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Abstract: In this paper, for a two graded manpower system, a mathematical model is constructed using a

Bivariate CUM policy of recruitment based on shock model approach. The mean time to recruitment is

obtained based on the

assumptions,(i) the loss of manpower due to the attrition form a sequence of

independent and identically distributed exponential random variables (ii) the inter exit times and decision times

form an ordinary renewal process and (iii) each grade has two types of threshold namely optional and

mandatory thresholds which follow independent and identically distributed exponential random variables. A

different probabilistic analysis is used to derive the analytical results.
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. INTRODUCTION

Manpower planning refers to complex task of forecasting
and planning for the right number and the right kind of
people at the right place and the right time to perform
activities that will benefit both the organization and the
individuals in it. Human resource management is an
important aspect of study and the manpower planning is to
be done taking into consideration the dynamics of
manpower availability and requirements. Manpower
planning depends not only on the highly unpredictable
behavior of human beings but also on the uncertain
environment of the organization. This uncertainly leads to
propose stochastic models for manpower planning. These
models incorporate several factors such as recruitment,
training, promotion, demotion, and wastage. These factors
are interlinked and their analysis become highly essential in
order to analyze the cost involved in recruitment. In short
manpower planning provides right size and structure of
human resources which provides the basic infrastructure for
smooth functioning of an organization. It minimizes the
cost of employment and nullifies the effects of distributions
in developing and utilizing the human resources. In [1], [2],
[5] & [6] the authors have discussed the manpower
planning models by markovian and renewal theoretic
approach. In [7] the author has studied the problem of
time to recruitment for a single grade manpower
system and obtained mean time to recruitment when
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the loss of manpower forms a sequence of independent
and identically distributed random variables, the inter-
decision times form an ordinary renewal process and
mandatory breakdown threshold for the cumulative loss
of manpower is an exponential random variable by
using the univariate CUM policy of recruitment. In [4]
the author has initiated the study of the problem of
time to recruitment for a single grade manpower
system by incorporating alertness in the event of
cumulative loss of manpower due to attrition crossing
the threshold, by considering optional and mandatory
threshold for the cumulative loss of manpower in this
manpower system. In [12] the author has studied the
problem of time to recruitment for a two graded
manpower system, by considering  optional and
mandatory thresholds. In [8] the author has studied the
problem of time to recruitment for a two graded
manpower system, by considering optional and
mandatory thresholds using different types for inter-
decision times. In all the above cited work, it is
assumed that attrition will take place instantaneously at
decision epochs. This assumption is not realistic as the
actual attrition will take place only at exit points
which may or may not coincide with decision points.
This aspect is taken into account for the first time in
[3] the author has studied the problem of variance of
time to recruitment is obtained when inter decision
times and exit times are independent and identically
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distributed  exponential random variables  using
univariate policy for recruitment and laplace transform
in the analysis, In [9] the author has studied the work
in [3] by considering optional and mandatory
thresholds which considering non-instantaneous exits
at decision epochs. In [11] and [13] the author have
studied the problem of time to recruitment for a two
grade manpower system using bivariate policy for
recruitment. Recently, in [10] the author has studied the
work in [9] by considering optional and mandatory
thresholds which considering non-instantaneous exits at
decision epochs.

In the present paper, for a two grade manpower
system, a mathematical model is constructed in which
attrition due to policy decision take place at exit
points and there are optional and mandatory thresholds
as control limits for the cumulative loss of
manpower. A bivariate CUM policy of recruitment
based on shock model approach is used to determine
the expected time to recruitment when the system has
different epochs for policy decisions and exits and the
inter-decision times forms ordinary renewal processes
and loss of manpower follows independent and
identically exponential random variable each grade has
two types of threshold namely optional and mandatory
thresholds which follow independent and identically
distributed  exponential random variables, each grade
has two types of threshold namely optional and
mandatory thresholds which follow independent and
identically distributed exponential random variables.

Il. NOTATIONS

X; : continuos random variable denoting the loss of
manpower due to ith exit point.

