J2,2=——1{1+a5——a6— a, — g — a9}
Lk, 2 7 32k T 2I; 7 32k
=— V3 a.+a, v— ! a,, + ! a —La
2.3 dolk, 10 Tany 2112 12 32/(12 13 2112 147
I S S
2112 15V 32k12 167 32/{12 177
= V3 {a a, v 1 a ! a ! a,y
2,4 — 100 %11/ T A 2%27 SA,2 %130 S0 %14
4,1k, 20 32k; 20,
I
2122 15V 32k22 167 32/{22 177
(4.4.12)
2 2
I =40’ +9,
k! =2 -1,
k3 :—(26022 —1) J=L2 (4.4.13)

, 5 21 21
a, = 6(A1 +A2)+E(‘J1 +Q2)_5+T(A1Q1 +A2Q2)+?(Az% +A1‘]2)a

d, =—8(q, +q,)-36(4q, + A,q,)-12(Aq, + Aq,)+16 +48(4, + 4,),

, 5 21 21
a; = 5(% _%)""?(Az% _A1Q2)+?(A1Q1 — 4,9, )7

a, =—8q, +8q, + 36(142% - Al%)‘*’ 12(141% + 4,49, )s

, 3

as = Z(A1 + Az)s
., 9 5 57

Qg = Z(Al + Az)"' E(% + %)_ 5+ 7(141% + 4,9, + 4g, + Az%)»

a, = _8(% + %)"‘ 16 + 6O(A1 + Az)_ 42(141% + Az%)_ 18(‘41% + 4,9, )s
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, 5 57 57 57 57
ag :E(% _QZ)+§AIQI _gAz% +?A2Q1 _§A1Q2»

ay = _8(% _%)_30(141% _A2Q1)+6(A1Q2 — A,q, )9

' 7 19
Ay = 3(% _%)"'E(Az% - Aﬂz)"'?(Al% — 4,9, )’

' 7 19
a, = 3(% + %)"' E(Al% + Az%)"' ?(Al% + Az%)’

, 59 1 1 59 15 49

@y == Aq =5 Ag + 5 Aq +— A4, +7%2 +7A2%2 +154.9,9,
79 15 49 79

+7A1Q12 —154,9,9, _quz _7141‘]; —7/12(]22 —15¢q, +15¢,,

al, =-24q; —184 A,q] —244,q,q, — 64 A,q] +644,q,q, +48q, +296 4,a,

+24q; +184 A4,q5 —296 A,q, + 64 A,q> —48g, +200 4,9, —200A4,q,,

63 63
ay, =15g] +214,q7 + - Aad: + 794,q; + - 15g; +2144q;

59 1 1 59
+ 79‘41‘]22 _7141% +EA2Q1 +5A1QZ _7A2Q2 —15q, —15q,,
, 15 15 49 79 79
as =3ch —5615 +7A2q12 +7A1q12 —71426122
49

_? 1qg —154,9,9, +154,49,9,,

al, =—48q; —48q; —128 4,q) —368 Ag; —368 4,q; —128 4,q> + 43¢,
+48q, + 20049, + 296 A,q, +200A4,q, + 296 A4,

aj, =—24q; +24q; + 24 A,q.q, — 184 Aq; — 24 4,q,q, — 64 4,q;

2 2
+184 4,9, +64 4,9, (@4.14)
The transformation (4.4.3) transforms H, to the form:
1 2 2 212 212
H, = (B~ P + 00} - }0})
(4.4.15)

0.0.R.P,_CQ.0PBP

We apply a contact transformation 72 defined by Whittaker (1965):

20"
0, = gsmp]'
w;
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Py =\20,0; cos P} (j=12)

H, =00 - 0,0

14
We denote the angular variables and then second order part of the Hamiltonian becomes ~ ! and By by ¢1 and ¢2 and, the

actions O, and 0 by Il and 12 . Then the second order part of the Hamiltonian is transformed to the normal form:

H, =ol, - o,l, (4.4.16)
Taking - HO B Hz , equations of motion
dl,  oH
di g,
dg,  oH
de ol (j=12)
become
dl .
—I =0, .
dt (j=12)
aé _
/A
d
a _ _,
dt (4.4.17)
The general solutions of these equations of motion is
[; = Constant,
@, = ot + constant,
¢, = —w,t + constant @418

V. CONCLUSION

We conclude that the Hamiltonian is affected by the radiation repulsive forces and oblateness of the primaries. They also perturb
the basic frequencies. The transformations utilized for reduction of Hamiltonian to the normal form are dependent on the

perturbed basic frequencies.
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    𝑳  𝟒


