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 ABSTRACT - The restricted three-body problem is a fundamental model in celestial mechanics. In this paper study, we 

extend it to the generalized photogravitational restricted three-body problem, including radiation pressure and 

oblateness of the primaries. Using a rotating coordinate system, the Lagrangian is expanded around the triangular 

equilibrium point 𝑳𝟒. The Hamiltonian is then simplified into normal form through canonical transformations. Results 

show that radiation pressure and oblateness perturb the basic frequencies, influencing the stability of triangular points. 

This normalization provides a clearer Hamiltonian structure, useful for analyzing periodic solutions and spacecraft 

trajectories near Lagrangian points. 
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I. INTRODUCTION 

The study of planetary motion has fascinated scientists for centuries, beginning with Newton’s laws and later expanded by Euler, 

Lagrange, Laplace, and Poincaré. While the two-body problem has exact solutions, the three-body problem remains complex 

and unsolved in closed form. To make progress, researchers often simplify it into the restricted three-body problem (RTBP), 

where a small body of negligible mass moves under the gravitational influence of two larger primaries without affecting their 

motion. 

Within this framework, Lagrange identified five equilibrium points, now known as Lagrangian points (L1–L5). These points are 

critical in celestial mechanics and space exploration, as they represent positions where gravitational and centrifugal forces 

balance. The triangular points (L4 and L5) can be stable under certain mass ratios, and they host natural objects such as Trojan 

asteroids, as well as artificial satellites like SOHO and JWST. 

Modern extensions of the RTBP include the photogravitational restricted three-body problem, which accounts for radiation 

pressure from luminous primaries, and the oblateness effect, which considers the flattening of massive bodies. These refinements 

make the model more realistic for astrophysical and space mission applications. 

The aim of this work is to perform a first-order normalization of the Hamiltonian in the generalized photogravitational RTBP. 

By expanding the Lagrangian around the triangular point 𝐿4and applying canonical transformations, we analyze how radiation 

pressure and oblateness perturb the basic frequencies of motion. This approach provides deeper insight into the stability of 

equilibrium points and offers practical applications in space dynamics, particularly for spacecraft trajectory design near 

Lagrangian regions. 

Lagrangian Equilibrium Points 

In the framework of a rotating coordinate system, Joseph-Louis Lagrange identified five special positions where a small body of 

negligible mass can remain in balance under the combined gravitational pull of two larger orbiting bodies. These positions are 

known as Lagrangian points (L1–L5). At these points, the gravitational attraction of the two primaries is exactly balanced by the 

centripetal force required for the small body to revolve with them, making them equilibrium points. 

Three of these points lie along the line joining the two massive bodies and are called collinear points (L1, L2, L3). 

L1 lies between the two bodies and provides uninterrupted views of the Sun, making it the location of the SOHO satellite. L2 

lies just beyond the smaller body and hosts missions such as WMAP and the James Webb Space Telescope (JWST). L3 lies on 

the far side of the larger body, hidden behind the Sun, and is considered impractical for space missions. 

The other two points, L4 and L5, form equilateral triangles with the two primaries and are called triangular points. These points 

can be stable if the mass ratio of the primaries is below a certain threshold. In the Earth–Sun and Earth–Moon systems, as well 

as in many other celestial pairs, L4 and L5 host stable orbits. Objects located here are known as Trojans. Numerous Trojan 

asteroids orbit with Jupiter and Mars, and even Saturn’s moons have Trojan companions. In 1956, Polish astronomer Kordylewski 

reported concentrations of dust near the Earth–Moon Trojan points. 
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The stability and existence of these points have been studied extensively by researchers such as Markeev and Sokolski (1977), 

Singh et al. (2005), Singh and Omale (2019), and others. In more advanced models, the photogravitational restricted three-body 

problem extends the classical case by including radiation pressure from luminous primaries, while oblateness accounts for the 

flattening of massive bodies. These refinements alter the stability and exact positions of the Lagrangian points, making the model 

more realistic for astrophysical applications and space mission planning. 

II. EXPANSION OF LAGRANGIAN  

Using dimensionless variables and a synodic coordinate system (x,y) as Szebehely (1967) and Singh and Ishwar (1999) the 

equations of motion can be written as  

xUynx =−  2
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The Lagrangian function of the problem can be written as  
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The Hamiltonian H of the problem may be written as  
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where Px, Py are the momenta coordinates given by  
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The coordinates of the triangular points L4 are  
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We shift the origin to L4 For what, we change  

xxx +→ 0  

yyy +→ 0  

The Lagrangian function L becomes  
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Now we expand L in power series of x and y.  