S, : total loss of manpower upto the first k exit point.
X; isare independent and identically distributed extended

exponential random variable with density function m(.),
distribution function M(.) and mean i;a >0.

U; : continuos random variable representing the time
between the (j — 1) and j* policy decisions.

j=1,2.3,...

U;’s are independent and identically distributed random
variable with density function f(.), distribution function
F(.) with parameter n respectively.

W; : continuos random variable representing the time
between the (i — 1)t and i*" exists. It is assumed  that
W;'s are independent and identically distributed random
variable with density function g(.) ,distribution function

G(.) and mean % ;6 > 0 respectively.

Y, Y, : extended exponential random variable denoting
the optional threshold for grade 1 and grade 2 with
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density function h;(.), h,(.) and distribution function
H,(.), H,(.) with parameter A,,4, respectively.

Z,,Z, : extended exponential random variable denoting
the mandatory threshold for gradel and grade 2 with
density function h,(.), h,(.) and distribution function
H,(.),H,(.) with parameter u,,u, respectively.

Assumed that ¥, <Z, & Y, <Z,

p : probability that the organization is not going for
recruitment when optional threshold is exceeded by the
cumulative loss of manpower.

g : the probability that every decision has exit of
personnel when =0 corresponds to the case where exists
are impossible. It is assumed that g # 0.

d : a non negative constant representing threshold for
number of decisions.

T : random variable denoting the time to recruitment
with density function [(.), distribution function L(.),
mean E(T).

N, (t) : number of exit points lying in (0,t].

fr(®),Fi(t) : k fold convolution of f(.) and F()
respectively.

G'(.) & g () :Laplace — stieltjes transform and laplace
transform of G(.) & g(.) respectively.

The Bivariate CUM policy of Recruitment employed
in this section is stated as follows:

Recruitment is done whenever the cumulative loss
of manpower crosses the mandatory threshold or
the number of decisions crosses the corresponding
threshold  whichever is  earlier. However ,the
organization may or may not go for recruitment if
the cumulative loss of manpower crosses the
optional threshold.

I1l. MAIN RESULT

d-—1

P(T>t) = P {there are exactly ‘k’ exits are taken
k=0
in (0,t] k=0,1,2,3,... X probability that the total number
of exits in these k-decision does not cross the optional
level Y (or) the total number of exists in these k-
decision crosses the optional level Y but lies below
the mandatory level Z and the organization is not
making recruitment }
d-1 d-1
P(T >t) = kEO P(Sng(ry <Y)+ pkgop(v <Sng() €2 @

d-1 k d-1 k k
= T P(N (1) = k)P(ElXi <Y)+ pkEUP(Ne(t)z k)P(ElXi >Y)P(i§1Xi gz)

From the renewal theory,

P{N(t) =K} =G () -G ,1() and Gq (t) = 1 (2)
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~(1)becomes,

41 41
P> = T 60-Gyig O <)+, % (6 ()-8 L0PE > IPIS <2) )

@: Y =max(Y,)Y,) & Z =max(Z,,Z,)
Y1 > Yz

Case

If exponential

with scale parameter 1?2 and
parameter 2

_ﬂlx)z

follows extended

distribution

shape then,
_jzx 2

P, <x)=(@1-e & P(Y, <x)=(1-¢ )

0

P(S, <Y) = (I) PLY > xJmy (x)dx 4

SUX kX —(lgrdo)X = tip)X  —(r2Ap)X  =2hX  <2ApX  —2(My+ip)X
P(V>x):2el+2e274912 +2 12 +Zel 2 -e 1—e z—e 1 5)

P(Sy SY):Zb:{( +2b|2( —4b§ +2b|2 +2b|5( —blg —b|7( —bg

Where,

by = E[e_/llx],b2 } E[e‘ﬂleybs ) E[e—(ﬂﬁﬂz)x] . e-(UWz)X]

b = E[e_uﬁ%)x],% ) E[e_MlX],b7 ) E[e—Zﬂgx]’bs —(2J1+222)x]
(6)