    L 4


    f  i  ( x , y )


  i = 1 , 2 , 3


    f  1 x x x = 9  ( x + a )   f 1 5 − 15    ( x + a ) 2   f 1 7


    f  1 x x x x = 9   f 1 5 − 90   f 1 7    ( x + a ) 2 + 105  ( x + a )   f 1 9


    f  1 x x x x = 9   f 1 5 − 90   f 1 7    ( x + a ) 2 + 105  ( x + a )   f 1 9


    f  1 x x  ( 0 , 0 ) = −  1 4 +  3 2   A 1 −  9 8   A 2 −  3 4  ( 1 −   q 1 ) +  ( 1 −   q 2 ) +  11 8   A 1  ( 1 −   q 1 ) −  5 3   A 2  ( 1 −   q 2 ) + 4   A 2  ( 1 −   q 2 )


    f  2 x x  ( 0 , 0 ) = −  1 4 −  9 8   A 1 +  3 2   A 2 +  ( 1 −   q 1 ) −  3 4  ( 1 −   q 2 ) −  5 3   A 1  ( 1 −   q 2 ) +  11 8   A 2  ( 1 −   q 2 ) −  5 3   A 1  ( 1 −   q 2 ) + 4   A 1  ( 1 −   q 1 )


    f  2 x x  ( 0 , 0 ) = −  1 4 −  9 8   A 1 +  3 2   A 2 +  ( 1 −   q 1 ) −  3 4  ( 1 −   q 2 ) −  5 3   A 1  ( 1 −   q 2 ) +  11 8   A 2  ( 1 −   q 2 ) −  5 3   A 1  ( 1 −   q 2 ) + 4   A 1  ( 1 −   q 1 )


    f  3 x x  ( 0 , 0 ) = 3  [  1 4 +  5 2   A 1 −  5 8   A 2 −  5 12  ( 1 −   q 1 ) +  5 3  ( 1 −   q 2 )


   +  125 24   A 1  ( 1 −   q 1 ) −  7 5   A 2  ( 1 −   q 2 ) −  35 6   A 2  ( 1 −   q 2 ) ]


    f  4 x x  ( 0 , 0 ) = 3  [ 1 +  7 2   A 1 +  7 3  ( 1 −   q 2 ) +  7 2   A 2  ( 1 −   q 2 ) ]


  −     A 1   q 1  ( 1 + 𝛾 ) 8   f  3 x x  ( 0 , 0 ) = −  3 32  ( 1 + 𝛾 )   A 1   q 1


  −     A 2   q 2  ( 1 − 𝛾 ) 8   f  4 x x  ( 0 , 0 ) = −  3 32   A 2   q 2  ( 1 − 𝛾 )


  −     A 2   q 2  ( 1 − 𝛾 ) 8   f  4 x x  ( 0 , 0 ) = −  3 32   A 2   q 2  ( 1 − 𝛾 )


  −     A 1   q 1 8  ( 1 + 𝛾 ) 3    (   a 2 +   b 2 )  −  7 2  ( 4   a 2 −   b 2 )


    q 1   f  1 y y  ( 0 , 0 ) =  5 4   q 1 +  21 8   A 2   q 1 −  3 2   A 1   q 1 +  7 4   q 1  ( 1 −   q 1 ) −   q 1  ( 1 −   q 2 )


    q 2   f  2 y y  ( 0 , 0 ) =  5 4   q 2 +  21 8   A 1   q 2 −  3 2   A 2   q 2 +  7 4   q 2  ( 1 −   q 2 ) −   q 2  ( 1 −   q 2 ) 𝜇


    q 2   f  2 y y  ( 0 , 0 ) =  5 4   q 2 +  21 8   A 1   q 2 −  3 2   A 2   q 2 +  7 4   q 2  ( 1 −   q 2 ) −   q 2  ( 1 −   q 2 ) 𝜇


    A 1   q 1   f  3 y y  ( 0 , 0 ) =  33 4   A 1   q 1


    A 2   q 2   f  4 y y  ( 0 , 0 ) =  33 4   A 2   q 2


    q 1   f  1 x y  ( 0 , 0 ) = −   3  3 4  [   q 1 +  7 6   A 2   q 1 +  2 3   A 1   q 1 +  7 9   q 1  ( 1 −   q 1 ) +  4 9   q 1  ( 1 −   q 2 ) ]


    q 2   f  2 x y  ( 0 , 0 ) =   3  3 4  [   q 2 +  7 6   A 1   q 2 +  2 3   A 2   q 2 +  4 9   q 2  ( 1 −   q 1 ) +  7 9   q 2  ( 1 −   q 2 ) ]


    A 1   q 1   f  3 y y  ( 0 , 0 ) = −   15  3 4   A 1   q 1


                              A 2   q 2   f  4 y y  ( 0 , 0 ) =   15  3 4   A 2   q 2


    f  1 x x x  ( 0 , 0 ) = −  21 8 +  9 8   A 1 +  11 8   A 2 −  31 8  ( 1 −   q 1 ) +  3 4  ( 1 −   q 2 )


  +  1 2   A 1  ( 1 −   q 1 ) +  9 8   A 2  ( 1 −   q 2 ) +  45 8   A 2  ( 1 −   q 1 )


    q 1   f  1 x x x  ( 0 , 0 ) = −  21 8   q 1 +  9 8   A 1   q 1 +  11 8   q 1   A 2