First of all  

We expand 𝑓𝑖(𝑥, 𝑦)  𝑖 = 1,2,3  

By Taylor’s theorem,  
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In order to find the derivatives of f2 and f4, we only change a to a+1 in similar types of the derivatives of f1 and f3 respectively. 

Substituting the values of r1
-1, r2

-1, r1
-3 and r2

-3 in (4.2.7) and arranging the terms in ascending powers of x, y we have  
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[𝑞1 +

7

6
𝐴2𝑞1 +

2

3
𝐴1𝑞1 +

7

9
𝑞1(1 − 𝑞1) +

4

9
𝑞1(1 − 𝑞2)] 

               𝑞2𝑓2𝑥𝑦(0,0) =
3√3

4
[𝑞2 +

7

6
𝐴1𝑞2 +

2

3
𝐴2𝑞2 +

4

9
𝑞2(1 − 𝑞1) +

7

9
𝑞2(1 − 𝑞2)] 

             𝐴1𝑞1𝑓3𝑦𝑦(0,0) = −
15√3

4
𝐴1𝑞1 

             𝐴2𝑞2𝑓4𝑦𝑦(0,0) =
15√3

4
𝐴2𝑞2 

𝑓1𝑥𝑥𝑥(0,0) = −
21

8
+

9

8
𝐴1 +

11

8
𝐴2 −

31

8
(1 − 𝑞1) +

3

4
(1 − 𝑞2) 

                        +
1

2
𝐴1(1 − 𝑞1) +

9

8
𝐴2(1 − 𝑞2) +

45

8
𝐴2(1 − 𝑞1) 

    𝑞1𝑓1𝑥𝑥𝑥(0,0) = −
21

8
𝑞1 +

9

8
𝐴1𝑞1 +

11

8
𝑞1𝐴2 

1 − 𝜇

2
𝑞1𝑓1𝑥𝑥𝑥(0,0) = (

1 + 𝛾

32
) [−21𝑞1 + 9𝐴1𝑞1 + 11𝑞1𝐴2] 

( )  ( ) ( ) ( )1121212 11
3

2
1

3

2
1

9

2
0,0 qAqqAAf xxx −+−−−++−=

 

         

( ) ( ) ( )222122 1
2

5
1

3

5

2

5
1 qAqAqA −+−++−−
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 ( ) ( )2121 1212331
8

15
qqAA −−−++−−

 

+3𝐴1(1 − 𝑞1) − 3𝐴2(1 − 𝑞2) +
7

2
𝐴1 +

7

3
(1 − 𝑞2) −

7

2
𝐴2(1 − 𝑞2)] 

𝑞2𝑓2𝑥𝑥𝑥(0,0) =
21

8
𝑞2 +

93

16
𝐴1𝑞2 −

9

8
𝐴2𝑞2 

𝜇𝑞2𝑓2𝑥𝑥𝑥(0,0) =
(1 − 𝛾)

32
[21𝑞1 +

93

2
𝐴1𝑞2 − 9𝐴2𝑞2] 

( ) ( ) ( ) ( )1121213 11
3

2
1

3

2
1

2

45
0,0 qAqqAAf xxx −−




−+−−−+−=

 

( ) ( ) ( )  1211122 31
8

105

2

7
1

3

7
1

3

7
1 AAqAqqA ++




+−+−+−+

 

( ) ( ) ( ) ( )2211212 131312123 qAqAqqA −+−−−+−−−
 

+3(1 − 𝑞1) +
9

2
𝐴1(1 − 𝑞1) +

9

2
𝐴2] 

𝐴1𝑞1𝑓3𝑥𝑥𝑥(0,0) = −
75

8
𝐴1𝑞1 

         𝐴1𝑞1
(1−𝜇)

4
𝑓3𝑥𝑥𝑥(0,0) = −

75

64
(1 + 𝛾)𝐴1𝑞1 

( ) ( ) ( ) ( )1121214 11
3

2
1

3

2
1

2

45
0,0 qAqqAAf xxx −+




−−−++−=

 

                 

( ) ( ) ( )







−+−++−− 222122 1

2

7
1

3

7

2

7
11 qAqAqA

 

     

( ) ( ) 2121 1212331
8

105
qqAA −−−++−−

 