Similarly,

If Z2:Z- follows extended exponential distribution

with scale parameter 44 44 fng shape paramgggy

then,
Pz <x=(-¢ T2 & P, <x=(-¢ "2

o0

P(Sk = 2Z) = | P{Z > x3my (x)dx (7)
0

IS I A P e e U L U T

Kk k .k _k k Kk &
P(Sy <Z)=2¢c; +2¢) —4cy +2¢4 +205 —C5 —C7 —Cg
Where,
- - - @

o = Ele ”1X]'C2 CEpe ﬂZX],cs e (ﬂlﬂlz)x]yC4 i ( p1+p2)x]'
(142 ) 2 )
R T T

Using (6) & (9) in (3),we get
e Kookok ok ok ok ok ok

o1 >1) = 2 {6,061 OX

d-l ko k ok ok ok ok ok &
pkzo{ek (1)~ Gy, (V}(L-2by 20y +4bg ~ 20y ~2bg +bg +by +Dg)

2by +2by -4by + 2y +20p -bg —by g )+

k

(2c1k + 20‘2( —4cls( + 205 + 20l5( —cg —cl7( -¢g) (10)
and L(t)=1-P(T>t)

Expanding and  taking laplace  transform
I(s) is given by,
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_ — 1
g(0)=1, 90) =—5——
2n9,9,
d —
e - —{ S}
S s=0

Using (11) and (14)

|:g(s) ()" (bgey)

9(s) - 9(s)° (b8c8>d‘l} ,

@as)

© 2018, IJIREAM All Rights Reserved.

(14)

(1

(12)



International Journal for Research in Engineering Application & Management (IJREAM)
ISSN : 2454-9150 Special Issue - NCRTPAM - 2018

Lo w |- . b | — T ;
E(T):{_bIQ ! -1+d]- 2 [dbgbZ 1+bﬂ + 252 d(b205)dbzc5—l+(b205)d} 262 d(b2c6)db2c6-1+(b2c6)d
Zﬂqqu (l'bl) (]. b2) _(1—b2C5) _- (1‘b2c6) __ -
o B, |- Cae | b |r g — ;
3[4 d (I d Il i i 2% i i
H— [dbS by - 1+b3} — [dbAbA 1+b4J - 7 || dlyer) gy -1 (yy) } |yt ) gy -1+ gy
1 b3 (l bA] _(1‘b2C7) __ (l‘bzcg) __ -
o |- Cwe e o
5[4 AT Byt d 47| 8% d d
o [db5b5 1+b5} 7 [dbsbs l+b5} | ||y by -1+ oy } 7 (| 0esey) by -1+ (o) }
(i-b) (=) | (t-yty)” | (L-byey)” |-
AT g, | o ]
T d d] 8 |: d di' 16b3C3 i i 8b3C4 i— i
by by -1+ [+ —— | dhg by -1+
*L : [ (R i) bl -1+t + 7 |[80) by -1+ oy } 7 [d(bscll) b304—1+(b3c4)J
) | -] (- (-byt,)
- % |t - - [
d d 2 d d 8bsC — Aot —
o ot [d% °1'1*°1} ot [“202‘1”2} - b352 [d(h3c5)db305—1+(b3c5)d}+ 362 [d(b3c6)db3c6—1+(b3c6)d}
t-g) | ) ] (-bgg)" (-bg) |
I - X, |r - [ ] ]
3 [d d} 4 d d} byt th —
Uy ¢y ~14 ¢y [-| —— || dcy ¢, -1 1 38 d d
*Lc)z 187G o) K : {bch ) bty -1t () J [d(bgcg) b3c8—1+(b308)}
3 ! (l-bc) (- bC)
A - =00 ) |
iy - ¢ - — ]
DT PR U B T PSR ) — e —
{1 et . ety L ing'ng g’ 1| ooy ng 1oty
) | L) (1-by5) (1-b,5,)
_ oy Al i) ]
i [d* d} i [d* d} Cwe | R i
+ oy G - 14y [+ —— || deg ¢ - 14 4% ¢ 1| g i i
(1_07)2 (R C82 8% E 7 [|dbgg) by -1 ygy)” |+ 7 | dyey) ey -1+ byty)
L (-byey)” | “ by -
ey [ i 4h1°z i d ] ]
t dbye) h101-1+(b1C1 (bltz) biey -1+ (bycy) } e g a1 M or 07
_(l—hlcl)z ( blcz) + (l_b : )2 -d(b405) b4C5 —1+(b4C5) -— (l_b : )2 _d(b4C6) b4C6 —1+(b406) ]
_ ) [ F=0%) | LF-0%) |
Bty i d 4b134 i d WA —
N T [d(blc) o118y | by SEEE
2[ 3) oG -G 7 1 W) ey 2t 0y
_(1_b1C3) | -(1_blc4) | - 7 _d(b4C7) b407 —1+(b407) :|— 7 _d(h4C8) b4C8—1+(h4C8) ]
- B (-bye7)" (-by)" |
s i 17| M i d T —
(o] LR et R R T e Al TAT e
(-bgg) | i % Hg || 00 ) By -1+ () ¢ 7 || O05eg) bty -1+ (gty)
- (1-beg)” (1-bety)
By g d 2% i d T T
12T Loty 1+ }- z[d by iy -1+ | T Tt I T PR
(-by) | (t-beg)” | - 7 || dltg) By -1+ ) |+ 7 (| d0ggy) b -1+ isty)
o (-tty) |- * e -
4 — Ut — - o
x| i d 2 d i
(S (1-byty) + 7 |00t ) byt L lgts) |- 7 [ dlsts)” b -1+ et
(1-bs)” | © ) | -
8bc — ihye — . .
23 d i7,| "7 f f
(-tey)” | (1-bg)" | -