    1 − 𝜇 2   q 1   f  1 x x x  ( 0 , 0 ) =  (   1 + 𝛾 32 )  [ − 21   q 1 + 9   A 1   q 1 + 11   q 1   A 2 ]


  + 3   A 1  ( 1 −   q 1 ) − 3   A 2  ( 1 −   q 2 ) +  7 2   A 1 +  7 3  ( 1 −   q 2 ) −   7 2   A 2  ( 1 −   q 2 ) ]


    q 2   f  2 x x x  ( 0 , 0 ) =  21 8   q 2 +  93 16   A 1   q 2 −  9 8   A 2   q 2


    q 2   f  2 x x x  ( 0 , 0 ) =  21 8   q 2 +  93 16   A 1   q 2 −  9 8   A 2   q 2


  𝜇   q 2   f  2 x x x  ( 0 , 0 ) =    ( 1 − 𝛾 ) 32  [ 21   q 1 +  93 2   A 1   q 2 − 9   A 2   q 2 ]


  𝜇   q 2   f  2 x x x  ( 0 , 0 ) =    ( 1 − 𝛾 ) 32  [ 21   q 1 +  93 2   A 1   q 2 − 9   A 2   q 2 ]


  + 3  ( 1 −   q 1 ) +  9 2   A 1  ( 1 −   q 1 ) +  9 2    A 2 ]


    A 1   q 1   f  3 x x x  ( 0 , 0 ) = −  75 8   A 1   q 1


    A 1   q 1   f  3 x x x  ( 0 , 0 ) = −  75 8   A 1   q 1


    A 1   q 1    ( 1 − 𝜇 ) 4   f  3 x x x  ( 0 , 0 ) = −  75 64  ( 1 + 𝛾 )   A 1   q 1


    𝜇 4   A 2   f  4 x x x  ( 0 , 0 ) =  75 64  ( 1 − 𝛾 )   A 2   q 2


  +  17 6   A 1  ( 1 −   q 1 ) +   1 3   A 2  ( 1 −   q 2 ) ]


    A 2   q 2   f  4 x y y  ( 0 , 0 ) = −  255 8   A 2   q 2


    N 1 =    ( 1 − 𝜇 ) 24   q 1   f  1 x x x x  ( 0 , 0 ) +   𝜇   q 2 24   f  2 x x x x  ( 0 , 0 )


    N 2 =    ( 1 − 𝜇 )   q 1 6   f  1 x x x y  ( 0 , 0 ) +   𝜇   q 2 6   f  2 x x x y  ( 0 , 0 )


    N 3 =    ( 1 − 𝜇 )   q 1 4   f  1 x x y y  ( 0 , 0 ) +   𝜇   q 2 4   f  2 x x y y  ( 0 , 0 )


    N 4 =    ( 1 − 𝜇 )   q 1 6   f  1 x y y y  ( 0 , 0 ) +   𝜇   q 2 6   f  2 x y y y  ( 0 , 0 )


    N 5 =    ( 1 − 𝜇 )   q 1 24   f  1 y y y y  ( 0 , 0 ) + 𝜇   q 2   f  2 y y y y  ( 0 , 0 )


  𝜆 x =   𝜕   H 2  𝜕   P  x =   P  x + n y


  𝜆 y =   𝜕   H 2  𝜕   P  y =   P  y − n x


  𝜇 <   𝜇  c o =   𝜇 0 −  2  9  69  (   A 1 +   A 2 ) −   2  ( 1 −   q 1 )  27  69


  + 8   q 1  ( 1 −   q 2 ) −   8   q 2  ( 1 −   q 1 ) } ]


    𝜔 1 2   𝜔 2 2 = 4 E F −   G 2 +   n 4 − 2   n 2  ( E + F )


    x  j =   K  j  ( 2 n i   𝜔  j − G )


      P  x  j =   K  j  ( − n   𝜔  j 2 − i G   𝜔  j − 2 E n +   n 3 )


    y  j =   K  j  ( −   𝜔  j 2 −   n 2 + 2 E )


      P  y  j =   K  j  [ − i   𝜔  j 3 + i   𝜔  j  (   n 2 + 2 E ) − G n ]


    x  j + 2 =   K  j + 2  ( − 2 i n   𝜔  j − G )


      P  x  j + 2 =   K  j + 2  ( − n   𝜔  j 2 + i G   𝜔  j − 2 E n +   n 3 )


      P  x  j + 2 =   K  j + 2  ( − n   𝜔  j 2 + i G   𝜔  j − 2 E n +   n 3 )


    y  j + 2 =   K  j + 2  ( −   𝜔  j 2 −   n 2 + 2 E )


    y  j + 2 =   K  j + 2  ( −   𝜔  j 2 −   n 2 + 2 E )


      P  y  j + 2 =   K  j + 2  { i   𝜔  j 3 − i   𝜔  j  (   n 2 + 2 E ) − G n }


      P  y  j + 2 =   K  j + 2  { i   𝜔  j 3 − i   𝜔  j  (   n 2 + 2 E ) − G n }