        
( ) ( )2211 1313 qAqA −−−+

 

( ) 222222422
8

75

8

105

2

45
0,0 qAqAqAfqA xxx =−=

 

𝜇

4
𝐴2𝑓4𝑥𝑥𝑥(0,0) =

75

64
(1 − 𝛾)𝐴2𝑞2 

( ) ( ) ( ) ( )



−+−+−+++−= 1121213 1

2

5
1

3

2
1

3

5

2

5
1

2

15
0,0 qAqqAAf xyy

 

   

( )
( )

( )



−+

−
−+++−+ 2

1
2

1
22 1

9

2

9

1

6

17

3
1

8

315
1 q

q
A

A
qA

 

                         +
17

6
𝐴1(1 − 𝑞1) +

1

3
𝐴2(1 − 𝑞2)] 

          𝐴2𝑞2𝑓4𝑥𝑦𝑦(0,0) = −
255

8
𝐴2𝑞2 
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( ) ( ),1
8

255
0,0

4
22422 


−−= qAfqA xyy

 

( ) ( ) ( )



−+−+++−= 21212 1

9

7
1

9

10

3

5

6

7
1

2

315
0,0 qqAAf xxy

 

( ) ( ) 



−++




−+−+ 212211

3

1

6

13
1

2

33
1

6

7
1

3

5
AAqAqA

 

( ) ( ) ( ) ( )



−+−−−+−− 221121 1

6

13
1

3

1
1

9

13
1

9

2
qAqAqq

 

( ) 







+−−= 2221222

3

29

6

17

8

33
0,0 qAqAqfq xxy

 

( ) ( ) 







+−−−= 2221222

3

29

6

17
1

8

33
0,0 qAqAqfq xxy 

 

( ) ( ) ( ) 11311 13
16

45
0,01 qAfqA xxy  +−=−

 

( ) ( ) 22422 13
16

45
0,0 qAfqA xxy  −−=

 

( ) ( ) ( ) 







−++−=− 1211

1
11

24

17

12

29

4
1

4

33
0,01 qAqA

q
fq xxy 

 

( ) 1211111
16

129

8

3

8

33
0,0 qAqAqfq xyy ++=

 

( ) ( ) 







++







 +
=− 1211111

16

129

8

3

8

33

2

1
0,01 qAqAqfq xyy




 

( ) 2221222
8

3

16

129

8

33
0,0 qAqAqfq xyy −−−=

 

( ) 







−−−







 −
= 2221222

8

3

16

129

8

33

2

1
0,0 qAqAqfq xyy




 

( ) 







−−−= 1211111

2

151
339

8

3
0,0 qAqAqfq yyy

 

( ) 







+−−= 2122222

2

69
339

8

3
0,0 qAqAqfq yyy

 

( ) 11311 3
8

135
0,0 qAfqA yyy −=
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( ) 22422 3
8

135
0,0 qAfqA yyy −=

      (4.2.12) 

Using these in (4.2.11), we have  

( ) ( )



+++−+= 2112221121

2

9

2

15

16

1
qAqAqAqAqqE

      

( ) ( ) 












−+−+−+ 2112112221
2

9

2

15
qAqAqAqAqq

 

( ) ( ) ( )



+++−+−= 2112221121

2

21

2

21
5

16

1
qAqAqAqAqqF

 

  
( ) ( ) ( ) ( )12212211 14141717 qqqqqqqq −−−−−+−+

 

( ) ( ) ( )2211211221
2

21

2

21
5 qAqAqAqAqq −+−+−+

 

( ) ( ) ( ) ( ) 12212211 14141717 qqqqqqqq −+−−−−−+
 

( ) ( ) ( )



−+++−= 2211211221

2

19

2

7
3

2

3
qAqAqAqAqqG

 

( )( ) ( ) ( ) 1221221 11
3

4
1

3

7
qqqqqqq −−−+−−+

 

( ) ( ) ( )




++++++ 2211122121
2

19

2

7
3 qAqAqAqAqq

 

( ) ( ) ( )( ) 








−++−+−+ 2212211 1
3

7
1

3

4
1

3

4
qqqqqqq

 

( ) 21212211121
2

93
11

2

57

2

57
21

32

1
qAAqqAqAqqT ++




+−−=

 

( ) 












−+−−++−  2221211121
2

57
11

2

93

2

57
21 qAAqqAqAqq

 

( ) ( ) ( )