8 | NCRTPAM20180402 DOI : 10.18231/2454-9150.2018.0849 © 2018, IIREAM All Rights Reserved.



National Conference on Recent Trends in Pure and Applied Mathematics 2018,

J J College of Arts and Science, Pudukkottai, Tamilnadu

()

(2)

e |r d d 2@ ) — d : E[e-(uwrz)xl‘C4 ) E[e-(2ﬁ1+uz)xl‘ - E[e-(W?uz)X]‘cS ) E[E-Z(uﬁuz)x]
- 7 || d6gey) by ~L+ (o) } 7 || 8(655,) by -1+ (bgey) }
(t-be) |- (U-tgey) |-
i the i o i et i o ) Using (18) and (20) in (3)
6% d d 6% ¢ i
| 005e3) 3 -1+ gt3) |- 7 || 80g8a) bgey -1+ gey) |
(L-bgCq) | (L-bgey) | d-1 k Kk k k4l
- - - - P(T>t)= Z {Gk() Gy 4 (U}(4b3 ~ 20y ~2b5 +bg)+p L {Gy (1) -Gy 4 ()}
s -d(bc)d; 1+(bc)d}+ s d(bc)d; 1+ (bec )d- “
- 5t5) Dgts ~ 1+ (gL 6%/ D5 ~+* g% k .k .k k.o k k k k
it |- ) | : (L- g + 2y +2b ~by )(deg - 205 -2 +cg)
r ” 7 B ” 7 o ) and L(t)=1-P(T>t)
l : d(b6c7)db6c7—l+(b6c7)d}+ 68 : d(bscg)dbﬁcg_“(%cg)d As in case (i), the mean time to recruitment is
(-bgey) | (t-bseg) | - obtained as,
[ — ! i, - %, -
e - 20 - I B 3 d d 4 d ~ d
(1—b7cl) - (1—b7c2) - B
r I 7 r - A 2b5
ity i— i1l ey i— g [b5b5 1+n5 [dbgbg l+b8}
0ltycy) byey -1+ (oyey) |- 7 || dlrey) brey L+ () 5)
(-bey) |- T L-be) - _
_ ;i ~ - 3 d ¢ &y i 4
2b7c5 — . b7c6 — . +pf- |:(1c) ][dcsc3 1+03i| LC )2][d04c4—1+c4}
- 7 || 8lbycg) brog -1+ (bygg) |+ 7 || dergg) by L+ (o) 3 4
(t-byes)” | T b | ’ N &
- - . 25 0=, 4 % i, 4
r 7 b S [dc505—1+c5}— e |:d0808 1+08i|
b5y i g bycg ¢ 07 (t-c) (1708)
oo dlbyey) by -1 (yey) |+ o )2 | lbreg) g -1+ ytg). -
% i) | Lobyc i — 8bsc “— i
o . + 332 [d(b3c3) b3c3—1+(b3c3) } b“ 2 |:d(b3c4) h3c4 1+(b3c4) }
_ - o (1-bsts) (L-bsey)
&gy g 17| %% g d
- 7 || dlbgey)byey L+ (y) } 7 || egep) bgey -1+ (tgey) } —
(U-tge) | (1-tgey) | 8030 [ — 4b3c8
- - (b3c5) bycg -1+ b3c5 b3c8 b3c8 -1+ b3°8)
I | [ 1 (1‘b3C5) - b3°8
dboc 2boC, — 1
e d(b803)d byt -1+ (b803)d} (i d(b8c4)d byt —l+(b804)d o bo
ity | -ty | . 15 e g -1 ) 446“ S0ty g -1+ )
83 84 - v (byeg) byey -1+ ( 4°3 + . (bycy) byey ~1+(bscy)
r 1 r q D43
2bqC, r DoC, — 1 —
g ¢ ¢ 5C d i
- 7 d(bges) ey -1+ (bges) ]+ d(bges) Bycs ~1+ (Bgee) 4y g — 2b4c8
(t-byee)” |- (t-byge) | - et [d(b465) byeg ~1+( b4°5 . b4ca oy - “baca)}
_ - oL 0yt - Cs
boc — DoC, — 1 — r = 1
57 i ¢ 5% d ¢ e _ thee
d(bc)bc—1+(bc)}+ d(0aca) bata ~1+ (boca)  [H(16) 5% d d 564 d
(l—bc)2 L8 8T e (1—bc)2 R IR A A - [d(b503) bsca ~1+ (b5¢5) } 7 [u (bscy) b5c4 -1+ b504)}
Lt-%6) | 5] | (1—b5c3) [ (1-bscy)” |

This equation (16) gives the mean time to recruitment

for case (i).
(ii):
o X

Case
P(Y > x) =

(241+12)x

Y =min(Y,Yy) &Z =min(Zy,Z,)
. e—(ﬂi+2/12)x

RAURZONS

4bec — 2beC
55 d d 58 d d
{ ][d(b5c5) bgcg -1+ (bgeg) } 3 |:d(b503) bcg -1+ (bgcg) }

(1— bSCB) ]

_ e
}[ (g by -1+ ) || [ty 1 )’ |

_(1—b804) |

C
" 2}[d(b8c8)d bycg 1+ (bycg)" }}}

(1-bgeg)

Where,

—(ﬂiuz)x —(2},1+)J2)x —(21+2/12)x

=2(H+2)x
b3 =E[e ],b4 =E[e ],b5 =E[e 2 ]

(18)

J.bg = E[e
Similarly,

“(tp)x 29—(2#1+u2)x B 26—(;/1+2/12)X +e—2(;11+u2)x

P@Z>x)=4de

P(Sk <Z)= 4c§ - ZCZ - ZClg + Clg Where,
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IV. CONCLUSION

The model discussed in this paper based on Bivariate, (i.e)
loss of manpower and number of decisions taken by

ag)organization if found to the more realistic in the context

of considering (i) separate points (exit points) on the
time axis for attrition, thereby removing a severe
limitation on instantaneous attrition at decision epochs and
(ii) associating a probability for any decision to have

© 2018, IJIREAM All Rights Reserved.



exit points. From the organization’s point of view, our
model is more suitable than the corresponding models
with instantaneous attrition at decision epochs, as the
provision of exit points at which attrition actually
takes place, postpone the time to recruitment.

The analytical result obtained can be illustrated
numerically and from the illustration it may be
identified the realistic of the problem.
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