+−+++−= 12212211212

2

17

2

103
3

16

3
qAqAqAqAqqT

 

  

( ) ( ) ( ) 












−+−+−+ 1221221121
2

17

2

103
3 qAqAqAqAqq

 

( ) 12212211213
16

123

16

129

16

255

16

261

8

33

4

1
qAqAqAqAqqT +−




−+−=
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( ) 








++++




++ 1221221121
16

129

16

129

16

261

16

261

8

33
qAqAqAqAqq

 

( ) ( )



+−−−+−= 21122211214

2

69

2

151
339

32

3
qAqAqAqAqqT

 

( ) ( )




+−+++ 11212211
2

69
9

2

135
qAqqqAqA 

 










−−− 221221
2

69

2

151

2

69
qAqAqA

  

and  

𝑁1 =
(1 − 𝜇)

24
𝑞1𝑓1𝑥𝑥𝑥𝑥(0,0) +

𝜇𝑞2

24
𝑓2𝑥𝑥𝑥𝑥(0,0) 

        +
𝐴1𝑞1(1 − 𝜇)

48
𝑓3𝑥𝑥𝑥𝑥(0,0) +

𝐴2𝑞2𝜇

48
𝑓4𝑥𝑥𝑥𝑥(0,0) 

𝑁2 =
(1 − 𝜇)𝑞1

6
𝑓1𝑥𝑥𝑥𝑦(0,0) +

𝜇𝑞2

6
𝑓2𝑥𝑥𝑥𝑦(0,0) 

       +
𝐴1𝑞1(1 − 𝜇)

12
𝑓3𝑥𝑥𝑥𝑦(0,0) +

𝐴2𝑞2𝜇

12
𝑓4𝑥𝑥𝑥𝑦(0,0) 

𝑁3 =
(1 − 𝜇)𝑞1

4
𝑓1𝑥𝑥𝑦𝑦(0,0) +

𝜇𝑞2

4
𝑓2𝑥𝑥𝑦𝑦(0,0) 

        +
𝐴1𝑞1(1 − 𝜇)

8
𝑓3𝑥𝑥𝑦𝑦(0,0) +

𝐴2𝑞2𝜇

8
𝑓4𝑥𝑥𝑦𝑦(0,0) 

𝑁4 =
(1 − 𝜇)𝑞1

6
𝑓1𝑥𝑦𝑦𝑦(0,0) +

𝜇𝑞2

6
𝑓2𝑥𝑦𝑦𝑦(0,0) 

          +
𝐴1𝑞1(1 − 𝜇)

12
𝑓3𝑥𝑦𝑦𝑦(0,0) +

𝐴2𝑞2𝜇

12
𝑓4𝑥𝑦𝑦𝑦(0,0) 

𝑁5 =
(1 − 𝜇)𝑞1

24
𝑓1𝑦𝑦𝑦𝑦(0,0) + 𝜇𝑞2𝑓2𝑦𝑦𝑦𝑦(0,0) 

           +
𝐴1𝑞1(1 − 𝜇)

48
𝑓3𝑦𝑦𝑦𝑦(0,0) +

𝐴2𝑞2𝜇

48
𝑓4𝑦𝑦𝑦𝑦(0,0) 

with  

( ) ( ) ( )21211 1
2

25
1

16

85

32

255

4

75

16

111
0,0 qqAAf xxxx −−−−+−−=

 

( ) ( ) ( ) ( )







−−−++−== 212111 1

3

20
1

96

2015

32

535
10

16

75
30,00,0 qqAAff yxxxxxxy

 

( ) ( ) ( )22211 1
2

35
1

16

65

32

195

4

105

16

123
0,0 qqAAf xxyy −−−+++−=

 

( ) ( ) ( )







−+−−−+−= 21211 151

16

265

32

795

2

15

16

135
30,0 qqAAf xyyy

 

( ) ( ) ( )21211 1
2

45
1

16

155

32

585

4

135

16

9
0,0 qqAAf yyyy −−−++−−=

 

( ) ( ) ( )21213 1
2

105
1

16

1575

32

1725

4

315

16

855
0,0 qqAAf xxxx −−−−−−−=
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( ) ( ) ( )







−−−++−−= 21213 1

3

70
1

16

6615

32

3885
105

16

315
30,0 qqAAf xxxy

 

( ) ( ) ( )







−+−+−+−= 21213 1351

16

1365

32

11865

2

105

16

1575
30,0 qqAAf xyyy

 

( ) ( ) ( )2113 1
2

315
1

32

5985

4

945

16

1395
0,0 qqAf xxyy −−−++=

 

( ) ( ) ( )21213 1
2

945
1

16

4935

32

14805

4

2835

16

855
0,0 qqAAf yyyy −−−−−−−=

 

               (4.2.13) 

 

 

III. PERTURBED BASIC FREQUENCIES  

Now we follow the method of Whittakar (1965) to find the canonical transformation from the phase space (x, y, px, py) in to the 

phase space product of the angle co-ordinates (1,2) and the action momenta (I1, I2) and of the first order in 

21

2

21

1 , II
  so that 

the second order part of the Hamiltonian is normalized. 

In order to examine the stability of the motion, we consider the following set of linear equations in the variable x,y : 

yx nPGyEx
x

H
P −+=




=− 22

 

  

xy nPGxEy
y

H
P ++=




=− 22

       (4.3.1) 

     𝜆𝑥 =
𝜕𝐻2

𝜕𝑃𝑥
= 𝑃𝑥 + 𝑛𝑦 

               𝜆𝑦 =
𝜕𝐻2

𝜕𝑃𝑦
= 𝑃𝑦 − 𝑛𝑥 

i.e 0=AX  

where  





















=

y

x

P

P

y

x

X

   and   



















−−

−

=

10

01

2

2









n

n

nFG

nGE

A

 

Clearly, 
0=A

 implies that 

( ) ( ) 0242 242224 =+−+−++++ FEnnGEFnFE 
  (4.3.2) 

This is the characteristic equation whose discriminant is 

  
( ) ( ) FEnnGEFnFED +−+−−++= 24222 2444

      (4.3.3) 

Stability is possible only when D > 0, 
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This implies that [Singh and Ishwar (1999)] 

𝜇 < 𝜇𝑐𝑜 = 𝜇0 −
2

9√69
(𝐴1 + 𝐴2) −

2(1 − 𝑞1)

27√69
 

−
1

9
(1 +

11

√69
𝐴1𝑞1 −

2(1 − 𝑞2)

27√69
+

1

9
(1 −

11

√69
𝐴2𝑞2 

where  

0385208965.0
27

23
1

2

1
0 =














−=

      (4.3.4) 

The roots of the equation (4.3.2) are denoted by  i1 and  i2 where 1, 2 are the long /short periodic perturbed basic 

frequencies.  

These roots are related to each other as  

( )22

2

2

1 2 nFE ++=+
   

( ) ( ) ( ) 2112221121 12368
16

1
qAqAqAqAqq +−+−+−=

 

  
( ) ( ) ( ) ( )12212211 1818114114 qqqqqqqq −+−+−−−−

 

  
( ) ( ) 11222121 36884832 qAqAqqAA −++−++++ 

 

   
( ) ( ) ( )22111221 11411412 qqqqqAqA −+−−−+

 

   +8𝑞1(1 − 𝑞2) − 8𝑞2(1 − 𝑞1)}]   (4.3.5) 

and 

 𝜔1
2𝜔2

2 = 4𝐸𝐹 − 𝐺2 + 𝑛4 − 2𝑛2(𝐸 + 𝐹)  

1
2

1
0 12  

  

( ) ( )( )221121

2

21 275
64

1
qAqAqqqq ++++−=

 

( )( ) ( ) ( )2121211221 321926433 qqAAqAqAqq +++++++−
 

 
( ) ( ) ( ) ( )221112212211 15615696192 qqqqqAqAqAqA −+−+++++

 

  
( ) ( ) ( ) 2211211221 1923232132132 qAqAqqqqqq −+−+−−−− 

 

    
( ) ( ) ( )( )211221

2

2

2

12112 331096 qAqAqqqqqAqA −+−−−−+
 

            
( )( ) ( ) ( )( )122121

2

2

2

1112221 635427 qAqAqqqqqAqAqq +−−−−−+−
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( )( ) ( )( )221121122121 17163 qAqAqqqAqAqq −+++++

    (4.3.6) 

IV. NORMAL FORM OF SECOND ORDER PART OF HAMILTONIAN  

In order to determine the normal coordinates, we first solve the set of equations (4.3.1). Its solutions are:  
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(4.4.1) 

Putting  =  i1 and  =  i2, we get the following set of solutions  

 𝑥𝑗 = 𝐾𝑗(2𝑛𝑖𝜔𝑗 − 𝐺) 

 𝑃𝑥𝑗
= 𝐾𝑗(−𝑛𝜔𝑗

2 − 𝑖𝐺𝜔𝑗 − 2𝐸𝑛 + 𝑛3) 

𝑦𝑗 = 𝐾𝑗(−𝜔𝑗
2 − 𝑛2 + 2𝐸) 
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3 + 𝑖𝜔𝑗(𝑛2 + 2𝐸) − 𝐺𝑛]     (4.4.2) 

𝑥𝑗+2 = 𝐾𝑗+2(−2𝑖𝑛𝜔𝑗 − 𝐺) 

𝑃𝑥𝑗+2
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3 − 𝑖𝜔𝑗(𝑛2 + 2𝐸) − 𝐺𝑛} 

where j = 1,2 and Kj and Kj+2 are constants of proportionality. 

As in Whittaker (1965), we use the transformation  
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 (4.4.4) 

Under the normality conditions, we have  

11,33,11,33,1 =−+− yyxx pypypxpx
  

12,44,22,44,2 =−+− yyxx pypypxpx
 

Which give  

( ) 1]22322[4 4222222

1311 =−−+++++−− nEFFnEnEGnEFKKi 
 

( ) 1]22322[4 4222222

2422 =−−+++++−− nEFFnEnEGnEFKKi 
(4.4.5) 

Where Kj are arbitrary,   
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Here Kj (j = 1,2,3,4) satisfy the two equations (4.4.5). They can be made to satisfy two more equations. For this, we follow the 

method of Breakwell and Prngle (1966). We choose Kj so as to satisfy the equations   

02,11,1 == JJ
 

This implies that  
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From equations (4.4.6), we have  
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Using (4.4.7) and (4.4.8) in (4.4.5), we have  
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The transformation (4.4.3) transforms H2 to the form: 
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We apply a contact transformation 
21,21 ,, PPQQ

to 
21,21 ,, PPQQ 

 defined by Whittaker (1965):  
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jjjj PQP = cos2
,   

)2,1( =j
 

22112 QQH −= 
 

We denote the angular variables and then second order part of the Hamiltonian becomes 1P
and 2P

by 1 and 2 and, the 

actions 1Q
and 2Q

 by 1I
and 2I

. Then the second order part of the Hamiltonian is transformed to the normal form: 
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The general solutions of these equations of motion is  
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        (4.4.18) 

V. CONCLUSION    

We conclude that the Hamiltonian is affected by the radiation repulsive forces and oblateness of the primaries. They also perturb 

the basic frequencies. The transformations utilized for reduction of Hamiltonian to the normal form are dependent on the 

perturbed basic frequencies.    
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    𝑳  𝟒


    L 4


    f  i  ( x , y )


  i = 1 , 2 , 3


    f  1 x x x = 9  ( x + a )   f 1 5 − 15    ( x + a ) 2   f 1 7


    f  1 x x x x = 9   f 1 5 − 90   f 1 7    ( x + a ) 2 + 105  ( x + a )   f 1 9


    f  1 x x x x = 9   f 1 5 − 90   f 1 7    ( x + a ) 2 + 105  ( x + a )   f 1 9


    f  1 x x  ( 0 , 0 ) = −  1 4 +  3 2   A 1 −  9 8   A 2 −  3 4  ( 1 −   q 1 ) +  ( 1 −   q 2 ) +  11 8   A 1  ( 1 −   q 1 ) −  5 3   A 2  ( 1 −   q 2 ) + 4   A 2  ( 1 −   q 2 )


    f  2 x x  ( 0 , 0 ) = −  1 4 −  9 8   A 1 +  3 2   A 2 +  ( 1 −   q 1 ) −  3 4  ( 1 −   q 2 ) −  5 3   A 1  ( 1 −   q 2 ) +  11 8   A 2  ( 1 −   q 2 ) −  5 3   A 1  ( 1 −   q 2 ) + 4   A 1  ( 1 −   q 1 )


    f  2 x x  ( 0 , 0 ) = −  1 4 −  9 8   A 1 +  3 2   A 2 +  ( 1 −   q 1 ) −  3 4  ( 1 −   q 2 ) −  5 3   A 1  ( 1 −   q 2 ) +  11 8   A 2  ( 1 −   q 2 ) −  5 3   A 1  ( 1 −   q 2 ) + 4   A 1  ( 1 −   q 1 )


    f  3 x x  ( 0 , 0 ) = 3  [  1 4 +  5 2   A 1 −  5 8   A 2 −  5 12  ( 1 −   q 1 ) +  5 3  ( 1 −   q 2 )


   +  125 24   A 1  ( 1 −   q 1 ) −  7 5   A 2  ( 1 −   q 2 ) −  35 6   A 2  ( 1 −   q 2 ) ]


    f  4 x x  ( 0 , 0 ) = 3  [ 1 +  7 2   A 1 +  7 3  ( 1 −   q 2 ) +  7 2   A 2  ( 1 −   q 2 ) ]


  −     A 1   q 1  ( 1 + 𝛾 ) 8   f  3 x x  ( 0 , 0 ) = −  3 32  ( 1 + 𝛾 )   A 1   q 1


  −     A 2   q 2  ( 1 − 𝛾 ) 8   f  4 x x  ( 0 , 0 ) = −  3 32   A 2   q 2  ( 1 − 𝛾 )


  −     A 2   q 2  ( 1 − 𝛾 ) 8   f  4 x x  ( 0 , 0 ) = −  3 32   A 2   q 2  ( 1 − 𝛾 )


  −     A 1   q 1 8  ( 1 + 𝛾 ) 3    (   a 2 +   b 2 )  −  7 2  ( 4   a 2 −   b 2 )


    q 1   f  1 y y  ( 0 , 0 ) =  5 4   q 1 +  21 8   A 2   q 1 −  3 2   A 1   q 1 +  7 4   q 1  ( 1 −   q 1 ) −   q 1  ( 1 −   q 2 )


    q 2   f  2 y y  ( 0 , 0 ) =  5 4   q 2 +  21 8   A 1   q 2 −  3 2   A 2   q 2 +  7 4   q 2  ( 1 −   q 2 ) −   q 2  ( 1 −   q 2 ) 𝜇


    q 2   f  2 y y  ( 0 , 0 ) =  5 4   q 2 +  21 8   A 1   q 2 −  3 2   A 2   q 2 +  7 4   q 2  ( 1 −   q 2 ) −   q 2  ( 1 −   q 2 ) 𝜇


    A 1   q 1   f  3 y y  ( 0 , 0 ) =  33 4   A 1   q 1


    A 2   q 2   f  4 y y  ( 0 , 0 ) =  33 4   A 2   q 2


    q 1   f  1 x y  ( 0 , 0 ) = −   3  3 4  [   q 1 +  7 6   A 2   q 1 +  2 3   A 1   q 1 +  7 9   q 1  ( 1 −   q 1 ) +  4 9   q 1  ( 1 −   q 2 ) ]


    q 2   f  2 x y  ( 0 , 0 ) =   3  3 4  [   q 2 +  7 6   A 1   q 2 +  2 3   A 2   q 2 +  4 9   q 2  ( 1 −   q 1 ) +  7 9   q 2  ( 1 −   q 2 ) ]


    A 1   q 1   f  3 y y  ( 0 , 0 ) = −   15  3 4   A 1   q 1


                              A 2   q 2   f  4 y y  ( 0 , 0 ) =   15  3 4   A 2   q 2


    f  1 x x x  ( 0 , 0 ) = −  21 8 +  9 8   A 1 +  11 8   A 2 −  31 8  ( 1 −   q 1 ) +  3 4  ( 1 −   q 2 )


  +  1 2   A 1  ( 1 −   q 1 ) +  9 8   A 2  ( 1 −   q 2 ) +  45 8   A 2  ( 1 −   q 1 )


    q 1   f  1 x x x  ( 0 , 0 ) = −  21 8   q 1 +  9 8   A 1   q 1 +  11 8   q 1   A 2


    1 − 𝜇 2   q 1   f  1 x x x  ( 0 , 0 ) =  (   1 + 𝛾 32 )  [ − 21   q 1 + 9   A 1   q 1 + 11   q 1   A 2 ]


  + 3   A 1  ( 1 −   q 1 ) − 3   A 2  ( 1 −   q 2 ) +  7 2   A 1 +  7 3  ( 1 −   q 2 ) −   7 2   A 2  ( 1 −   q 2 ) ]


    q 2   f  2 x x x  ( 0 , 0 ) =  21 8   q 2 +  93 16   A 1   q 2 −  9 8   A 2   q 2


    q 2   f  2 x x x  ( 0 , 0 ) =  21 8   q 2 +  93 16   A 1   q 2 −  9 8   A 2   q 2


  𝜇   q 2   f  2 x x x  ( 0 , 0 ) =    ( 1 − 𝛾 ) 32  [ 21   q 1 +  93 2   A 1   q 2 − 9   A 2   q 2 ]


  𝜇   q 2   f  2 x x x  ( 0 , 0 ) =    ( 1 − 𝛾 ) 32  [ 21   q 1 +  93 2   A 1   q 2 − 9   A 2   q 2 ]


  + 3  ( 1 −   q 1 ) +  9 2   A 1  ( 1 −   q 1 ) +  9 2    A 2 ]


    A 1   q 1   f  3 x x x  ( 0 , 0 ) = −  75 8   A 1   q 1


    A 1   q 1   f  3 x x x  ( 0 , 0 ) = −  75 8   A 1   q 1


    A 1   q 1    ( 1 − 𝜇 ) 4   f  3 x x x  ( 0 , 0 ) = −  75 64  ( 1 + 𝛾 )   A 1   q 1


    𝜇 4   A 2   f  4 x x x  ( 0 , 0 ) =  75 64  ( 1 − 𝛾 )   A 2   q 2


  +  17 6   A 1  ( 1 −   q 1 ) +   1 3   A 2  ( 1 −   q 2 ) ]


    A 2   q 2   f  4 x y y  ( 0 , 0 ) = −  255 8   A 2   q 2


    N 1 =    ( 1 − 𝜇 ) 24   q 1   f  1 x x x x  ( 0 , 0 ) +   𝜇   q 2 24   f  2 x x x x  ( 0 , 0 )


    N 2 =    ( 1 − 𝜇 )   q 1 6   f  1 x x x y  ( 0 , 0 ) +   𝜇   q 2 6   f  2 x x x y  ( 0 , 0 )


    N 3 =    ( 1 − 𝜇 )   q 1 4   f  1 x x y y  ( 0 , 0 ) +   𝜇   q 2 4   f  2 x x y y  ( 0 , 0 )


    N 4 =    ( 1 − 𝜇 )   q 1 6   f  1 x y y y  ( 0 , 0 ) +   𝜇   q 2 6   f  2 x y y y  ( 0 , 0 )


    N 5 =    ( 1 − 𝜇 )   q 1 24   f  1 y y y y  ( 0 , 0 ) + 𝜇   q 2   f  2 y y y y  ( 0 , 0 )


  𝜆 x =   𝜕   H 2  𝜕   P  x =   P  x + n y


  𝜆 y =   𝜕   H 2  𝜕   P  y =   P  y − n x


  𝜇 <   𝜇  c o =   𝜇 0 −  2  9  69  (   A 1 +   A 2 ) −   2  ( 1 −   q 1 )  27  69


  + 8   q 1  ( 1 −   q 2 ) −   8   q 2  ( 1 −   q 1 ) } ]


    𝜔 1 2   𝜔 2 2 = 4 E F −   G 2 +   n 4 − 2   n 2  ( E + F )


    x  j =   K  j  ( 2 n i   𝜔  j − G )


      P  x  j =   K  j  ( − n   𝜔  j 2 − i G   𝜔  j − 2 E n +   n 3 )


    y  j =   K  j  ( −   𝜔  j 2 −   n 2 + 2 E )


      P  y  j =   K  j  [ − i   𝜔  j 3 + i   𝜔  j  (   n 2 + 2 E ) − G n ]


    x  j + 2 =   K  j + 2  ( − 2 i n   𝜔  j − G )


      P  x  j + 2 =   K  j + 2  ( − n   𝜔  j 2 + i G   𝜔  j − 2 E n +   n 3 )


      P  x  j + 2 =   K  j + 2  ( − n   𝜔  j 2 + i G   𝜔  j − 2 E n +   n 3 )


    y  j + 2 =   K  j + 2  ( −   𝜔  j 2 −   n 2 + 2 E )


    y  j + 2 =   K  j + 2  ( −   𝜔  j 2 −   n 2 + 2 E )


      P  y  j + 2 =   K  j + 2  { i   𝜔  j 3 − i   𝜔  j  (   n 2 + 2 E ) − G n }


      P  y  j + 2 =   K  j + 2  { i   𝜔  j 3 − i   𝜔  j  (   n 2 + 2 E ) − G n }

